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Definitions

Background

@ We know that there are many results connecting various types
of rook and file placements to Stirling numbers of both kinds,
and their generalizations.
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Definitions

Background

@ We know that there are many results connecting various types
of rook and file placements to Stirling numbers of both kinds,
and their generalizations.

@ The goal here is to present a rook model and then show how
this model connects with a generalization of the Stirling
numbers.
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Definitions

Definitions
The Basics

Let N denote the set {1,2,3,...} and No = NU {0}.
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Definitions
The Basics

Let N denote the set {1,2,3,...} and No = NU {0}.

We define a Ferrers board to be a rook board with column heights
of 0 < by < by <--- < by, denoted B = F(by, by, ..., by).
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Definitions

Definitions
The Basics

Let N denote the set {1,2,3,...} and No = NU {0}.

We define a Ferrers board to be a rook board with column heights
of 0 < by < by <--- < by, denoted B = F(by, by, ..., by).

We define the n" staircase board to be B, = F(0,1,2,...,n—1).
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Definitions

Definitions

m-Boards

Given m € N and the Ferrers board B = F (b1, ba, ..., byp), we
define the m-partition board, B™, to be the board B with each
column partitioned into m subcolumns.
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Definitions

Definitions

m-Boards

Given m € N and the Ferrers board B = F (b1, ba, ..., byp), we
define the m-partition board, B™, to be the board B with each
column partitioned into m subcolumns.

We define the k™" m-rook number of B™ to be the number ways of
placing km nonattacking rooks on the board B™, denoted by

rm(Bm).
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Definitions

What constitutes a proper placement?

A placement of rooks must satisfy the following:
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Definitions

What constitutes a proper placement?

A placement of rooks must satisfy the following:

o If there is a rook in any subcolumn of a column, then all of
the m subcolumns of that column must contain a rook,
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Definitions

Definitions

What constitutes a proper placement?

A placement of rooks must satisfy the following:

o If there is a rook in any subcolumn of a column, then all of
the m subcolumns of that column must contain a rook,

@ no subcolumn may contain more than one rook, and
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Definitions

Definitions

What constitutes a proper placement?

A placement of rooks must satisfy the following:
o If there is a rook in any subcolumn of a column, then all of
the m subcolumns of that column must contain a rook,
@ no subcolumn may contain more than one rook, and

@ no rook may be placed in the ¢t row of the jt subcolumn of
the wt’ column if there is a rook in the ¢t row of the jt"
subcolumn of the vt column with v < w.
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Definitions

Example

<

The 5™ staircase board with m

Poly-Rook Numbers

B. K. Miceli



Definitions

Example

<10
Q
=
n
X
o
o
o
G
]
2
=
9]
S
9]
5]
)
o
<

Poly-Rook Numbers

B. K. Miceli



Definitions

Example

<10
Q
=
n
X
o
o
o
G
]
2
=
9]
S
9]
5]
)
o
<

Poly-Rook Numbers

B. K. Miceli



Definitions

Example

<10
Q
=
n
X
o
o
o
G
]
2
=
9]
S
9]
5]
)
o
<

Poly-Rook Numbers

B. K. Miceli



Definitions

Recursions

Given B = F(by, by, ..., by, byy1), define B = F(by, ba, ..., by).
Then we have the following recursive relationship for m € N:
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Definitions
Recursions

Given B = F(by, by, ..., by, byy1), define B = F(by, ba, ..., by).
Then we have the following recursive relationship for m € N:

Am_(B™) =) (B™) + [bay1 — (n— K)]7r\™(B™).
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Definitions
Recursions

Given B = F(by, by, ..., by, byy1), define B = F(by, ba, ..., by).
Then we have the following recursive relationship for m € N:

K (B™) =) (B™) + [bar1 — (n— k)" L(B™).

In the case where we have the staircase board, this relationship
becomes:

K (BI) = i) (B + k™A (B,
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Definitions

Product Formula

Theorem: Suppose m € N, x € R, and let B = F(b1, b2, ..., bp)
be a Ferrers boards.
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Definitions

Product Formula

Theorem: Suppose m € N, x € R, and let B = F(b1, b2, ..., bp)
be a Ferrers boards. Then

[T6m + 671 = 3 A7)~
k=0

i=1
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Definitions

Product Formula

Theorem: Suppose m € N, x € R, and let B = F(b1, b2, ..., bp)
be a Ferrers boards. Then

[Tix™ + b =S A (xmyk.
=1 k=0

Proof ldea:
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Definitions

Product Formula

Theorem: Suppose m € N, x € R, and let B = F(b1, b2, ..., bp)
be a Ferrers boards. Then

[T6m + 671 = 3 A7)~
k=0

i=1

Proof Idea: Append x € N rows below the board B™, and for
each column place m rooks in two ways.
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Definitions

Product Formula

Theorem: Suppose m € N, x € R, and let B = F(b1, b2, ..., bp)
be a Ferrers boards. Then

[T+ 7= 3 e (emy™.
i=1 k=0

Proof Idea: Append x € N rows below the board B™, and for
each column place m rooks in two ways.

(i) Place rooks from left to right such that all m rooks are in B™
or all are in the “x-part.”
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Definitions

Product Formula

Theorem: Suppose m € N, x € R, and let B = F(b1, b2, ..., bp)
be a Ferrers boards. Then

[T+ 7= 3 e (emy™.
i=1 k=0

Proof Idea: Append x € N rows below the board B™, and for
each column place m rooks in two ways.

(i) Place rooks from left to right such that all m rooks are in B™
or all are in the “x-part.”

(ii) Fix a placement of n — k rooks in B™ and extend. [
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Definitions

Definitions
Polyboards

Let p(x) = ag + a1x + axx® + - - - arxt € No[x] with a; # 0 and let
B = F(by, bs, ..., by).
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Definitions

Definitions
Polyboards

Let p(x) = ag + a1x + axx® + - - - arxt € No[x] with a; # 0 and let
B = F(b1, by, ..., bp). We define the polyboard

B(p(x)) = {B™1,B™2, ..., B™u« = B'},

where the ms, correspond to the powers of x in p(x) with nonzero
coefficients.
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Definitions

Definitions
Polyboards

Let p(x) = ag + a1x + axx® + - - - arxt € No[x] with a; # 0 and let
B = F(b1, by, ..., bp). We define the polyboard

B(p(x)) = {B™1,B™2, ..., B™u« = B'},

where the ms, correspond to the powers of x in p(x) with nonzero
coefficients.

For example, if p(x) = 2x + 3x3 + x’, then

B(p(x)) = {B.B% B'}.
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Definitions

Definitions
Polyboards

Let p(x) = ag + a1x + axx® + - - - arxt € No[x] with a; # 0 and let
B = F(b1, by, ..., bp). We define the polyboard

B(p(x)) = {B™1,B™2, ..., B™u« = B'},

where the ms, correspond to the powers of x in p(x) with nonzero
coefficients.

For example, if p(x) = 2x + 3x3 + x’, then
B(p(x)) = {B,B% B7}.

We note that the coefficients of p(x) have nothing to do with the
construction of B(p(x)).
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Definitions

Example
A placement of rooks in the polyboard B(p(x)) with p(x) = aix + asx®.
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Definitions

Definitions
Polyboards

To account for the coefficients, we color our placements, and we
make the following coloring rules:
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Definitions

Definitions
Polyboards

To account for the coefficients, we color our placements, and we
make the following coloring rules:

@ The rooks in the board corresponding to B® are colored with
the colors c1, ¢,...,cs,, and

B. K. Miceli Poly-Rook Numbers



Definitions

Definitions
Polyboards

To account for the coefficients, we color our placements, and we
make the following coloring rules:

@ The rooks in the board corresponding to B® are colored with
the colors c1, ¢,...,cs,, and

@ if a rook in one subcolumn of a column is colored with color
¢, then every rook in that column is colored with ¢ as well.
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Definitions

Example
A placement of rooks in the polyboard B(p(x)) with p(x) = aix + asx®.
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Definitions

Recursions

Given B = F(by, by, ..., by, byy1), define B = F(by, ba, ..., by)
and let r,f(x)(B) be the number of colored rook placements in
B(p(x)) with rooks in k columns of B(p(x)). Then we have the
following recursive relationship:
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Definitions
Recursions

Given B = F(by, by, ..., by, byy1), define B = F(by, ba, ..., by)
and let r,f(x)(B) be the number of colored rook placements in
B(p(x)) with rooks in k columns of B(p(x)). Then we have the
following recursive relationship:

P (B) = rPY)(B) + p(bns1 — (n — k)P (B).
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Definitions
Recursions

Given B = F(by, by, ..., by, byy1), define B = F(by, ba, ..., by)
and let r (X)(B) be the number of colored rook placements in
B(p(x)) W|th rooks in k columns of B(p(x)). Then we have the
following recursive relationship:

P (B) = P (B) + p(bas1 — (n— K)rPY(B).

In the case where we have the staircase board, this relationship
becomes:

PO (Bair) = 2% (Ba) + p(K)rP)(By).
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Definitions

g-Analogues

X

-9

Given x € N, we define [x]q = g
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Definitions

g-Analogues

X

—4q
1—qg°

Given x € N, we define [x]q =

There are two natural g-analogues of the previous recursion:
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Definitions

g-Analogues

X

-9

Given x € N, we define [x]q = g

There are two natural g-analogues of the previous recursion:
o r79) ((Brir,q) = 2, (Ba.9) + p([Kl)r 0 (Bas 9)
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Definitions

g-Analogues

-9

Given x € N, we define [x]q = g

There are two natural g-analogues of the previous recursion:
o it i(Bar1.q) = i3y (B, @) + p([Kla)rft(Bo. 0)
o P0) (Buir, @) = 715 (Ba. @) + [p(K)laTh ) Ba, @)
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Definitions

g-poly-Stirling numbers of the Second Kind

Definitions

Define Sg(()x)(q) = gopfg)(q) =1 and Sﬁ’s(x)(q) = glsfz)(q) =0if
n,k <0Qorn<k.
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Definitions

g-poly-Stirling numbers of the Second Kind

Definitions

Define Sg(()x)(q) = gopfg)(q) =1 and Sﬁ’s(x)(q) = glsfz)(q) =0if
n,k <0orn< k. Now set

o 5P, (q) = SP% () + p([Klg)SPY(q), and
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Definitions

g-poly-Stirling numbers of the Second Kind

Definitions

Define Sg(()x)(q) = gopfg)(q) =1 and Sﬁ’s(x)(q) = glsfz)(q) =0if
n,k <0orn< k. Now set

o 5P (a) = SP%1(9) + p([Klq) P (q), and
o 20 () = S22 1(a) + [p(K)]s S5 (a).
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Definitions

g-poly-Stirling numbers of the Second Kind

Definitions

Define 5557(q) = 555(q) = 1 and S709(q) = 52 (q) = 0 if
n,k <0orn< k. Now set

o 5P, (q) = SP% () + p([Klg)SPY(q), and

o 570 1 (a) = 570 1(a) + [P(K)1e S5 (a):

We call these the Type I and Il poly-Stirling numbers of the Second
Kind with respect to p(x).
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Definitions

g-poly-Stirling numbers of the Second Kind

Definitions

Define 5557(q) = 555(q) = 1 and S709(q) = 52 (q) = 0 if
n,k <0orn< k. Now set
o 520 (a) = S804 (a) + p(1Kq)SES)(q), and

o ShYu(a) = Sila(a) + [p(K)1aSh (a)
We call these the Type I and Il poly-Stirling numbers of the Second

Kind with respect to p(x). We see that if ¢ =1 and p(x) =
then we get the classical Stirling numbers of the second kind.
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Definitions

g-poly-Stirling numbers of the Second Kind

Relation to rook numbers

Connecting these recursions with those for our poly-rook
placements, we have the following:
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Definitions

g-poly-Stirling numbers of the Second Kind

Relation to rook numbers

Connecting these recursions with those for our poly-rook
placements, we have the following:

o 570)(q) = r*®)(By, q), and
o $%9(q) = *™)(Bo, q).
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Definitions

g-poly-Stirling numbers of the Second Kind

Relation to rook numbers

Connecting these recursions with those for our poly-rook
placements, we have the following:

o 57(@) = 11)(Br q). and

o 575)(a) = E*U(Bn, q).
This gives rook theoretic interpretations to our Stirling numbers,
although they still have interpretations in terms of set partitions

(in this case, tuples of colored set partitions with minimal element
restrictions on the parts).
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Definitions

g-poly-Stirling numbers of the Second Kind

Results

Using these interpretations we can get the following generalized
formulas:
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Definitions

g-poly-Stirling numbers of the Second Kind

Results

Using these interpretations we can get the following generalized
formulas:

o (p([x]q) Zs”‘” q)H<p([x1q) — p(lj — 1]¢)), and
j=1
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Definitions

g-poly-Stirling numbers of the Second Kind

Results

Using these interpretations we can get the following generalized
formulas:

o (p([x]q) Zs"“’ q)H<p([x1q) — p(lj — 1]¢)), and
j=1

ZSPX)

k<n
tk

(1 = tp([tg))(1 = tp([2]q)) - - - (1 — tr([klq))
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Definitions

g-poly-Stirling numbers of the Second Kind

Results

Using these interpretations we can get the following generalized

formulas:
o (p([xq))" Zs"“’ q)H<p([x1q) — p([j - 1])), and
k=0 j=1
ZSP X)
k<n
tk

(1 = tp([tg))(1 = tp([2]q)) - - - (1 — tr([klq))

Similar formulas hold for SP(X)(q).
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Definitions

Future Work

Of particular interest are those poly-Stirling numbers where
p(x) = x™ for some m € N.

@ Allowing for 1 < i,j < k, give a rook theoretic proof of the

following: det(||S); ;(1)I]) = (k!)™".
@ Allowing for 0 < i,j < k, give a rook theoretic proof of the

following: det(([SX],; - (1)II) = [Ty (r +0)™.
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Thank you.
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