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Definitions

Background

We know that there are many results connecting various types
of rook and file placements to Stirling numbers of both kinds,
and their generalizations.

The goal here is to present a rook model and then show how
this model connects with a generalization of the Stirling
numbers.
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Definitions

Definitions
The Basics

Let N denote the set {1, 2, 3, . . .} and N0 = N ∪ {0}.

We define a Ferrers board to be a rook board with column heights
of 0 ≤ b1 ≤ b2 ≤ · · · ≤ bn, denoted B = F (b1, b2, . . . , bn).

We define the nth staircase board to be Bn = F (0, 1, 2, . . . , n − 1).
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Definitions

Definitions
m-Boards

Given m ∈ N and the Ferrers board B = F (b1, b2, . . . , bn), we
define the m-partition board, Bm, to be the board B with each
column partitioned into m subcolumns.

We define the kth m-rook number of Bm to be the number ways of
placing km nonattacking rooks on the board Bm, denoted by

r
(m)
k (Bm).
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Definitions

Definitions
What constitutes a proper placement?

A placement of rooks must satisfy the following:

If there is a rook in any subcolumn of a column, then all of
the m subcolumns of that column must contain a rook,

no subcolumn may contain more than one rook, and

no rook may be placed in the `th row of the j th subcolumn of
the w th column if there is a rook in the `th row of the j th

subcolumn of the v th column with v < w .
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Definitions

Example
The 5th staircase board with m = 4.
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Definitions

Recursions

Given B = F (b1, b2, . . . , bn, bn+1), define B = F (b1, b2, . . . , bn).
Then we have the following recursive relationship for m ∈ N:

r
(m)
n+1−k(Bm) = r

(m)
n+1−k(B

m
) + [bn+1 − (n − k)]mr

(m)
n−k(B

m
).

In the case where we have the staircase board, this relationship
becomes:

r
(m)
n+1−k(Bm

n+1) = r
(m)
n+1−k(Bm

n ) + kmr
(m)
n−k(Bm

n ).
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Definitions

Product Formula

Theorem: Suppose m ∈ N, x ∈ R, and let B = F (b1, b2, . . . , bn)
be a Ferrers boards.

Then

n∏
i=1

[xm + bmi ] =
n∑

k=0

r
(m)
n−k(xm)k .

Proof Idea: Append x ∈ N rows below the board Bm, and for
each column place m rooks in two ways.
(i) Place rooks from left to right such that all m rooks are in Bm

or all are in the “x-part.”
(ii) Fix a placement of n − k rooks in Bm and extend.
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Definitions

Definitions
Polyboards

Let p(x) = a0 + a1x + a2x
2 + · · · atx t ∈ N0[x ] with at 6= 0 and let

B = F (b1, b2, . . . , bn).

We define the polyboard

B(p(x)) = {Bms1 ,Bms2 , . . . ,Bmsu = Bt},

where the msi correspond to the powers of x in p(x) with nonzero
coefficients.

For example, if p(x) = 2x + 3x3 + x7, then

B(p(x)) = {B,B3,B7}.

We note that the coefficients of p(x) have nothing to do with the
construction of B(p(x)).
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Definitions

Example
A placement of rooks in the polyboard B(p(x)) with p(x) = a1x + a3x
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Definitions

Definitions
Polyboards

To account for the coefficients, we color our placements, and we
make the following coloring rules:

The rooks in the board corresponding to Bs are colored with
the colors c1, c2, . . . , cas , and

if a rook in one subcolumn of a column is colored with color
c , then every rook in that column is colored with c as well.
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Definitions

Recursions

Given B = F (b1, b2, . . . , bn, bn+1), define B = F (b1, b2, . . . , bn)

and let r
p(x)
k (B) be the number of colored rook placements in

B(p(x)) with rooks in k columns of B(p(x)). Then we have the
following recursive relationship:

r
p(x)
n+1−k(B) = r

p(x)
n+1−k(B) + p(bn+1 − (n − k))r

p(x)
n−k (B).

In the case where we have the staircase board, this relationship
becomes:

r
p(x)
n+1−k(Bn+1) = r

p(x)
n+1−k(Bn) + p(k)r

p(x)
n−k (Bn).
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Definitions

q-Analogues

Given x ∈ N, we define [x ]q =
1− qx

1− q
.

There are two natural q-analogues of the previous recursion:

r
p(x)
n+1−k(Bn+1, q) = r

p(x)
n+1−k(Bn, q) + p([k]q)r

p(x)
n−k (Bn, q)

r
p(x)
n+1−k(Bn+1, q) = r

p(x)
n+1−k(Bn, q) + [p(k)]qr

p(x)
n−k(Bn, q)
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Definitions

q-poly-Stirling numbers of the Second Kind
Definitions

Define S
p(x)
0,0 (q) = S

p(x)
0,0 (q) = 1 and S

p(x)
n,k (q) = S

p(x)
n,k (q) = 0 if

n, k < 0 or n < k .

Now set

S
p(x)
n+1,k(q) = S

p(x)
n,k−1(q) + p([k]q)S

p(x)
n,k (q), and

S
p(x)
n+1,k(q) = S

p(x)
n,k−1(q) + [p(k)]qS

p(x)
n,k (q).

We call these the Type I and II poly-Stirling numbers of the Second
Kind with respect to p(x). We see that if q = 1 and p(x) = x
then we get the classical Stirling numbers of the second kind.
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Definitions

q-poly-Stirling numbers of the Second Kind
Relation to rook numbers

Connecting these recursions with those for our poly-rook
placements, we have the following:

S
p(x)
n,k (q) = r

p(x)
n−k (Bn, q), and

S
p(x)
n,k (q) = r

p(x)
n−k(Bn, q).

This gives rook theoretic interpretations to our Stirling numbers,
although they still have interpretations in terms of set partitions
(in this case, tuples of colored set partitions with minimal element
restrictions on the parts).
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although they still have interpretations in terms of set partitions
(in this case, tuples of colored set partitions with minimal element
restrictions on the parts).
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q-poly-Stirling numbers of the Second Kind
Results

Using these interpretations we can get the following generalized
formulas:

(p([x ]q))n =
n∑

k=0

S
p(x)
n,k (q)

k∏
j=1

(p([x ]q)− p([j − 1]q)), and

n∑
k≤n

S
p(x)
n,k (q)tn =

tk

(1− tp([1]q))(1− tp([2]q)) · · · (1− tp([k]q))
.

Similar formulas hold for S
p(x)
n,k (q).
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Future Work

Of particular interest are those poly-Stirling numbers where
p(x) = xm for some m ∈ N.

1 Allowing for 1 ≤ i , j ≤ k , give a rook theoretic proof of the
following: det(||Sxm

r+j ,i (1)||) = (k!)mr .

2 Allowing for 0 ≤ i , j ≤ k , give a rook theoretic proof of the
following: det(||Sxm

r+i+j ,r+i (1)||) =
∏k

`=1(r + `)m`.
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Thank you.
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