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ABSTRACT OF THE DISSERTATION

A Rook Theory Model for Product Formulas & Poly-Stirling Numbers
by

Brian K. Miceli
Doctor of Philosophy in Mathematics

University of California San Diego, 2006

Professor Jeffrey B. Remmel, Chair

There are a number of so-called factorization theorems for rook polynomials
that have appeared in the literature. For example, Goldman, Joichi, and White

[11] showed that for any Ferrers board B = F'(by, ba, ..., by,),

n

[T@+b=G=1)=> r(B)() Lo

=1

where 74 (B) is the k' rook number of B and (z) |y=x(x —1)--- (z — (k— 1)) is
the usual falling factorial polynomial. Similar formulas where r;(B) is replaced
by some appropriate generalization of rook numbers and (x) | is replaced by
polynomials like (z) Ty = z(x+j) - (x+j(k—1))or () |s,=2x(z—j) - (z—
j(k — 1)) can be found in the work of Goldman and Haglund [10], Remmel and
Wachs [24], Haglund and Remmel [14], and Briggs and Remmel [4]. We shall
call such formulas generalized product formulas.

In the first part of this dissertation, we develop a new rook theory setting
where we can give a uniform combinatorial proof of a generalized product for-
mula which includes all the cases referred to above. That is, given any two
sequences of non-negative integers, B = (by,...,b,) and A = (ay,...,a,), and

two sign functions sgn,sgn : {1,...,n} — {—1,1}, we shall define a rook theory

xiii



setting and appropriate generalization of rook numbers r7!(B4, sgn, 5gn) such

that

n n k J

[LG +sgn(ibs) =Y (B, sgn,sgm) [ [(x + (3 597(s)a,))-

i=1 k=0 Jj=1 s=1

We also find g-analogues and (p, ¢)-analogues of the above formula.
Now, suppose that we are given a polynomial p(z) € N[z], and consider the

numbers generated by the recursions:

s"% = 1 and sﬁfi) =0ifk <0ork >n,and

)

0= 48 0 S K< Landn 2,

cgfg)zlandcflfi):Oifk<00rk>n,and

Cffﬂk = cz(i)_l —l—p(n)cflfi) if0<k<n+1landn >0, and

Sg(éc) = land Sﬁ’(,f) =0ifk <0ork >n,and

S = P 4 p(k)SPE 0 <k <n+1landn > 0.

In the second part of this dissertation, we discuss various combinatorial in-
terpretations of these numbers, which we call poly-Stirling numbers. We give
rook theory interpretations for them, find product formulas which involve these

poly-Stirling numbers, and we define multiple g-analogues of these numbers.
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Chapter 1

Classical Rook Theory, Stirling
Numbers, & ()-Analogues

1.1 Introduction

Let N = {0,1,2,...} denote the set of natural numbers. For any positive
integer a, we will set [a] :== {1,2,...,a}. Welet B, = [n] x [n] be the n by n array
of squares (like a chess board). We number the rows B,, from bottom to top and
the columns of B,, from left to right with the numbers 1, ..., n. We will refer to
the square or cell in the i row and ;% column of B, as the (i, j)-th cell of B,,. A
rook board B is any subset of B,,. If B C B, is rook board consisting of the first b;
cells of column i fori = 1, ..., n, then we will write B = F(by,...,b,) and refer
to B as a staircase board. In the special case that 0 < b; < by <--- < b, < n, we
will say that B = F(by,bs,...,b,) is a Ferrers board. For example, F'(1,2,2,4) is
pictured in Figure 1.1.

Given a board B C B,, we let Ny (B) denote the set of all placements P of

k rooks in B such that no two rooks in P lie in the same row or column. We

Figure 1.1: A Ferrers board B = F(1,2,2,4) C B,, withn = 4.



will refer to such a IP as a placement of k non-attacking rooks in B. Similarly, we
let F;,(B) denote the set of all placements () of k£ rooks in B such that no two
rooks in () lie in the same column. We will refer to such a @ as a file placement
of k rooks in B. Thus in a file placement (), we do allow the possibility that two
rooks can lie in the same row. We then define the k" rook number of B, ry(B), by
setting r(B) := |N%(B)|. Similarly, we define the the k' file number of B, fi(B)
by setting fi(B) := |Fi(B)|. If B = F(by,...,b,), then we shall sometimes write
(b1, b, ..., by) for ri(B) and fi (b1, ba, ..., b,) for fr(B).

Givenz € N, define z|,, = z(x—1)---(x—(n—1))and z T,= z(x+1)--- (x +

(n —1)). For each B C B,, and each = € N, we define two polynomials.

Rop(r) = Y rai(B)(x)lk and (1.1)
k=0

Fop(x) = Y for(B)z". (1.2)
k=0

We shall refer to R,,(B) as the n-th rook polynomial of B and F,,(B) as the n-th
file polynomial of B.

Given a permutation 0 = 0,0;...0, in the symmetric group 5,, we shall
identify o with the placement P, = {(1,01),(2,02),...,(n,0,)}. Then the hit
number, hi(B), is the number of o € S, such that the placement [P, intersects the
board in exactly % cells.

The rook numbers, the file numbers, and the hit numbers of rook boards
have been studied extensively by combinatorialists. For example, there are three

basic identities that hold for these numbers.



> (Bt = > ru(B)(n—k)!(z — 1), (1.3)
[[@+bi—-G-1) = > rw(B)(@) and (1.4)
=1 k=0

[[@+0) = > fai(B)a" (15)
=1 k=0

Identity (1.1) is due to Kaplansky and Riordan [17] and holds for any board
B C B,. Identity (1.2) holds for all Ferrers boards B = F'(by,...,b,) and is due
to Goldman, Joichi, and White [11]. Identity (1.3) is due to Garsia and Remmel
[7] and holds for all boards of the form B = F(by,...,b,). Formulas (1.2) and
(1.3) are examples of what we shall call product formulas in rook theory. That is,
they say that for a Ferrers board B = F'(by, ..., b,) , the polynomials R,, 5(z) and
F, p(z) factor as a product of linear factors.

We note that in the special case where B := B,, = F'(0,1,2,...,n — 1), Equa-
tions (1.2) and (1.3) become

2" = Y ruk(By)(x)l and (1.6)
k=0

(@) Tn = > far(Bn)2". (1.7)
k=0

This shows that r,_;(B,) = S, where S, is the Stirling number of the
second kind, and (—1)""*f,,_(B,) = s,x, where s, is the Stirling number of
the first kind, and thus, we obtain rook theory interpretations for the Stirling
numbers of the first and second kind.

There are natural g-analogues of formulas (1.1), (1.2), and (1.3). That is, de-
fine[n, =1+q+ - +¢" "' = 'l

. We then define g-analogues of the

q
factorials and falling factorials by [n],! = [n],[n — 1], [2],[1]; and [z], | m =



[z]y[x—1], - - - [—(m—1)],. Garsia and Remmel [7] defined ¢g-analogues of the hit
numbers, (B, q), g-analogues of the rook numbers, (B, ¢), and g-analogues

of file numbers, fi(B,q), for Ferrers boards B so that the following hold:

n

Y (B, = Y ra k(B q)[k]glt (1 — 2g") - (1 - 2g™), (1.8)
k=0

k=0
[iz+b-G-1], = > rar(B,g)lzl, L, and (1.9)
i=1 k=0
[Tz+0ls = D fas(B,@)l:. (1.10)
i=1 k=0

Finally, we should mention that there are also (p, ¢)-analogues of such formu-
las (see the work of Wachs and White [28], Briggs and Remmel [3], and Briggs
[2]).

In recent years, a number of researchers have developed new rook theory
models which give rise to new classes of product formulas. For example, Haglund
and Remmel [14] developed a rook theory model where the analogue of the the
rook number my,(B) counts partial matchings in the complete graph K,,. They
defined an analogue of a Ferrers board F(al, ...0Q9p—1) Where2n—1>ay > --- >
asn—1 > 0 and where the nonzero entries in (a4, . . ., as,—1) are strictly decreasing

and, in their setting, they proved the following identity,

2n—1 2n—1

H (x + agp—i —2i+2) = i Mp—p(Fax(z —2)(x —4)--- (z — 2(k —1)). (1.11)

=1
Remmel and Wachs [24] defined a more restricted class of rook numbers,

#(B), in their j-attacking rook model and proved that for Ferrers boards B =

F(bl,...,bn),wherebiﬂ—b,;Zj—lifbisé(),

n n

[[@+0 -6 —1))=>"#_(Ba—j)x -2 (x— (k—1)j). (112)

i=1 k=0



Goldman and Haglund [10] developed an i-creation rook theory model and

proved that for Ferrers boards one has the following identity,

ﬁ r+b;+(j Zr r(x+(—1))---(z+(k—1)(i—1)). (1.13)

j=1

In all of these new models, the authors proved g¢-analogues and/or (p, q)-
analogues of their product formulas.

The goal of the first chapter is to review the proofs of the basic product for-
mulas described above and their g-analogues. Next we shall look at the special
case where B = F'(0,1,...,n — 1) where the rook numbers and file numbers are
equal to the Stirling numbers of the second kind and the signless Stirling num-
bers of the first kind respectively and develop their g-analogues. Finally, we
shall also describe the alternative rook models of Remmel-Wachs [24], Briggs-
Remmel[4], Haglund-Remmel [14], and Goldman-Haglund [10].

In the second and third chapters, we shall develop a new rook theory model
and prove a quite general product formula and various g-analogues. That is,
suppose we are given any two sequences of natural numbers: B = {b;}I",, A =
{a;}?_, € N". Define A; = a; + as + - - + a;, the i'" partial sum of the a;’s, and
let B = F(by, by, ...
and sgn, such that sgn,sgn : [n] — {—1,+1}. Our goal is to define a rook theory

,b,) be a rook board. We will also define two functions, sgn

model with an appropriate notion of the rook numbers ;' (B4, sgn,sgn) such

that the following product formula holds:

n n

L@ +sgn(@)®) = > it (BA, sgn,sgn) [ [(x + Y sgm(s)(ay).  (1.14)

i=1 k=0 Jj=1 s<j

We will refer to Equation (1.14) as the general product formula and the num-
ber (B4, sgn, sgn) as the k'™ augmented rook number of B with respect to A, sgn,
and sgn. This general product formula is new and vastly extends the range of

any of the product formulas that have appeared in the literature. In fact, in



the ¢ = 1 case, we shall see that our general product formula specializes to all
the product formulas described above so that our new rook theory model pro-
vides a common framework in which we can give a uniform proof of all these
product formulas. Finally, we shall also prove g-analogues and p, g-analogues
of our general product formula and describe the connection between other ¢-
analogues and (p, ¢)-analogues of product formulas that have appeared in the
literature.

In the final chapter, we shall shall define an extension of Stirling numbers
of the first and second which we call the poly-Stirling numbers. That is, given
any polynomial p(z) with non-negative integer coefficients, we shall define the
poly-Stirling numbers of the first kind, SZ(,?/ for all non-negative integers n and

and integers k by the following recursions:

sgfg”) =1and sif? =0ifk <0ork >n,and (1.15)

S = S~V O Sk <n+landn >0, (L16)

Similarly, we shall define the poly-Stirling numbers of the second kind, Sﬁf,f)

for all non-negative integers n and and integers k by the following recursions:

S =1and $*¢) = 0if k < 0 or k > n, and (1.17)
SH) =8P 4 p(k)SPY 0 <k <n+landn > 0. (1.18)

Note that in the special case, when p(z) = z, the recursions reduce to

Spo=land sy, =0ifk <Oork >n,and (1.19)

Spi1gk = Sy — NSy if0<k<n+landn >0 (1.20)

and



Figure 1.2: The board B,, with B = F(1,2,2,4).

Sgo=1and S}, =0if k <0ork > n,and (1.21)
i n =S, kST if0<k<n+landn>0 (1.22)

n

which are the usual defining relations for the Stirling numbers of the first and
second kind respectively. We shall give a new rook theory model to give a com-
binatorial interpretation for the poly-Stirling numbers of the first and second
kind and show that there are various ways to give a g-analogue of our rook the-
ory model which leads to several distinct g-analogues of the the poly-Stirling

numbers of the first and second kind.

1.2 Two Classical Product Formulas

In this section, we shall give the proofs of the product formulas of Goldman,
Joichi, and White [11] and Garsia and Remmel [7] described in the introduction.

Suppose that we are given a Ferrers board B = F(by,bs,...,b,). We then
define the board B, to be the board B with x rows appended below, and each
row containing n columns, as illustrated in Figure 1.2. We will call the part of
the board which we attached below B the x-part of B,, and we will call the part
of the board that separates the z-part from B the bar, as in Figure 1.2. Then we
let V. (B.) denote the set of all placements PP of k£ rooks in B, such that no two
rooks in P lie in the same row or column and we let F;(B,) denote the set of
all placements @) of k£ rooks in B, such that no two rooks in @ lie in the same

column.

Theorem 1.1. (Goldman-Joichi-White [11]). Suppose x,n € N with x > n. If B =
F(by,...,by,) is any Ferrers board, then



n n

[T@+b—G—1) = raw(B)(@) Lk . (1.23)

1=1 k=0

Proof: We shall show that (1.23) represents two ways to count |, (B,)|. That is,
consider the number of ways that we can place the rooks in each column, start-
ing with the leftmost column and working to the right. In the first column, there
will be = + b cells in which to place the rook. Then, in the second column, we
originally have = + b, cells to place the rook, but one of those cells has been can-
celled since there is a rook to its left and we only allow one rook per row. Thus,
in the second column there are = + b — 1 cells to place a rook. Continuing on in
this fashion, we can see that in the j* column there will be z + b; — (j — 1) rows
in which to place the rook in column j. If we look at all possible combinations
over all n columns, we obtain the left-hand side of Equation (1.23).

Next, suppose that we first fix a placement P of n — k non-attacking rooks
above the bar in B,. We claim that there are (x) |, ways to extend P to a place-
ment Q € N, (B,) such that @ N B = P. That is, we want to count the number of
ways to extend PP to a placement ) € N, (B,) by placing an additional & rooks
below the bar. If we look at the leftmost available column in which to place a
rook below the bar, then there will be = possible cells in which to place it. As
we move to the right, the next available column in which to place a rook be-
low the bar will have x — 1 cells left to place the rook below the bar in the first
empty column. Continuing on in this way, we see that number of such @ is
z(x—1)---(xr—(k—1)) = (x) |x. Thus we see that

)

k=0 PeN,, _1(B

= Z(x)lk Z 1

k=0 PeN,,_k(B)

= Z(x) L Tn—ik(B)

k=0



as desired. O

In the same way that we proved Theorem 1.1, we can also prove the follow-

ing theorem due to Garsia and Remmel [7].

Theorem 1.2. Suppose x € Nand B = F(by, b, ..., b,) is a staircase board. Then

n

[[@+0) =" fai(B)a". (1.24)

=1

Proof: We shall show that (1.24) represents two ways to count |F,,(B,)|. That
is, consider the number of ways that we can place the rooks in each column,
starting with the leftmost column and working to the right. In the first column,
there will be z + b, cells in which to place the rook. It is easy to see that since
we are allowed to place two rooks in the same row for file placements, then we

have exactly x + b; ways to place a rook in the i-th column for¢ =1, ..., n. Thus

n

[Fa(Bo)| = [ [ + o).

i=1
Next, suppose that we first fix a file placement [P with n — k rooks above the
bar in B,. We claim that there are 2* ways to extend P to a placement Q € F,,(B,)
such that N B = P. That is, we want to count the number of ways to extend
P to a placement ) € F,(B;) by placing an additional k rooks below the bar.
Again, we see that for each empty column, there are exactly x ways to place the
rook below in the bar in that column. Thus we see that

FuBo)| = D Y ot

k=0 PEF,_1(B)

= zn:xk Z 1
k=0 PeF,_;(B)

= > 2k fuk(B)
k=0

as desired. O
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1.3 Stirling Numbers of the First & Second Kind

In this section, we shall define the Stirling numbers of the first and second
kind and develop their connections with the file numbers and rook numbers for
the board B,, = F(0,1,2,...,n —1).

The Stirling numbers of the first kind, s,, \,, are defined by the following recur-

sions:

spo =1land s, =0if k <0ork >n,and (1.25)

Spt1k = Snk—1 — NSpk if 0 <k <n+4+1landn > 0. (1.26)

One can show by induction that foralln > 1,

(@)l =) snax”. (1.27)
k=1

If welet (z) T,=xz(x+1)-(x+n—1)forn > 1and z To= 1, then it is easy
to see that if we replace x by —z in (1.27) and then multiply both sides by (—1)",

we will obtain

n

() Ta= > _(=1)" s, pa”. (1.28)
k=1

n=ks, 1, are called the signless Stirling numbers of the

The numbers ¢, , = (—1)
first kind and they have a simple combinatorial interpretations. Namely, for n >
land 1 < k < n, ¢, is the number of permutations o of the symmetric group
S, such that o has k cycles. For example, by listing all of the permutations of [4]

with 2 cycles, we see that ¢, o = 11:
(1,2)(3,4),(1,3)(2,4), (1,4)(2,3),
(1,2,3)(4),(1,3,2)(4), (1,2,4)(3), (1,4,2)(3),

(1,3,4)(2), (1,4,3)(2), (1)(2,3,4), (1)(2,4, 3).
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Note that we have that

(@) Ta= 3 copa® (1.29)
k=1

and the c,, ;s are defined by the recursions

coo=1and ¢, =0if k <0ork > n, and (1.30)

Cnt1 e = Cnj—1 + NSy if 0 <k <n+1landn > 0. (1.31)

The Stirling numbers of the second kind, S, i, are defined by the following re-

cursions:

Soo=1and S, =0if k <Oork >n,and (1.32)
Sn-i—l,k = Sn,k—l + kSn,k f0<k<n+landn >0 (133)

One can again show by induction that for all n > 1,

2= Suu(@) . (1.34)
k=1

The Stirling numbers of the second kind S, also have nice combinatorial
interpretations in terms of set partitions. Thatis, forn > land 1 <k <n, S, is
the number of unordered set partitions of {1, ...,n} into k parts. As an example,

we can see that S, » = 7 by listing all of the partitions of [4] into 2 parts:
[1,2,3}{4} {1, 2, 4}{4}. {1, 3, 4}{2} {1}{2.3,4}.
{1,2}{3,4},{1,3}{2,4},{1,4}{2, 3}.

Next let us consider the board B,, = F(0,1,2,...,n — 1) C B,, which we call
the staircase board with n columns. Note that in this case r,(B,) = f.(B,) = 0

since there are neither non-attaching rook placements nor file placements in B,
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which have n rooks. Thus if we consider the special cases of Theorem 1.1 and

Theorem 1.2 where B = B,,, we get the following identities:

" = irnk(Bn)(a:)Lk, and (1.35)
k=1

(@) Tw = > far(Bn)z". (1.36)
k=1

It then follows thatforn > 1land 1 <k <n,

Cnk = fn,k(Bn) and (137)
Sn,k = rnfk(Bn)' (138)

1.4 ()-Rook Theory

1.4.1 Introduction

We define the ¢g-analogues of n, n!, nl, n T, and (Z) respectively by

]y = 1+q+-+¢"" =%,
[n]g! = [n]gln — 1]y [2]4[1s,

[n]qlk = [n]q[n - 1]q e n— (k- 1)]617

]y T = [nlgn+1]y--[n+ (k—1)],, and
e = mam -y

A common theme in combinatorics is to state and interpret combinatorial

formulas which are g-analogues of set theoretic formulas. The idea is to replace
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ordinary counting by what we call “g-counting”. That is, for the objects in the set
theoretic formula, we “count” the object by assigning a g-weight. We would like
a g-analogue to satisfy the property that by setting ¢ = 1, the original formula is
obtained. For example, if S, is the set of permutations of {1,...,n} and Ry gn-«

is the number of rearrangements of £ 1’s and n — k 0’s, then
|S,| = n! and (1.39)
Ry gnor| = (Z) . (1.40)

For any sequence s = s; ... s, of natural numbers, we let
inv(s) = Z X(si > s;)
1<i<j<n
where for any statement A, x(A) = 1if Ais true and x(A) = 0 if A is false. Then

it is well known that

> ¢™@ = [n],! and (1.41)
O’ESn
. n
Z qzm)(T) - {k} (1.42)
T‘Gle’On—k q

Thus, g-counting permutations by ¢""*(°) gives the g-analogue of n! and g-counting
rearrangements r of k 1's and (n — k) 0's via the statistic ¢™*(") gives the ¢-
analogue of (7).

In the next section, we shall define appropriate g-weights on placements of
non-attacking rooks and file placements to give g-analogues of the rook and file

numbers for Ferrers boards and g-analogues of the product formulas.

1.4.2 (-Rook & File Numbers

In [7], Garsia and Remmel defined a g-analogue formula for rook numbers
by g-counting rook configurations. In particular, they defined the k™ g-rook num-
ber of B for a Ferrers board B = F'(by,bs,...,b,) by
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Figure 1.3: An example of the ¢-cancellation rules, where B = F(1,2,2,3,3,4,5),
up(P) =7, and up(P) = 1.

r(Bog) = > """, (1.43)

PeN(B)
where each rook in P cancels all of the cells to its right and below it and we set
up(P) to be the number of cells in B which do not contain a rook and which have
not been cancelled by a rook in P. For example, if we consider the Ferrers board
B = F(1,2,2,3,3,4,5) and the placement P = {(2,2),(5,3),(7,4)} € N3(B).
Then up(PP) = 7 as seen in the left-hand side of Figure 1.3, where we indicate the
cancelled cells by placing a “e” in those cells.

We can use the same idea to give a g-weight to any placement P € N,,(B,)
by saying that each rook cancels all cells directly below it and all cells directly to
its right. Then as before, we let up, (P) equal the number of cells in B, which do
not contain a rook and which have not been cancelled by a rook in IP. This given,

the following g-analogue of Theorem 1.1 was proved by Garsia and Remmel [7].

Theorem 1.3. Let x,n € N with x > n and suppose that B = F(by,by,....b,) isa

Ferrers board. Then

@4 — (i = 1))y =Y rar(B,q)[x]ls. (1.44)
=1 k=0

(2

Proof: To prove Theorem 1.3, we will compute the sum

S = > ¢=® (1.45)

PeN, (Bz)

in two different ways.
First we will place rooks in the board B, column by column from left to right.
For the leftmost column there are = + b, cell in which to place the rook and so

the contribution of the leftmost column to S(g) by placing rooks in the top cell
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and proceeding downwards is, respectively, 1, q, ¢%, ..., ¢**1~1. Thus the total
contribution to S(q) from the leftmost column is [z + b;],. Applying the same
argument to the second column, we can see that there are only = + b, — 1 cells
to place a rook, since one cell has been cancelled by the rook placed in the first
column, and so the rook placed in the second column will contribute a g-count
of [z + by — 1], to S(g). Thus, if we were to look at the g-count for the j th column
of B,, we would see that there were originally x + b; cells to place a rook, but
J — 1 of those cells have been cancelled by previously placed rooks, so the total
contribution of the j column to S will be [z + b; — (j — 1)],- Continuing in this

way over all n columns we get that

n

S) =[] [z +b: — (i — 1),

1=1
Next suppose that for some fixed integer k, 0 < k < n, we pick a placement
P € N, _i(B). We wish to compute

S(]P)Iq) _ Z tuw(Q)_

QENR (Bg)
oONB=P

In order to extend P to a placement @ € N, (B,) such that Q N B = P, we
must place the remaining k non-attacking rooks below the bar. Notice that the
g-weight of the cells in the board B is exactly ¢“#®). Further note that in each
column containing a rook in the board B, all of the cells in the adjoined = rows
will be cancelled. Applying the same argument as above, we find thatif n — &
rooks are placed above the bar, then the contribution to S(P, ¢) from the empty
columns below the bar, moving from left to right, will be [z],, [z — 1],, ..., [ —

(k — 1)], respectively. That is,
S(P,q) = gyl

Summing over all k£ and all placements of n — k rooks in B yields
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S = > > SPo

k=0 PENn—k(B)

= > rak(B,q)[]oli
k=0
We now define ¢-file numbers by setting

Z g (1.46)

PEF;.(B

where each rook in P cancels only those cells which lie below it in B. We then
set zp(PP) to be the number of cells in B which do not contain a rook and are
not cancelled by the rooks in P. In Figure 1.4, we indicate the cancelled cells by
placing a “e” in those cells. Thus in Figure 1.4, B = F(2,2,3,4,4,5) and for the
placement P = {(1,2),(3,3), (5,2)} € F3(B), we have that z5(P) = 13. We can
extend this statistic to the board B, by saying that each rook in P cancels only
those cells which lie below it in B,. We then set zp, (P) to be the number of cells

in B, which do not contain a rook and are not cancelled by the rooks in PP.

Theorem 1.4. Let © € N and suppose that B = F(by, by, ..., b,) is any rook board.
Then

H:c+b ankBq AL (1.47)

Proof: To prove Theorem 1.4, we will compute the sum

Fig)= Y  ¢=® (1.48)

PEFr (Bz)
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in two different ways.

First we will place rooks in the board B, column by column from left to right.
It is easy to see that in the i-th column there are = + b; cell in which to place the
rook and so the contribution of the cell in the i-th column to F(g) by placing
rooks in the top cell and proceeding downwards are, respectively, 1, q, ¢°, ...,

q" %=1, Thus the total contribution to S(g) from the i-th column is [z + b;,. Thus,

n

Fg) =[] [z + bil,- (1.49)

i=1
Next suppose that for some fixed integer k, 0 < k < n, we pick a placement
P € F,_r(B). We wish to compute

F(]P),q) _ Z qum (Q)‘

QEFn(Bz)
oNB=P

In order to extend P to a placement () € F,(B,) such that Q N B = P, we
must place the remaining k non-attacking rooks below the bar. Notice that the
g-weight of the cells in the board B is exactly ¢*2(®). Further note that in each
column containing a rook in the board B, all of the cells in the adjoined x rows
will be cancelled. Applying the same argument as above, we find thatif n — &
rooks are placed above the bar, then the contribution to F'(IP, ¢) from each empty

column below the bar will be a factor of [z],. That is,

F(P,q) = ¢*® ]k,

Summing over all k£ and all file placements of n — k rooks in B yields
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Figure 1.4: An example of the g-cancellation rules, where B = F'(2,2,3,4,4,5),
zp(P) = 13, and Z5(P) = 2.

Fg) = Z Z F(P,q)

k=0 PEF, _x(

-3 Y e

k= O]P’G{n k(B)

= Y fai(B,q)z]

O

An alternate definition of ¢g-rook numbers and ¢-file numbers are the follow-

ing ones:
= > tu@F” (1.50)
PGNk

and
= > q (1.51)
]P’E]'—k

Here, for any placement P of non-attacking rooks in B, the only difference be-
tween @5 (P) and up(P) is that 45 (IP) counts only the number of uncancelled cells
which lie above a rook in P. The difference between @5 (PP) and up(P) is pictured
in Figure 1.3, where the diagram on the left shows the placement counted with
respect to the statistic up and the diagram on the right shows the placement
counted with respect to the statistic up. Similarly, for any file placement () in
B, the only difference between Z5(Q) and z5(Q) is that for Z5(Q) counts only
the number of uncancelled cells which lie above a rook in (). The difference be-
tween Z5(Q)) and z5(Q) is pictured in Figure 1.4, where the diagram on the left
shows the placement counted with respect to the statistic z5 and the diagram

on the right shows the placement counted with respect to the statistic Zp.
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The statistics @ and Zp are not convenient for proving product formulas
like the ones in Theorems 1.3 and 1.4, but they are useful for giving different
g-analogues the Stirling numbers of the first and second kind which we will

describe in the next section.

1.4.3 (@-Stirling Numbers of the Second Kind & a Formula of

Frobenius

In this section, we will discuss ¢-Stirling numbers of the second kind. Generally
speaking, there are basic two types of ¢-Stirling numbers of the second kind.
The first type ¢-Stirling numbers of the second kind that we shall discuss were

introduced by Gould [12]. These are the polynomials defined by the recursions

Gri1:(q) = Gnp-1(q) + [k]¢Gni(a), (1.52)

with initial conditions Gy o(¢) = 1 and G, x(¢) =0forn < 0,k < 0,0rn < k.
Theorem 1.5. Foralln > 1and 0 < k <n, G, x(q) = Tn—r(Bn, q).

Proof To prove that G,,x(q) = 7,—k(B,,q) foralln > 1 and 0 < k < n, first
observe that 7,_¢(B,,q) = 0 for all n > 1 since there are no placements of n
non-attacking rooks in B,,. It is easy to prove by induction that G, x(¢) = 0 for
all n > 1.

Next consider the set of placements N,,1_x(B,+1). They can be partitioned
into two sets Lasty,,+1 consisting of those placements P € A,,;1_(B,+1) which
have a rook in the last column and Nolasty ,+1 consisting of those placements
P € N,i1-k(Bns1) which do not have a rook in the last column. Now a place-
ment P € Nolasty 41 consists of placement of n — (k — 1) rooks in B,, plus an

empty last column and, hence, it is easy to see that

Z annJrl(P) — Z an" ®) = 7zn—(k—l) (Bn’ q)

]P’GNolastk7n+1 PENn—(k—l)(Bn)
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Now a placement P € Lasty,,+1 consists of a placement @)p of n — k rooks
in B, plus a rook in the last column. It is easy to see that if we fix a placement
Q € N,_(B,), there are exactly k ways to extend @ to a placement P € Lasty, ;11
since the last column of B, has height n and each of the n — k rooks in @)
cancel the cell in its row in the last column. It follows that we let (Q; denote the
result of starting with the placement () and then placing a rook in i-th available
row which does not contain a cancelled cell, reading from top to bottom, then
Q1, . .., Qi represent all ways to extend () to a placement in Lasty ,,+1. Moreover,
since there there will be an extra i — 1 uncancelled cells above the rook in the

last column of ();, then

tg,.,,(Q:) =i —1+ug,(Q).

It follows that
> = 3T (kg g g @ = Hyf (B o)
PE€Lasty, 541 QEN,—(k—1)(Br)
Thus,
fn—&—l—k(Bn—i-la Q) = fnf(kfl)(Bna Q) + [k]qfn—k(Bn7 Q) (153)

We can know use this recursion to show by induction that G,, x(¢) = 7,—r(B., q)
foralln >1and 1 <k <n. 0

The second type of ¢-Stirling numbers are the polynomials denoted by S, x(q),

which are defined by the recursion

St k(q) = ¢ " Spk-1(q) + [FgSnr(a), (1.54)

with identical initial conditions as the G, x(¢). One can see that S, ;(q) and

G x(q) must be related by
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k

Si(q) = ¢ G ilq).

The S,,x(¢) have been given various combinatorial interpretations in terms
of partitions, or equivalently, in terms of restricted growth functions(see [21],
[30], and [29]), and 0, 1-tableaux (see [19] and [20]). In [7], Garsia and Remmel
gave a combinatorial interpretation for S, x(¢) by ¢g-counting the configurations
of n—k non-attacking rooks in the staircase board B,, = F'(0,1,2,...,n—1). That
is, they proved the following result by using essentially the same argument that

was used to prove Theorem 1.5.

Theorem 1.6. Foralln > 1and 0 < k <n,

Note that in the special case of Theorem 1.3 where B = B,,, we have that

([2])" = Sns(@)[2]gls- (1.56)

Finally, we note that one can also prove a g-analogue of the Frobenius formu-
las using the S, (¢)’s. That s, define B, to be a Ferrers board B = F'(by, bs, ..., by,)
with infinitely many rows of length n appended below the bar. Given a place-
ment P € N, (B,), we label the rows below the bar of B,, with the numbers
1,2,..., and we define mazp_(PP) to be the row below the bar containing the
bottommost rook in P, with the condition that if P contains no rooks below the
bar, then mazp_(P) = 0. For B = B,,, Garsia and Remmel [7] gave a combinato-

rial proof of the following g-analogue of a formula of Frobenius [6]:
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L maxpg (B) g () _ - Snyie [k]g! 2
1- Z B Z(l—x)( o (T—zg)

PEN, (Boo) k=0 1—2q)

>tk (1.57)
k>0
des(o)+1 ,maj(o)

es, 70 (1.58)

[Tizo(1 — zq')

where for any permutation o =0y ...0, € 5,

Des(o) = {i:o0; > 0441}, (1.59)
des(o) = |Des(o)|, and (1.60)
maj(o) = Z i (1.61)

i€Des(co)

1.4.4 ()-Stirling Numbers of the First Kind

Similar to the ¢-Stirling numbers of the second kind, the ¢-Stirling numbers
of the first kind can be defined in two different ways. To start, we will define
the signless q-Stirling numbers of the first kind. These are the polynomials Z,, 1(q)

defined by the recursion

Zns1,k(q) = Znk-1(q) + [n]gZni(a), (1.62)

with initial conditions Z;(¢) = 1 and Z,, x(¢) = 0forn < 0,k < 0,orn < k. We

can then define the ¢-Stirling numbers of the first kind, z, i (q), by setting
From (1.62) we find that these polynomials must satisfy

2n+1J€(Q) = Zn,k—l(Q) - [n]qzn,kz(Q)a

with the same initial conditions as the Z, x(¢). Then by essentially the same

argument used to prove Theorem 1.5, one can prove the following.
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Theorem 1.7. Foralln > 1and 0 < k <n,

Zni(q) = fo-r(Bn, q). (1.63)

Now, an alternate definition for the signless ¢-Stirling numbers of the first
kind, which corresponds with those defined in the previous section, are the

polynomials ¢, ;(¢) defined by the recursion

cn1k(q) = ¢"cnp-1(q) + [n]gCnr(q), (1.64)

with initial conditions ¢yo(q) = 1 and ¢, 4(q) = 0 for £ < 0 and k£ > n. Again,
we obtain the ¢-Stirling numbers of the first kind, s,, x(q), by setting s, x(¢) =
(—=1)"%¢c, 1(q). From (1.64) we find that these polynomials must satisfy the re-

cursion

Snt1.k(q) = q"Snp—1(q) — [1]¢8n1(q) (1.65)

with the same initial conditions as the ¢, x(¢). Again, by essentially the same

argument used to prove Theorem 1.5, one can prove the following theorem.

Theorem 1.8. Foralln > 1and 0 < k <n,

Cn,k(Q) = fn—k(Bna Q) (166)
The special case of Theorem 1.4 when B = F(0,1,...,n — 1) gives

n

2]y Ta=Y _ cnnl@)([2]g)". (1.67)

k=0
Similarly, replacing [z], by —[z], in Equation (1.67) and multiplying both sides
by (—1)", we obtain the following product formula for ¢-Stirling numbers of the

first kind:

n

oo =Y snala)([z]y)". (1.68)

k=0
It then follows from (1.56) and (1.68) that we have the following result.
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Theorem 1.9. The lower triangular matrices defined by ||S, x(q)|| and ||snx(q)|| are

inverses of one another.

1.5 (P, Q)-Analogues
Define the (p, ¢)-analogue of n € N to be [n], , by
p - Z =P A" T (1.69)

One can then use [n],, to define the (p, ¢)-analogues of n!, (n)|x, (n) Tx, and

[n]pg =

(1) in the same way we used [n], to define the g-analogues of these numbers.
In general, given the (p, ¢)-analogue of some formula F, say F(p, q), if we take

p =1, we will get (1, ¢), which is the g-analogue of F.

1.5.1 (P, Q)-Stirling Numbers

As in the previous sections, we can define (p, ¢)-Stirling numbers of both the
tirst and second kind, and multiple types of these numbers have been defined in
previous works (see Hsu-Shieu [16], Médicis-Leroux [19], Remmel-Wachs [24],
Wachs-White [28], and Wachs [29]). For this section, however, we will only de-
fine one type of (p, ¢)-Stirling numbers as follows. Define the numbers S, x(p, q)

using the recursions

Soo(p,q) =1and S, k(p,q) =0if k <0or k > n, and (1.70)
Snt1k(D,q) = qkSn,kfl(]% q) + [klp.gSnk(p,q)if0 <k <n+landn > 0.

We call these numbers the (p, ¢)-Stirling numbers of the second kind.
We define the signless (p, q)-Stirling numbers of the first kind by the recursions
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coo(p,q) =1and ¢, k(p,q) =0if k < 0or k > n, and (1.71)

16D, @) = 4" —1(p, @) + [MpgCni(p,q) if 0 <k <n+landn > 0.

We then define the (p, q)-Stirling numbers of the first kind to be the numbers

snk(p, @) = (=1)"*c,1(p, q), which clearly satisfy the recursions

s00(p,q) =land s, k(p,q) =0if k <0 or k > n,and (1.72)

Sn+1,k(p7 Q) = qnsn,k’—l(pv q) - [n]p,qsn,k’(pa Q) if 0 S k S n+ 1 and n Z 0.

Given a file placement of rooks, P, in a rook board B, define the following

statistics:
1. ap(P) = the number of cells above a rook in P,
2. Bp(P) = the number of cells below a rook in P, and

3. ep(P) = the number of cells of B which lie an a column with no rook and

are not cancelled by a rook to its left.

We then define the k™ (p, q)-file number of B to be

fx(B,p,q) Z g8 ®)ten®)pBn(P) (1.73)
IPG]'—k

Using this above definition, we can prove the Equation (1.74) for any board
B = F(bl,bg,...,bn)l

[l + bl ankBp, [2],.0)" (1.74)
=1

Now, in much the same way as we proved Theorem 1.5, we can prove the fol-

lowing theorem.
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Theorem 1.10. Foralln > 1and 0 < k <n,

cnk(D,q) = fni(Bn,p,q)- (1.75)

Combining Theorem 1.10 with (1.74), we obtain the following product formula
for the ¢, x(p, q):

n

[#]pq Tn= ch,k<p7 Q)(["E]p,q)k‘ (1.76)

k=0
By replacing = by —z in (1.76) and multiplying both sides by —1, we can get the

following product formula for the s,, x(p, q):

n

[@lpgln = D s 0)([2]p0)" (1.77)

k=0
In the next section, we shall define the p, g-analogues of rook numbers in the

Remmel-Wachs j-attacking model. In the special case when j = 1, we will ob-
tain the definition of the rook number (B, p, q) for a Ferrers board B. In the
special case when B = B,, = F'(0, 1,...,n—1), one obtains a second p, g-analogue
of the Stirling numbers of the second which are defined by the following recur-

sions:

g()’()(p, q) =1land S’n,k(p, q) =0if k <0ork > n,and (1.78)

Snirk®: @) = ¢ Sns1 (0, @) + p "V [K]gSur(py ) f0 <k <n+1landn > 0.

That is, the results of Remmel and Wachs imply the following analogue Theo-

rem 1.5.

Theorem 1.11. Foralln > 1and 0 < k <n,

Sn,k(p7 Q) = Tnfk<Bn7p7 q) (179)

Also, the special case to the Remmel-Wachs product formula, see Theorem 1.12,
when j = 1land B = F(0,1,...,n — 1) will give the following product formula
for the S, x(p, q):
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([2]p.0)" = k(D5 @) [T]pgl- (1.80)

1.6 Some Generalized Product Formulas & Their (-

Analogues

Since the original rook model by Goldman, Joichi, and White [11], many
other rook models have been developed. A number of mathematicians, by
defining an appropriate generalization of the notion of a rook number, have

generated whole new classes of product formulas.

1.6.1 The Remmel-Wachs Model

The first model that we will discuss is the j-Attacking Model by Remmel and
Wachs [24]. Given a fixed 7 € N with j > 1, we say that a Ferrers board
B(ay,...,a,) is a j-attacking board if for all 1 < i < n, a; # 0 implies a;41 >
a; + j — 1. Suppose that B(as,...,a,) is a j-attacking board and P is a place-
ment of rooks in B(ay,...,a,) which has at most one rook in each column of
B(ai,...,a,). Then for any individual rook r € P, we say that r j-attacks cell
c € B(ay,...,a,) if clies in a column which is strictly to the right of the column
of r and c lies in the first j rows which are weakly above the row of r and which
are not j-attacked by any rook which lies in a column that is strictly to the left
of r.

For example, suppose j = 2 and P is the placement in B(1,2,3,5,7,8,10)
pictured in Figure 1.5. Here the rooks are indicated by placing an “X” in each
cell that contains a rook. We place a 2 in each cell attacked by the rook 7, in
column 2. In this case, since there are no rooks to the left of 5, the cells ¢ which
are 2-attacked by r; lie in the first two rows which are weakly above the row

of 7y, i.e., all the cells in rows 2 and 3 that are in columns 3,4,5,6, and 7. Next
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consider the rook 7, which lies in column 4. Again we place a 4 in each of the
cells that are 2-attacked by r,. In this case, the first two rows which lie weakly
above r, that are not 2-attacked by any rook to the left of r, are rows 1 and 4.
Thus r4 2-attacks all the cells in rows 1 and 4 that lie in columns 5, 6, and 7.
Finally the rook rg, which lies in column 6, 2-attacks the cells (6,7) and (7,7) and
we place a 6 in these cells. We say that a placement P is j-non-attacking if no rook
in IP is j-attacked by a rook to its left and there is at most one rook in each row

and column.

Figure 1.5: An example of cells that are 2-attacked in the board B =
F(1,2,3,5,7,8,10).

Note that the condition that B(ay,...,a,) is j-attacking ensures that any
placement P of j-non-attacking rooks in B(as,...,a,), with at most one rook
in each column, has the property that, for any rook r € P which lies in a column
k < n, there are j rows which lie weakly above r and which have no cells which
are j-attacked by a rook to the left of 7, namely, the row of r plus the top j — 1
rows in column £ + 1 since ag,1 > ax + 5 — 1.

Given a j-attacking board B = B(ay,...,a,), we let N7 (B) be the set of
all placements P of k j-non-attacking rooks in B. For example, if j = 2 and
B = B(0,2,3,4), then IN}(B)| = 9 since there are 9 cells in B, |[N}(B)| = 6
and these 6 placements are pictured in Figure 1.6, and |[N3(B)| = 0 since any
placement P which has one rook in each nonempty column of B and at most
one rook in each row has the property that the rooks in columns 2 and 3 would
2-attack 4 cells in column 4 and hence there would be no place to put a rook
in column 4 that is not 2-attacked by a rook to its left. We then define the k-th
j-rook number of B, ri.(B), by setting r.(B) = [N/ (B)|.

For any board B(ay, ..., a,), we let F;(B) denote the set of all placements of

k rooks in B such that there is at most one rook in each column. We then define
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Figure 1.6: The 6 placements in N3 (B(0,2,3,4)).

the k-th file number of B, fi(B), to be fy(B) = |Fr(B)|.

The (P, Q)-Analogue of the Product Formula in the Remmel-Wachs Model

Let B = B(a,...,a,) be a j-attacking board. Then for any placement P ¢
N/ (B), we define

(]P) _ an(]P’)pbB(]P)qu(P)pf(ClJr“'*FCn)j (181)
where

1. ap(P) equals the number of cells of B which lie above a rook in P and

which are not j-attacked by any rook in P,

2. bp(P) equals the number of cells of B which lie below a rook in P and

which are not j-attacked by any rook in P,

3. ep(P) equals the number of cells of B which lie in a column with no rook

in P and which are not j-attacked by any rook in P, and

4. ¢ < --- < ¢, are the columns which contain rooks in P where we label the

columns of B with 1,. .., n reading from left to right.

For example, in Figure 1.7, we have pictured a placement P € N3 (B) where B is
the 3-attacking board B(2, 5, 8, 10, 12) such that P has rooks in columns 1, 3 and 4
and ap(P) = 3, bg(P) =5, eg(P) = 5. Thus WE’%B(P) = PpPPp~ (3443 = 8p=19,
Moreover, we have placed a p in each cell of B which contributes to the bz(P), a
q in each cell that contributes to either az(P) or eg(IP), and a dot in each cell that

is j-attacked by some rook in P.
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Figure 1.7: An example of W, , 5(P)

We then define the (p, ¢)-rook number of B (of type II) by

Mepg)= Y Wi @ (1.82)

PeNJ(B

Remmel and Wachs [24] proved the following (p, ¢)-extension of Theorem 1.1

Theorem 1.12. Let B = B(ay, . .., ay,) be a j-attacking board. Then

n n

H[x +a; — J(Z - 1)]p,q = ,Fi,B(pa Q)plm+(k;1)j [x]p,q ln—’w’ (1.83)

i=1 k=0
where [ﬂp,q loj= land for k >0, [x]p,q Lkj= [x]pvq[l’ - j}pvq o — (k- 1)j]p,q

Proof Sketch: It is enough to prove (1.83) for all positive integers = > jn. So fix a
positive integer x > jn and let B, be the board which results by adding = rows
of length n below B as described in Section 1.2. We shall consider placements of
n rooks in B, where there is at most one rook in each row and column. A rook
r which lies above the bar will j-attack cells as described in Section 1.2. Thus
a rook r which lies above the bar will only j-attack cells which are above the
bar. Similarly, we shall define the cells which a rook 7’ below the bar j-attacks
so that each rook 7" will only j-attack cells below the bar in B,. We say that a
rook " which lies in column % and row [, where here we label the rows below
the bar with 1,. ..,z reading from top to bottom, j-attacks a cell ¢ € B, which
is below the bar only if c lies in a column that is strictly to the right of column &

and either

(i) c lies in the first j rows of B, below the bar which are weakly above row [

and which contain no cell that is j-attacked by some rook r” to the left of

r’ or
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(ii) there are ¢ < j rows below the bar which are weakly above row [ and which
contain no cell that is j-attacked by some rook r” which is strictly to the
left of column £ and c is in the largest j — ¢ rows which are not j-attacked

by any rook r” which is strictly to the left of r'.

In other words, a rook in column % and row [ below the bar j-attacks all cells
below the bar which are not j-attacked by any rook r” to the left of ', which are
in a column strictly to the right of £ and which lie in the first j such rows where
we order the rows in the order [,/ — 1,..., 1,2z, — 1,...,l + 1. Thus when we
look for rows for r’ to j-attack, we only consider rows below the bar which are
not j-attacked by any rook 7" to the left of »’. Then we first look at such rows
which are weakly above [, but if there are not j such rows weakly above row I,
then we cycle around starting at the bottom row until we find a total of j rows
to attack. We then let N/(B,) denote the set of all placements P of n rooks in
B, such that there is at most one rook in each row and column and such that no
rook j-attacks another rook. This given, we can then define Wg’ .5, (IP) just as we

did W; 0B namely,

Wi 5 (P) = ¢ ®pts®) (1.84)

where

1. ap(P) equals the number of cells of B which lie above a rook in P and

which are not j-attacked by any rook in P, and

2. bp(P) equals the number of cells of B which lie below a rook in P and
which are not j-attacked by any rook in P.

For example, consider the placement P € N}(B,) with B = F(1,3,5,7) and
x = 10, pictured in Figure 1.8. We shall denote the positions of the four rooks,

reading from left to right, by placing circled elements containing the numbers
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1, 2, 3 and 4. We shall then indicate the cells which are 3-attacked by the cir-
cled rook with label i by placing ¢’s in such cells. We shall place a ¢ or a p in
those cells which are not 3-attacked by any rook in P depending on whether the
cell contributes a factor of ¢ or p to W]‘iq’ 5, (P) from which it will be clear that
W2, (B) = ¢

Figure 1.8: An example of IV, wy . ' 5(P)

This given, Remmel and Wachs showed that (1.83) results from two different

ways of computing the sum

= 2 Win(® (1.85)

PeNY (B,)
by showing that the left-hand side of (1.83) is the result of counting the weights
of the placements column by column and the right-hand side of (1.83) is the
result of organizing the weights of the placements by the set of rooks which fall
in the board B. O

When we talk of the g-analogue of the Remmel-Wachs models, we mean
to take the ¢-statistic on placement of j-non-attacking rooks which results by

setting p = 1 in the (p, ¢)-statistic W;q, 5(P) or Wg .5, (P)-

1.6.2 The Briggs-Remmel Model

In this section, we describe a variation of the Remmel-Wachs model that is
appropriate for rook placements that correspond to partial permutations of the
wreath product of the cyclic group of order m, C,,, with the symmetric group
“n, denoted by C,,, 1 .7,.

Ifw = e, then we say that C,,2.%, is the group of m™n! signed permutations

where there are m signs, 1 = w% w,w?, ..., w™ 1. We will usually write the signed
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permutations in either one-line notation or in disjoint cycle form. For example,
if o € C51 S5 isthemap with1 — w5,2 — 8,3 — w?3,4 — w?1,5 > 4,6 — W7,

7 — w2, and 8 — w6, then in one-line notation,
o=wd 8 w3 Wl 4 W7 w2 w6,
whereas in disjoint cycle form,
o= (Wl w5 4)(w2 8 w6 W?7)(w?3).

That is, in disjoint cycle form, to determine where i is being mapped, we ignore
the sign on 7 and only consider the sign on the element to which it is mapped.

More precisely, we can think of C,,, { ., as a Coxeter-like group with respect

to the generating set {0, 01,09, ...,0,-1} and the relations
o2 = 1, i=1,....,n—1,
oyt = 1,
(0i0i11) = 1, i=1,...,n—2,
(0i0;) = 1, li—j| >2,and
(000n-1)" = 1,

where the generators in one line notation are oy = wl 2 3...n, and
o;=12...i—1 i+1 ¢ i+2 ... n, fori=1,...,n—1.

That is, 0y sends 1 to w1, and o; is the transposition of iand ¢ + 1 fori =1,...,n.
It is a well-known fact that the set {o; : 1 < i < n} generates the symmetric
group .%,.

Given o € C,, ! ., we will write o(i) as ¢;0; where 0; € [n] = {1,...,n}
and where ¢; = sgn(o;) € {1, w, w? ..., w™ '} is called the sign of o;. For each
1 <i < n,we define |¢;0;| = 0; and call this the absolute value of o (7).

For N = {1,2,3,...}, the set of natural numbers, let w/N denote the set {w/1,

wi2, w3, ...} for 0 < j < m — 1, and define a total ordering <g on the set of
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Figure 1.9: B, «3p.

elements in N® wN® w?N @ --- & w™ 'N, by

WPl <gw™ 12 <g - <o Wl <g w2 <g - -

e <owl<gw2<g - <pl<g2<eg---.

Adin and Roichman [1] defined the following statistics for permutations in C;, ?
Z, where m > 2. For 0 = €101 €205...,0, € Cp 1 S, they set Des,,(0) =
{i € n—1]:¢e0; >0 €i410i11} and foreach 1 < j < m — 1, N;j(o) = {i € [n] :
g; = w}. With nj(o) = |N;(0)]|, the number of descents and the flag-major index
of 0 € (), 1 .7, are respectively defined by

desp(0) = |Desp(o)| and (1.86)
m—1

majm(c) = m > i+ > jn(o). (1.87)
i€Desm (o) j=1

In addition, we define here the flag-comajor index by
comajy, (o) =mn - desy, (o) — majn (o).

As an example, consider ¢ = w5 8 w?3 w?1 4 W7 w2 w6 € C31.%%, for which
Dess(0) ={2,3,5}, dess(0) = 3, majs(o) = 39, and comaj,,(c) = 33.

Let B, xmxn be the n x mn array of squares where the n columns are labeled
from left to right by 1, 2, - - -, n, and the mn rows are labeled from bottom to top
by 1, wl, -+, w™ 11,2, w2, -, w2, -+, n,wn, -+, w" 'n. For instance, the
board B, 3, is illustrated in Figure 1.9. We let (i,w"j) identify the square in the
column labeled with i and the row labeled with w"j. Each such square will be
called a cell and the rows labeled by j, wj, - - -, w™ 'j will be called level j.

A board will be a subset of cells in B,,x.,. In particular, a skyline board in

By, xmn is a board whose column heights from left to right are by, ..., h,, and is
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Figure 1.10: B C Bsyg.

denoted by B,,(h1, ..., h,). Thatis, foreach 1 <i < n,if h; # 0 and h; = a;m+0;
with 0 < a; <n —1and 1 < b; < m, then the ith column contains all of the cells

in the set
{(i,0%) |0<s<m,1<j<a;} U {(t,w(a;+1))]0<s<b}

Further, if 0 < h; < --- < h, <mnand foreachl1 <i<n-—1,if h; = a;m + b;
where 1 < b; < m then h;y; > (a; + 1)m, then B,,(hy,...,h,) is called an m-
Ferrers board in B,,x.,,. We will denote the m-Ferrers board with column heights
hi, ..., hy by Fp(ha, ... hy).

Given a board B C B,,xmn, We let RZ?H(B) denote the set of all £ element sub-
sets P of B such that no two elements lie in the same level or column for non-
negative integers k. Such a subset [P will be called a placement of non-attacking
m-rooks in B. The cells in [P are considered to contain m-rooks, so that we call
i, (B) = |R}",(B)| the kth m-rook number of B. We note that for any board
B C Buxmn, 75,(B) = 1, r7%,(B) = |B|, and if k > n, then ] (B) = 0. For ex-
ample, consider the board in Figure 1.10. One can easily check that 7§ 4(B) = 1,
ri5(B) =9, 7355(B) = 18, and r3 4(B) = 6.

Given a permutation o € Cy, 1 ./}, we can identify o with a placement PP, of
n m-rooks in By,xm,. Thatis, welet P, = {(i,w"j) : 0(i) = w"j} for 1 < i < n.
We then define H} (B) = {P, : 0 € C,, 17, and [P, N B| = k} and we call
hyt, = |H[",(B)| the kth m-hit number of B relative to By mn-

Suppose that B = F,,(b1,...,b,) € Bpxmn is an m-Ferrers board and let
P € R, (B). Arook in the cell ij € PP is said to m-rook-cancel those cells in the
set

{(a,wsj):i<a§n,0§s<m}.

Then, we get the following product formula:
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Figure 1.11: P € R3 ,(B).

Theorem 1.13. Let B = F,,(by,...,b,) € Bpxmn be an m-Ferrers board. Then

n n

[J(ma + b —m(i = 1)) =" (B)(ma) Lem). (1.88)

=1 k=0

where ()| (nm) = x(x —m) - (x — (k= 1)m).

The (P, ))-Analogue of the Product Formula in the Briggs-Remmel Model

Next we define a (p, ¢)-analogue of the m-rook numbers and prove a (p, q)-
analogue of Theorem 1.13.

We then define the kth p, ¢, m-rook number of B, denoted 17", (B, p, q), as

Z g8 ) e (F) 5 (B)—m(citter)

Tem(B,p,q) = p ,

PERY, (B)

where the rooks of P lie in columns ¢; < ... < ¢, and where

1. ap(P) is the number of cells of B which lie above a rook in P but are not

m-rook-canceled by any other rook in P,

2. Bp(P) is the number of cells of B which lie below a rook in P but are not

m-rook-canceled by any other rook in IP, and, and

3. ep(P) is the number of cells of B which lie in a column with no rook in P

and are not m-rook-canceled by any rook in P.

For example, if B = F3(2,4,6,9) C Bsyx12 and P € RS ,(B) is the placement
given in Figure 1.11, then ap(P) = 2, 85(P) = 3, c(P) =5, ¢1 = 2, and ¢ = 3.
So, the (p, g)-contribution of P to R3 ,(B, p,q) is ¢'p~".

With [z],4 | (&,m) denoting [z], ,[x — m],q--- [z — m(k — 1)], 4, we prove the

following (p, ¢)-analogue of the factorization theorem.
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Theorem 1.14. Let B = F,, (b1, ..., b,) C Byxmn be an m-Ferrers board. Then

H[mx +b—m(i—1)],,= Ten (B, D, q)pm(xm(%l)) [ma]p g (e,m)- (1.89)

Proof Sketch: Let x > n be a positive integer. One can prove the theorem by

summing in two different ways the polynomial

NBm,x - Z anm,z (P)pﬂBm,z(P)’
PeR”’nn:n(Bm,x)

where each rook (either above or below the bar) m-rook-cancels those cells to

the right in its level. O

For each m > 1, Briggs and Remmel also defined a (p, ¢)-analogue of the Stir-
ling numbers of second in there model by letting Sm (p,q) = g (F™,0,q)
where F™ denotes the m-Ferrers board F,,(0,m,2m, ..., m(n — 1)). These are
special case of the generalized (p, ¢)-Stirling numbers of the second kind defined
defined by Remmel-Wachs [24]. Then Briggs and Remmel [3] were able to prove

the following (p, ¢)-analogue of the Frobenius formula.

Theorem 1.15. For each m,n € N,

- S,Tk (p, (])[m/{i]pyql(kvm)pm((n7§+1)+k(n—k))$k
Z k —
k=1 Hizo(l — pgmipm(n ))

majm comaj. desy, (o)+1
X ez, 0" Oaeen @)

: - 1.90
Hi:[)(l _ xqmzpm(n—z)) ( )

1.6.3 The Haglund-Remmel Perfect Matching Model

The next model we will discuss is the Perfect Matching Model by Haglund and

Remmel [14]. In this model the board that we consider is called a perfect matching
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Figure 1.12: A perfect matching board By,.

board, denoted by B,,, and it is pictured in Figure 1.12, where the columns are
labeled from 2 to 2n and the rows are labeled from 1 to 2n — 1.

Let p,, denote the set of perfect matchings in the complete graph, K,,, where
we call m = {{ix, jrx}7_,} a perfect matching if 1 < i, < jp < 2n for every
1 <k <nand {iy,ju} N{iv, jo} = 0 for every u # v. An example of a perfect
matching of Kg with m = {{1,5},{2,3},{4,7},{6,8}} can be seen in Figure 1.13.
We will define any rook placement in a board B C By, to be a subset of some
of the set p,, which lies completely in B. We will set My(B) := {S C B : 3p,, 2
pm N B = Sand |S| = k}, and then we will define the k' rook number of B to be
my(B) = | Mg(B)].

Figure 1.13: A example of a perfect matching of K.

The board B = F(by,ba,...,ba,—1) C By, is defined as B = {(i,i + j)|1 <
j < b;}, that is, B has row length, from top to bottom, of by, by, ..., bg,—1. If
2n—12>by > by > -+ > by, > 0 and if b, > 0 implies that b; > b;;; for all
i=1,2,...,2n—2,then B = F(by,bs,...,by,_1) is called a shifted Ferrers board.
An example of the shifted Ferrers board B = F'(6,5,3,1,0,0,0) C Bs can be seen
in Figure 1.14.

Figure 1.14: An example of the shifted Ferrers board B = F(6,5,3,1,0,0,0) C
Bs.

Haglund and Remmel then discuss the notion of a nearly Ferrers board. They
define a nearly Ferrers board, B, as one in which for every cell (i,j) € B, the
cells {(s,7) : s < i} U{(t,7) : t < i} C B. By this description, every shifted
Ferrers board is also a nearly Ferrers board. Also, one can construct a nearly
Ferrers board in the following manner. First fix an a € N, and then make a

triangular arrangement of cells by letting B’ = {(s,t)|s < t < a}. One may then
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add any columns to the right of B’, and that board will be nearly Ferrers, as in
Figure 1.15.

Figure 1.15: An example of the nearly Ferrers board B C Bs.

As in other models, we wish to produce a product formula from this model,
and so first we need to make a new board and discuss rook cancellation in that
board. Like in the original model by Goldman, Joichi, and White [11], we wish
to extend the board By, by adding an z-part, which in this case, will be added
to the right of the board Bs,,. We will call this board Bs,, ,,, seen in Figure 1.16.

Figure 1.16: The extended perfect matching board By, ,..

We now need to define a cancellation on this board, and we will do so in the

following way:

1. A rook, r, placed inside the board B,, in cell (7, j) will cancel the cells
{(i,8) :i+1<s<2n+uxz,s#j},{(a,i} :a<i}, {(b7):1<b<j—1,b#
i}, and {(j,t) : t > j}.

2. Arook, r, placed in the z-part of the board By, , in the cell (¢, j) will cancel
all of the cells in its column other than (i, j) as well as all of the cells in the
first column to its right in By, , — Ba,. If uncancelled columns lie to the
right of the j' column in By, , — By, then r cancels the cells of column m

where m is the largest index of any uncancelled column in By,, , — By,,.

An illustration of this kind of cancellation can be seen in Figure 1.17, where the
rook labeled as "X/ cancels the cells marked with an ”7”. Using this cancella-
tion described above along with the assumption that > 4n — 2, Haglund and

Remmel [] were able to prove the following product formula:
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Figure 1.17: An example of the rook cancellation in the extended perfect match-
ing board By, ;.

Theorem 1.16. Let B = F(by,bs, ..., ba,_1) be a nearly Ferrers board B C By, and
let b; denote the number of cells of B that lie in row i for each 1 < i < 2n — 1. Then

2n—1 2n—1

H (x + bop—y — 2+ 2) Z My (B)(x) | Lnsr—1, (1.91)

i=1

where (z) [ p=x(x —2)(x —4)--- (x — 2(k = 1)).

The ()-Analogue of the Haglund-Remmel Model

Suppose that we are given a nearly Ferrers board B = F'(by, by, ..., by,—1) and

a placement P € M, (B). We define the k' g-rook number of B to be

= > g (1.92)

Pe Mj,(B)
where wg(P) is the number of cells in B — P that are not rook cancelled by any

of the rooks in P, and where we set my(B, q) = ¢/

Theorem 1.17. Let B = F(by,bs, ..., ba,_1) be a nearly Ferrers board B C By, and
let b; denote the number of cells of B that lie in row i for each 1 < i < 2n — 1. Then

2n—1 2n—1

H [ + b2n i 21+ 2 Z My — k B q ll2n+k—1 (193)

i=1

Proof Sketch: O

1.6.4 The Goldman-Haglund Generalized Rook Model
The i-Creation Model

A model which produces a product formula which has rising factorials on

the right-hand side is the i-Creation Model due to Goldman and Haglund [10].
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Figure 1.18: A placement of 3 i-creation rooks in B® where B = F(1,2,2,4,4)
and i = 2.

In this model, new cells are created after an i-creation rook is placed in the board,
rather than cells being cancelled. For i € N, we call B®W = F (b, b2, ...,b,) an
i-creation board if B = F(by, by, ..., b,) is a Ferrers board, and, when an i-creation
rook is placed in B, it replaces all the cells in its row to its right with i + 1 cells,
the lowest of which get cancelled - a process called i-creation. The next i-creation
rook may then be placed in any available cell, both those that were part of the
original board and those that have been i-created. An example of a 2-creation
board and a placement of 3 i-creation rooks can be seen in Figure 1.18.

We will denote the set of placements of £ rook in an i-creation board, B®),
by ]—",gi) (B). Goldman and Haglund denote the number of ways of placing k&
rooks in B® by r(B) = |F"(B)|, the k' i-creation rook number of B. We may
also note here that for the i creation board B with B = F(by,bs,...,by11) these

i-creation rook numbers satisfy the recursion

P ba, b)) = 7By bay b)) A (D kG = 1) (by, by - Dy).

Moreover, for any Ferrers board B, T,EO)(B) = r,(B) and r,(cl)(B) = fx(B).

The board B\ is defined to be the board B®) with an x-part appended below,
and rooks placed in the z-part of B will i-create and cancel exactly as would
an i-creation rook placed in B). Then Haglund and Goldman [10] proved the

following product formula.

Theorem 1.18. Let BY) = F(by, by, ..., b,) be an i-creation board for some i € N. For
all z € N,

n

H r+bi+ (=D —1) =Y (B)az*Y, (1.94)

k=0

where x"™ = x(x +m) - (x + (n — 1)m) and %™ = 1.
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The a-Parameter

A more general rook placement setting was also defined by Goldman and
Haglund in [10]. Here, given a Ferrers board B, we consider placements P &
Fi(B). Given a placement P € F,(B), we define the weight of P, w(PP), to be
the product of the weights of all of the rows of the placement, where if a row r

contains v rooks, then it has weight

w(r):{l if 0 <u <1,and
a20—1)Ba—2)-(u—1a— (u—2) ifu>2.

We then set

n(B) = > w(P),

PeFy (B)

and we call r,ia) (B) the k' a-rook number of B. Haglund and Goldman [] proved

the following theorem.

Theorem 1.19. If B = F(by, by, ..., b,) is a Ferrers board and « is an integer, then

n n

[T +b+G—D@—1) =3 (B)akeD. (1.95)

j—1 k=0

Moreover, we may note here that if « € N, then r,(ca)(B) is the a-creation

rook number just described. If & € Z~, then for a suitable board, r,(f‘)(B) is a
j-attacking rook as defined by the the model of Remmel and Wachs [24].

The ()-Analogue of the Goldman-Haglund Model

Suppose that B = F'(by, b, . .., b,) is a Ferrers board and consider P € F,(B).
Let ¢ be any cell of B and define v(c) to be the number of rooks which are strictly
to the left of, and in the same row as, c. We then define the weight of ¢, denoted

by wg(c), to be



1 if there is a rook directly above c
wp(c) = ¢ [(a—1)v(c) + 1], if thereis arookin ¢, and
gl Do+t otherwise,

and then define the placement weight, wg(IP) to be

P) = H wg(c)

ceB

Then we define the k™ ga-rook number, r\*) (B, q) by

=Y P e Fi(B)wp(P).

We now can prove the following ¢-analogue formula:

Theorem 1.20. If B = F(by, ba, ..., b,) is a Ferrers board, then

n

[lz+6 -G -1a-1) erf‘)k [,

i=1

where [x™)], = [x],Jr + m — 1], [z + (n — 1)(m — 1)],.
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(1.96)

(1.97)

(1.98)

Proof Sketch: This is proved in the standard way, of equating the g-weighting of

all rook placements in B, in two ways: placing rooks in the columns from left

to right or first fixing a placement of n — k rooks above the bar and extending

that to a placement in the entire board.

U



Chapter 2

Product Formulas & General Rook

Boards

2.1 Introduction

In the previous chapter, we considered various models in rook theory that
lead to product formulas. For example, the original model of Goldman, Joichi,
and White model [11] and subsequent generalizations of that model due to
Remmel and Wachs [24], Briggs and Remmel [4], and Haglund and Remmel
[14] led to product formulas of the form

n

[[@+b—vi) =D rawBla(@—j5) - (x—jk—1)) (2.1)

i=1
for appropriate j and y; ;. The Haglund and Goldman [10] j-creation model led

to product formulas of the form

n n

H(x i+ i)=Y Fan(B)x(z+7)- - (x+5(k—1)) (2.2)

for appropriate j and y; ;.
In this chapter, we shall develop a new rook theory model where we can

prove much more general product formulas that include all the product formu-

44
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las described in Chapter 1, more specifically, we will give a combinatorial proof
of the following theorem, from which any of the product formulas from Chapter

1 will immediately follow.

Theorem 2.1. Suppose we are given any two sequences B = {b;}1, and A = {a;}I,

with B, A € N" and two functions sgn,sgn : [n] — {—1,+1}. Then

n n k

[[@+sgn()(b:)) = > rit i (B, sgn,sgm) [ [(x + D) _5gm(s)(as).  (23)

i=1 k=0 j=1 s<j

We will refer to Equation 2.3 as the general product formula and the number
(B4, sgn, sgn) as the k™" augmented rook number of B with respect to A, sgn, and

sgm.

2.2 General Augmented Rook Boards

Let B = {b;},, A ={a;}!; € N*be any sequences. Let A; = a; +as+---+a;
be the i'" partial sum of the a;’s and let B = F(by,bs,...,b,). We will consider
the augmented rook board, B* which is constructed by starting with the board B
and then adding a; + - - - 4 a; on top of the i-th column for ¢ = 1,...,n. Thus
BA can be thought of as the board F(by + Ay, by + As, ..., b, + A,). For example,
if B=(1,2,2,3)and A = (2,1,2,1), then Figure 2.1 pictures the board B and
the board BA. We will refer to the part of the board consisting of the b,’s as the
B-part of BA and the part which corresponds to the a;’s as the augmented part of
BA. Moreover, for each column i, we will call the cells in rows by + 1, ..., b +a;
as that a;-st part of i-th column, the cells in row b; +a; +1, ..., b; +a; +a as that
as-nd part of i-th column, etc. In Figure 2.1, we have indicated the a,-th part of
each column by putting an s in those cells.

Next we must define the appropriate notion of non-attacking rook place-

ments in BA. We first consider placements P of rooks in B4 where there is at
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Figure 2.1: An Augmented Rook Board, BA, with n = 4.

Figure 2.2: A Placement of Two Rooks in an Augmented Rook Board, BA.

most one rook in each column. Now the left most rook of P will cancel all cells
in the columns to its right which correspond to the a,-th part of that column of
highest index. Thus, if the leftmost rook is in column ¢, then it will cancel the a;
part of column j for j = i+ 1,...,n. In general, each rook will cancel all cells
in the columns to its right which correspond to the a,-th part of that column
where s is the highest index such that the cell of a,-th part of the column has
not been cancelled by any rook to its left. We then let N;*(B*) denote the set
of placements of k rooks in the board B such that (i) there is at most one rook
per column and (ii) no rook lies in cell which has been cancelled by a rook to its
left. For example, if B = (1,2,2,3) and A = (2,1, 2, 1), then we have illustrated

‘" _7

in Figure 2.2 a placement where we place a “o” in all cells cancelled by rook in

e

column 1 and a “*” in all cells cancelled by the rook in column 2. We shall refer
to a placement P € N!(B) as a placement of k non-attacking rook in BA.

We wish to define the analogue of the board B, for augmented rook boards,
which we call a general augmented rook board and which will be denoted by BA.
Given two sequences of nonnegative integers B and .4 and a nonnegative inte-
ger x, the board B2 will be defined by three parts. First we start with the board
BA which will refer to as the upper part of B, where the part of the upper part
that corresponds to the board B = F'(b,bs, ..., b,) will be called the B-part and
the part which correspond to the a;’s will be called the upper augmented part. Di-
rectly below B4, we will attach z-rows of length n which will be referred to as
the z-part of BA. Finally, directly below the z-part, we will place the flip of a Fer-
rers board F(Ay, ..., A,) which will be call the lower augmented part of Bs'. We
will say that z-part is separated from the upper part of B2 by the high bar and

from the lower augmented part of B2 by the low bar. For example, Figure 2.3
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Figure 2.3: An Example of an Augmented General Rook Board, B#, with B =
(1,2,2,3), A= (2,1,2,1),and z = 4.

pictures the board B+ where B = (1,2,2,3), A = (2,1,2,1), and # = 4. Much
like we did for the upper augmented part of B, we will refer to the first
cells of the lower augmented board of a column ¢, reading from top to bottom,
as the a,-st part of the i-th column of the lower augmented board, the next a,
cells, reading from top to bottom, as the a;-nd part of the i-th column of the
lower augmented board, etc. Again, we indicate the a,-th part of each column
by placing an s in those cells.

Next we need to define the set of placements of n non-attacking rooks on the
board B, for the board B:'. First we will consider placements of n rooks on Bz
where there is exactly one rook in each column. The cancellation rules for each

rook are the following:

1. A rook placed above the high bar in the ;" column of B will cancel all of
the cells in columns j + 1,5 + 2,...,n, in both the upper and lower aug-
mented parts, which belong to the a; of highest subscript in that column

which has not yet been cancelled by a previously placed rook.

2. Rooks placed below the high bar do not cancel anything.

We then let N:A(BA) denote the set of all placements of n rooks in B for
which there is exactly one rook in each column and no rook lies in cell which is
cancelled by a rook to its left.

An example of a place P € NA(B4) is in Figure 2.4. Here we have indicated
the cells cancelled by the rook in the first column of upper-augmented part by

“"_7

placing a “e” in those cells and the cells cancelled by the rook in the second
column of the upper-augmented part by placing an “+” in those cells. The rooks
placed in the third and fourth columns do not cancel any cells since they are

placed below the high bar.
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Figure 2.4: An Example of an Augmented General Rook Board, B#, with B =
(1,2,2,3), A=(2,1,2,1), and = = 4, and a placement of rooks in B

2.3 The General Product Formula

2.3.1 Two Special Cases of the General Product Formula

In this section, we shall start out by proving two special cases of Theorem 2.1
before we give the general proof. First we consider the case where sgn(i) = +1

and sgn(i) = —1 for every 1 < ¢ < n, and in this case we will set
i (B4, sgn, 5gm) = il (B4).
Thus, we want to prove Equation (2.4):

n

[[@+0) =D rt o (BN (@ — A)(z — Ag) -+ (& — Ay). (2.4)

i=1
To prove this formula, we will first prove two lemmas.
Lemma 2.2. For any placement P € N:A(B2), if there are b; + A,,, uncancelled cells in
the upper augmented part of B in column j, then there are A,, uncancelled cells in the

lower augmented part of B2 bar to place a rook in column j.

Proof: This follows directly from our definition of cancellation for placements
P € NA(B4) since it is easy to see by induction on j that for any 1 < s < j, the
as-th part of the upper augmented part of B2 is cancelled by a rook r to the left
of column j if and only if the as-th part of the lower augmented part of B2 is

cancelled by r. [

Lemma 2.3. For any placement P € N:A(BZ), if k rooks are placed above the high bar
in B, then the cells which are not cancelled in the lower augmented part of By in the
i-th column from the left which does not contain a rook above the bar are precisely the
cells corresponding the a part of that column for s = 1, ..., i. Thus the column heights
of the uncancelled cells in the lower augmented part of B2 in those columns which do

not contain rooks above the high bar are Ay, ..., A,_y, reading from right to left.
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Proof: We proceed by induction on the number of rooks k placed above the high
bar in P. Clearly, if & = 0, then all the rooks of P are placed below the high
bar. Since our definitions ensure that rooks placed below the high bar do not
cancel any cells, the lemma follows in this case from our definition of the lower
augmented part of B

Now assume that the lemma holds for some k& > 0 and suppose that P has
k41 rooks above the high bar such that the rightmost of these rooks, r, is placed
in column j for some k£ + 1 < j < n. When constructing P, suppose that we first
place the first £ rooks above the high bar, from left to right. Then, by induction,
in the j — k — 1 columns available below the low bar to the left of column j, there
will be, from left toright, A;, As, ..., A;_;_; available cells to place a rook in each
of those columns. Also from our induction hypothesis, column j will have A;_
available cells, and columns j+1,5+2,... ,nwillhave A, 11, A;_k19,..., Api
available cells respectively. Now, when we place r in column j above the high
bar, then the number of available cells to the left of » below the low bar will
remain unchanged and there are no longer any available cells below the low bar
in column j since there is now a rook in that column. It is easy to see from our
definitions that below the low bar to the right of r, the number of available cells
in column j + aforeacha =1,2,...,n—jwillbe A; ;10 — @j—kta = Aj_kta-1-
Thus, the number of available cells below the low bar in the columns to the right

of r are
AG—kr1)—1, AG—rt2)=15 - s Ap—r)y—1 = Ajoi, Ajprt, -+ A1)

which completes the induction. 0

We are now in a position to prove Equation (2.4).
Proof of Equation (2.4): Let

S(sgn,5gm,BY) = > Wegnsga(P) (2.5)
PeENA(BA)
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where

n

wsgn,ng,B;f‘ (]P)) = H wsgn,@,Bf,P (rl) (26)
i=1

where 7; is the rook in the i-th column of P and

1. Wygnsgm, Bap(Ti) = Sgn(s) if r; is in the a,-th part of the lower augmented

part of B,
2. Wygnsgm, 5Ap(ri) = 1if r; is in the z-part of B2,
3. Wygnsgm, 5Ap(ri) = sgn(i) if r; is in the B-part of B!, and

4. Wygn5m, A p(1:) = —5gn(s) if r; is in the a,-th part of the upper augmented

part of Bz

Similarly, we define

(Sgn 591, BA Z Wsgn,sgm,BA ]P) (27)
PeENA(B)
where
wsgn,@ﬁ““ (P> = H wsgn,@,BA,P(T) (28)
reP

and, for any rook r, if r is the rook in the i-th column, then

1. Wygnsgnpap(r) = sgn(i) if r is in B-part of B4, and

2. Wy sgmpAp(r) = —5gn(s) if r is in the a,-th part of the augmented part of
BA.
Note that in the special case where sgn(i) = +1 and 5gn(i) = —1 for every

1 <1i < n,itis easy to see that

1. Wygnsgnpap(ri) = —1if r; is in the a,-th part of the lower augmented part
of B4,
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2. Wygn sgnpap(ri) = 1if r; is in the z-part of B,
3. Wygnsgnpap(ri) = 1if r; is in B-part of B, and

4. Wyyp sgmpap(ri) = 1if r; is in the a,-th part of the upper augmented part of
BA,

Thus, in this case, Wy, s5m54(P) = (—1)" where Ip is the number of rooks in
P which lie in the lower augmented part of B:'. Similarly, (B4, sgn,sgn) =
INA(B)| = rfA(BA).

Then we claim that (2.4) arises from two different ways of computing the
sum S(sgn,sgn, B2).

If we first place the rooks starting with the leftmost column and working to
the right, then we can see that in the first column there are exactly = + b, + 2a;
cells in which to place the first rook, where the “2a,” corresponds to placing the
rook in either the upper or lower augmented part of the 1** column. Since all
of the rooks above the high bar are weighted with a “41” and all of the rooks
placed below the low bar are weighted with a “—1”, we get a total weighting of
x+ by 4+ a1 + (—ay) = x + by for the first column. When we go to place a rook in
the second column, we have two cases.

Case I: Suppose the rook that was placed in the first column was placed be-
low the high bar. Then nothing was cancelled in the second column, so we can
place a rook in any cell of the second column. Thus we have = + by + 2(a; + a2)
choices as to where to put this rook. However, we weight the two choices which
correspond to the “2(a; +ay)” term differently, as rooks in the upper augmented
part get weighted with a “+1” and those in the lower augmented part with a
“—1”. Thus, the weighting for this column is z+by+ (a1 +az2)+(—a; —az) = x+bs.

Case II: If the rook placed in the first column was placed above the high bar,
then the cells corresponding to a, in both the upper and lower augmented parts
of the 2" column are cancelled, so there are x + by + 2a; cells left to place the

rook, and the weighting is = + by + a1 + (—a1) = = + bo.
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In general, suppose we are placing a rook in the j* column, and suppose
that we have placed s rooks above the high bar and ¢ rooks below the high
bar in the first j — 1 columns. Then in the j* column we have, by Lemma 2.2,
x + b; + 2(As41) choices as to where to place the rook in that column. Again,
these placements will come with a weighting of x +b; + A1 + (— A1) = v+ ;.
Thus, it follows that

n

S(sgn, sgn, BY) = [ [ (= + by)

=1
which gives the left-hand side of (2.4).
The second way of counting over the weights of all the rook placements in
B is to organize the placements by how many rooks lie above the high bar.
Suppose that we fix a placement P of n — k non-attaching rooks in B4. Then we

wish to compute

D Wegnisgn(Q)- (2.9)

QeNF (BEY
QNBA=P

Each such @ in the sum arises from PP by placing rooks below the bar in the re-
maining columns. Thus there are £ columns left that need to have rooks placed
in them, below the high bar. We will place the remaining rooks in these avail-
able columns starting with the leftmost one and working right. By Lemma 2.3,
the number of ways we can do this will be (z+A;)(z+As) - - - (x+Ax). However,
as all the rooks in the lower augmented part of B! have weight —1 and all the

weights of the rooks in z-part of B! have weight 1, it is easy to see that

> Wensgn(Q) = (@ + (A1) (@ + (—A)) -+ (2 + (—Ay)).  (2.10)

QeeNABR)
QNBA=P

Thus,
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S(sgn,sgn, B7) = > Y (z—A)(z—A) - (x - Ay)
k=0 PENA , (B4)
= ) rBY (@ —A)(w—Ay) - (z — Ay)

k=0

which gives the right-hand side of (2.4). ]

Next consider the case where sgn(i) = +1 and 5gn(i) = +1 forevery 1 <i <

n. In this case, it is easy to see that
1. Wegnsgnp(ri) = 1if r; is in the a,-th part of the lower augmented part of B2,
2. Wegnsgnp(ri) = 1if r; is in the z-part of B,

3. Wsgnsgnp(ri) = 1if r; is in the B-part of B2, and

4. Wsgnsgnp(ri) = —1if r; is in the a,-th part of the upper augmented part of
BA.
Thus, in this case, wsg,sg7(P) = (—1)"* where up is the number of rooks

in P which lie in the upper augmented part of B+. Hence ri'(B4, sgn,sgn) =
2penam (=17
Again considering our two different ways of computing the sum S(sgn, sgn, B2),

we see that if we consider placing the rooks column by column then the sum of
the weight of placement of the rook in the i-th column is still (z + ;) because
that argument depended only on the fact that weights of the uncancelled cells

in the upper and lower augmented parts of the board in the i-th column cancel.
Thus,

n

S(sgn, sgn, BY) = [ [ (= + by)

i=1

as before.
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The second way of counting over the weights of all the rook placements in
B is to organize the placements by how many rooks lie above the high bar.
Suppose that we fix a placement P of n — k non-attaching rooks in B#. Then we

wish to compute

> W Q). 2.11)

QeeNz (B1Y
QNBA=P

As before, each such () in the sum arise from PP by placing rooks below the
bar in the remaining columns. Thus there are k columns left that need to have
rooks placed in them, below the high bar. We will place the remaining rooks in
these available columns starting with the leftmost one and working right. By
Lemma 2.3, the number of ways we can do this will be (z + A;)(x + A3) - - - (x +
Ay). Since the weights of all rooks below the bar is 1

> Wenam(Q) = Wgnsgnpa(P) (@ + Ar)(x + Ag) - (x + Ay),  (212)

QeeNA (B
QNBA=P

which gives us

n

S(sgn,sgn, BY) = Z Z Wsgnsgma(P) (@ 4+ Ar)(x + Ag) - - (v 4 Ay)
k=0 PeNA | (BA)

= 3 raeklsgn, 5, BA) (@ + A + Az) - (3 + Ay,

k=0

Thus, in this case, we have

(@ +b) =Y _Ft i (B) (@ + A (@ + Ag) -+ (x + A) (2.13)

i=1 k=0
where 72, (B) = r,_x(+1, —1, BA).

We see that these two special cases encapsulate all the ¢ = 1 cases of the

n n

product formulas stated in the Section 2.1.
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2.4 The Proof of the General Product Formula

In this section, we shall prove Theorem 2.1.

Proof: We claim that Equation (2.3) arises from two different ways of computing
the sum S(sgn, 5gn, BA).

If we first place the rooks starting with the leftmost column and working to
the right, then we can see that in the first column there are exactly = + b, + 2a;
cells in which to place the first rook, where the “2a,” corresponds to placing the
rook in either the upper or lower augmented part of the first column. Since the
rooks in the z-part are weighted with a 41, the rooks in the i-th column of the
B-part are weighted with sgn(i), the rooks placed in the lower augmented part
in the a,-part are weighted with 5gn(s), and the rooks placed in the a,-part of
the upper augmented part are weighted with —3sgn(s), we get a total weighting
of x + sgn(1)by + (sgn(1)a; + (—sgn(1)a;) = = + sgn(1)b; for the first column.
When we go to place a rook in the second column, we have two cases.

Case I: Suppose the rook that was placed in the first column was placed be-
low the high bar. Then nothing was cancelled in the second column, so we can
place a rook in any cell of the second column. Thus we have = + by + 2(a; + a2)
choices as to where to put this rook. However, we weight the two choices
which correspond to the “2(a; + a2)” term differently, as rooks in the upper
augmented part get weighted with —5g7n(1)a; — 5gn(2)as and those in the lower
augmented part with 5g7(1)a; + 5g7n(2)as. Thus, the weighting for this column
is x + sgn(2)by + (sgn(1)a; + sgn(2)az) — (sgn(1)a; + 5gn(2)as) = = + sgn(2)bs.

Case II: If the rook placed in the first column was placed above the high bar,
then the cells corresponding to a, in both the upper and lower augmented parts
of the 2" column are cancelled, so there are = + by + 2a; cells left to place the
rook, and the weighting is = + sgn(2)b, + sgn(1)a; — sgn(l)ar = = + sgn(2)b,.

In general, suppose we are placing a rook in the j** column, and suppose

that we have placed s rooks above the high bar and ¢ rooks below the high
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bar in the first j — 1 columns. Then in the j* column we have, by Lemma 2.2,
x +b; +2(a; + - - - + ar41) choices as to where to place the rook in that column.
Since the weight of cells in the a, part of the upper augmented board in this
column is —5gn(s) and the weight of cells in the a, part of the lower augmented
board in this column is 5gn(s), it follows that these placements will come with
a weighting of « + sgn(j)b; + S.\7 | (5g7(i)a; — 5gm(i)a;) = « + sgn(j)b;. Thus, it
follows that

n

S(sgn,sgm, B) = [ [ (= + sgn(i)by)

i=1
which gives the lefthand side of (2.3).

The second way of counting over the weights of all the rook placements in
B is to organize the placements by how many rooks lie above the high bar.
Suppose that we fix a placement P of n — k non-attaching rooks in B4. Then we

wish to compute

Z wsgn,%(@)- (214)

QeNF (BEY
QNBA=P

Again, each such () in the sum arise from PP by placing rooks below the high
bar in the remaining columns. Thus there are k columns left that need to have
rooks placed in them, below the high bar. We will place the remaining rooks in
these available columns starting with the leftmost one and working right. By
Lemma 2.3, the number of ways we can do this will be (z + A;)(z + A2) - - - (z +
Ay). However, as all the rooks in the lower augmented part of B! have weight
sgn(t) if they are in the a;-th part of the column in the lower augmented part of

B and all the weights of the rooks in z-part of B:! have weight 1, we see that

Z Wagn,sgn (@) = Wsgn,sgm,54 (P) H(m + ng_n(s) (as)). (2.15)

QeNABL) Jj=1 s<J
QNBA=P

Thus,
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n k
S(sgn,5gm,BY) = > Y wensmsa®) [[(x+ D 590(s)(0s))

k=0 PeNA |, (BA) Jj=1 s<j
n k
= rA (B4, sgn, 5gm H T+ ngn )(as))
k=0 7j=1 s<j
which gives the righthand side of (2.3). n

24.1 Comparisons With Other Rook Models

In this section, we shall compare our rook model to the j-attacking rook
model of Remmel-Wachs [24] and the j-creation model of Goldman-Haglund
[10]. In particular, we want to compare the rook numbers that correspond to a

given product formula in our model versus the other models.

The Remmel-Wachs j-Attacking Model

We start with the Remmel-Wachs model. Suppose that we are given a j-
attacking board D = (d,, ..., d,), we let N/ (D) denote the set of all placements
of k rooks in B such that there is at most one rook in each column and no rook
is in a cell that is j-attacked by a rook to its left. Then in the Remmel-Wachs

model, D gives rise to the following product formula:

n n

[[@+di—i-10)=> 7 prl=5) (= (k= 1)) (2.16)
i=1 k=0
where ff}k, 5(1,1) = [N/ (D)|. Now if we want to obtain the same product in
our model, we must start with the sequences B = (dy, |[d2 —j|, ..., |d, — (n—1)j)|
and A = (0,4,7,...,7j). We also define the sign functions, sgn and sgn such that
foralli=1,...,n,
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Figure 2.5: F(1,3,6,8) versus B* where B = (1,1,2,2) and A = (0,2, 4,6).

sgn(i) = 1land

” 1 ifd,—j(i—1)>0
sgn(i) =
—1 ifd; —j(i —1) <O0.

Then our general product formula will take the form

n

[T =i —1)=> " rtuB sgn,sgn)a(z — j) - (@ — (k= 1)j).  (217)

i=1
Because {(2) |, }n>0 is a basis for the polynomial ring Q[z], it immediately fol-
lows from (2.16) and (2.17) that 7 _, ,, = ;' (B4, sgn,sgn) for all 0 < k < n.
We shall show that we can give a completely combinatorial proof of this fact, a
result which is best explained through some examples.

In the simplest case, when d; > j(i — 1) for i = 1,...,n, then it will be
the case that the boards D and B4 are identical. For example, if j = 2 and
D = (1,3,6,8), then B = (1,1,2,2) and the board B4 is just the Ferrers board
F(1,3,6,8), as in Figure 2.5. In this case, it is easy to see that weight of any
placement w,,, sz 54 (P) = 1 so that r{!(B4, sgn, sgn) = N2 (B4)|. Thus to prove
that #_, , = ri* (B4, sgn,5gn), we need only find a bijection between N} (D)
and NA(B4). It is easy to see that in the j-attacking Remmel-Wachs model, each
rook 7 in a placement P € N (D) cancels exactly j cells in the each column to
its right. Similarly since a; = 0 and a; = j for i > 2, it easy to see that each
rook placement Q € N (B4) also cancels j cells in each column to its right.
Thus the only real difference between the two types of rook placements in this
case is the exact cells which get cancelled. This suggests a very simple bijection
0l . N(D) — N(BA). Namely, if P € N} (D) with rooks r1, . . ., 7, in columns
1 < < - <4 < n respectively, then O (P) should be a placements of



59

Figure 2.6: An example of O in the case where d; > 2(i — 1) all i.

rooks 71,...,7; in columns 1 < i; < --- < 4 < n such that for all u, if r, is
in the s,-th cell in column 7, which is not cancelled by a rook to the left of r,,
reading from bottom to top, then 7, is in the s,-th cell in column 7,, which is not
cancelled by a rook to the left of 7, reading from bottom to top. For example,
if P € N(F(1,3,6,8)) pictured on the left in Figure 2.6, then its image O (P)
is pictured on the right in Figure 2.6. Here is easy to see that left most rook of
P in row 2 of column 2 so that left most rook of ©®(P) in row two of column
2. We then put a “e” in those cells cancelled by the left most rook in each case.
Then we see that rook in column 3 of PP is in the third available cell reading
from bottom to top that is available so that the rook in column 3 of ©?(P) is in
the third available cell. We then put an “x” in those cells cancelled by the rook
in column 3 in each case. Finally, the rook in column 4 in P is in the second
available cell reading from top to bottom so that the rook in column 4 in ©(P)
is in the second available cell in that column.

In the general case, it may not be the case that d; > j(: — 1). If d; < j(i — 1),
then d; — j(i — 1) is negative and hence sgn(i) must be negative. It follows that
the rooks that are not in the augmented part of the board B in the i-th column
will contribute a factor of —1 to the weight of a placement. We will call such
columns in B the negative columns of B. If the i-th column of B is a negative
column so that d; — j(i — 1) < 0, then clearly |d; — j(i — 1)] < j(i — 1), then
we will call the first |d; — j(i — 1)] cells in the augmented part of B# in column
i the mirror image of the column ¢ in B. For example, suppose that j = 2 and
D is the 2-attacking board F'(0,0,1, 3,6, 7). Hence, the product formula for this
2-attacking board is

px—2)@+1-4) (@ +3-6)(x+6—-8)(x+7—10) = Y 7y (@)ox (218)
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Figure 2.7: An example with negative columns and their mirror images.

Thus, the corresponding product formula for the board B4 will be produced
by defining B = (0,2,3,3,2,3), A = (0,2,2,2,2,2), sgn(i) = 1 fori =1,...,6
and sgn(1l) = 1 and sgn(i) = —1 for ¢ > 1. Then in Figure 2.7, we have pictured
the board D and B# and have shaded the squares in mirror images of negative
columns. In this case, the negative columns are columns 2 through 6. Note, if
column i is negative so that d; < j(i — 1), then the first j(i — 1) — d; squares
of the augmented part of the board B# will be in the mirror image of column
i and hence the number of squares in the augmented part of column ¢ which
are not in the mirror image is j(: — 1) — (j(¢ — 1) — d;) = d;. Of course, if
column i is not negative, then the total number of squares in column i in B4 is
d; —j(i = 1)+ j(i = 1) = d;. Thus (dy,...,d,) represents the column heights,
reading from left to right, of either (i) all cells of B in positive column or (ii) all
cells in the augmented part of a column that do not lie in the mirror image of
negative column.

In the case where there are negative columns, we can define a simple sign-
reversing involution I on N'(B*) which reduces ourselves to considering only
the class of placements P € N;(B*) in which no rook lies in either in a negative
column or the mirror image of the negative column. That is, suppose P is a
placement which contains a rook in a negative column or it mirror image, let r
be the left most rook of IP with this property. If r is in the s-th row of the negative
part of the column, we let /(P) denote the placement which results in moving
r to the s-th row of its mirror image and leaving all other rooks in the same
place. Note that in this case, Wy, sgm,54p(7) = —1 and Wy, 55,84 1) (1) = 1 50
that wg, 57 84 (P) = =Wy sgn54 (L (IP)). If r is in the s-th row of the mirror image
of negative part of the column, we let /(IP) denote the placement which results
in moving r to the s-th row of the negative part of the column and leaving all

other rooks in the same place. Note that in this case, w, s7m54p(r) = 1 and
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Figure 2.8: An example of the involution I.

Wygnsgm,84,1p) (1) = —1 so that once again w,y, 57 54(P) = —Wygnsgm.84 (1 (P)).

Finally, if P does not have any rooks in either a negative column or its mirror

image, then we let /(IP) = P. An example of the involution /, when D is the 2-

attacking board £(0,0,1,3,6,7), B=(0,2,3,3,2,3), A = (0,2,2,2,2,2), 5gn(i) =

lfori=1,...,6and sgn(l) = 1 and sgn(i) = —1 fori > 1, is given in Figure 2.8.
Clearly, I(I(P)) =P, and so

T‘? (BAv sgn, Sg—n) = Z wsgn,W,BA UP))
PeNA(BA)

— > Wagn sgm.54 ().
PeENA(BA)I(P)=P
Since the weight of any P € N(B4) such that I(P) = P is 1, then we need
only show that there is a bijection ©) from A} (D) to the fixed points of I. But
we have already shown that the fixed points of I lies in a region of B4 whose
column heights are (di,...,d,), reading from left to right. Since in both the
Remmel-Wachs model and our model, each rook cancel j cells in each column to
the right, we can use the same bijection ©) described above to give the desired

bijection between these two sets of rook placements.

Goldman-Haglund j-Creation Boards

Next we consider the j-creation model of Goldman and Haglund [10]. If we
fix j and start with a Ferrers board D = (ds,...,d,), then the product formula

that arises out of the j-creation model in this case is

n

[[@+di+G-1Di-1) Zrn (D) () Tk (2.19)

=1
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Figure 2.9: An example of the difference of shapes between the j-creation board
B® with B = F(0,1,2,3,3) and the corresponding augmented rook board.

In this case, to get an equivalent product formula in our model, we must let
B = (di,dyt], ds+2j, ..., dntj(n—=1)), A= (0,5, j;...,j) and sgn(i) = sgn(i) = 1

for all ¢ so that our product formula will become

n n

[[@+di+5—1) =t (B4 sgn. 5gm)(x) Tr; - (2.20)

i=1 k=0
Since {(z) T, }n>0 is a basis for the polynomial ring Q[z], it immediately follows
from (2.19) and (2.20) that 7', (D) = r , (sgn, sgm, BA).

Again our goal is the give a completely combinatorial proof of this fact. To
do this, we will follow the same steps as the we did for the general case of the
Remmel-Wachs model, namely, will first define an involution J on N(B#) and
then give a bijection between N')(D) and the fixed points of .J. As before, these
steps are best illustrated through an example. We will let j = 3 and consider the
3-creation board B® with B = F(0, 1,2, 3, 3). Thus the product formula for BY

in this case is
5
_ (3)
2(a+3)(x +6)(x +9)(z + 11) = > r? (B)r T - (2.21)
k=0

From our standpoint of augmented rook boards, to generate the same product
formula we would set B = (0,3,6,9,11), A = (0,2,2,2,2), and sgn(i) = 5gn(i) =
+1 for every j. If we then construct B4, we can see the vast difference in shape
between these two boards, pictured in Figure 2.9.

Note also that our weighting ensures that each rook in the augmented part
of the board has weight —1 and each rook in B-part of the board has weight
1. For each rook placement P € N (B4), we will define the mirror image of
the augmented part of B* in the i-th column relative to PP to be the consists the
top s cells in the B-part of column i if there are s cells in the augmented part

of the column 7 which are not cancelled by the rooks to the left of column :. In



63
Figure 2.10: An example of the involution J.

Figure 2.10, we have pictured a placement [P which has rooks in columns 2 and

‘“"_7

4. We have placed a “e” in the cells cancelled by the rook in column 2 and we
have placed an “x” in the cells cancelled by the rooks in column 4. We have also
shaded, in the B-part of the board, each cell which is in the mirror image of the
uncancelled cells in the augmented part of its column. Then the involution J is
very simple. That is, suppose P is a placement which contains a rook in an cell
in the augmented part of B4 or it mirror image. Let r be the right most rook of
[P with this property. If 7 is in the s-th row, reading from bottom to top, in the
augmented part of the column, we let J(PP) denote the placement which results
in moving r to the s-th row of its mirror image, reading from bottom to top, and
leaving all other rooks in the same place. Note that in this case, w;,, sg7 54 p(1) =
—1 and wg,, sgm.84,5p) (1) = 1 50 that wyy, 57 8B4 (P) = —Wegn59m,84(J(P)). If 7isin
the s-th row, reading bottom to top, of the mirror image of the uncancelled cells
in the augmented part of its column, we let J(P) denote the placement which
results in moving 7 to the s-th row of the uncancelled cells in the augmented
part of its column, reading bottom to top, and leaving all other rooks in the same
place. Note that in this case, Wy, sgn84p(r) = 1 and wyg, 50,84 5y (1) = —1 s0
that once again wyg, 557 54 (P) = —Wsgp sgn.84(J(P)). Finally, if P does not have
any rooks in either an uncancelled cell in the augmented part or its mirror image
in any column, then we let J(P) = P. In Figure 2.10, we have pictured J(P) on
the right.
Clearly, J(J(P)) = PP, and thus,

r(BA sgn,sgn) = Y Wgnsgnsa(P)

PeN(BA)

= > Wegn sgm.54 (P).-

PeENA(BA),J(P)=P
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Since the weight of any P € NV(B*4) such that J(P) = Pis 1, we need only show
that there is a bijection A from the fixed points of J to k(j (D).

In this case, the bijection A can be constructed by recursion. That is, suppose
that D = F(dy,...,d,,) is a Ferrers board where n > 2. Then we claim that
for 0 < k < n, we have the following recursion among rook numbers in the

j-creation model of Goldman and Haglund [10].

rIF(dy, ... d)) =D (F(dy, ... dp)) + (do + 5k — 1)) (F(dy, ... do_y)).
(2.22)
The recursion given in (2.22) is the result of classifying the rook placements
in \, k(j ) (F(di,...,d,)) according to whether there is a rook in the last column or
not. If P € WV, kfj V(F(dy,. .., d,)) is a rook placement with no rooks in the last col-
umn, then we can also regard PP as a placement in N, k(j )(F(dl, ...ydp_1)). How-
ever if P € W, k(j )(F(dl, ...,dy,)) is a rook placement with has a rook in the last
column, then we let () € N,Ei)l(F(dl, ...,d,_1)) be the rook placement which
consists of the rooks of P in the first n — 1 columns. For each such @, there will
be a total of d,, + j(k — 1) rows in which to place a rook in the last column since
each of the & — 1 rooks in () create j new rows in which to place a rook.
Next consider the two sequences of length n, B,, = (dy, d2+7, ..., d,+j(n—1))
and A, = (0,7,...,J) versus the two sequences of length n — 1, B,,_; = (dy,ds +
Jyeoydn1+j(n—2)and A, 1 = (0,4,...,7). We claim that if

(B = {P e N (Bin) - J(P) = P}, (2.23)
then,
(B ) = 5 (B + (dn + (ke — 1)F T (B, (2.24)

Again, this recursion is the result of classifying the rook placements in {P €

N, ,;4” (B») : J(P) = P} according to whether or not there is a rook in the last
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Figure 2.11: The recursive deconstruction of P € Ni'(B4).

column. That is, if R € {P € N*"(BA") : J(P) = P} has no rook in the last
column, then R can be viewed as an element of {P € V""" (B"[') : J(P) =
P}. On the other hand, if P does have a rook in its last column, then let ) be
the placement that is the restriction of P to the first n — 1 columns. It is easy
to check that our definition of the involution .J for N7\ (B
Qe N, ,i o (B") and J(Q) = Q. Moreover, we claim that number of ways to
extend @ to placement in {P € N (BA) : J(P) = P} is d,, + j(k — 1). Note
that the n-th column of B" has height d,, + j(n — 1) + j(n — 1) with the top

) ensures that

j(n — 1) cells being in the augmented part of the board. Each of the rooks in
Q cancels j cells in the augmented part of B;'* in the n-th column. Thus there
are j(n — 1) — j(k — 1) = j(n — k) cells in the augmented part of B;*" in the
n-th column which are not cancelled so that the mirror image of these cells is
the top j(n — k) cells in the B,-part of B;'». Since for a fixed point of .J, we are
not allowed to place a rook in either the augmented part of the n-th column
or the mirror image of its uncancelled cells, it follows that we have a total of
dy +j(n—1) —jin — k) = d, + j(k — 1) ways to extend ) to a placement
P c {P c N (BA) : J(P) = P}.

Our proofs of the recursions (2.22) and (2.24) easily lead to a recursive way to
define our desired bijection A from {P € N (BA+) : J(P) = P} to N(D). That
is, we start with a P € {P € N*"(B2") : J(P) = P} and consider the sequence
j-creation rook placements P = P,,, IP,,_4, ...P; where P; is just the restriction of
PP to the first i columns for i = 1,...,n. For example, we go back to the case
where j = 3, the 3-creation board B® is D = F(0,1,3,3,3), B = (0,3,6,9,11),
A = (0,2,2,2,2), and sgn(i) = sgn(i) = +1 for every j. Then the sequence
P = P5, Py, P3, Py, Py is pictured in Figure 2.11.

Now, the image A(P) will be obtained by constructing an element of N7 (D).
By performing the analogous steps to build up A(P);,...,A(P), = A(P). That
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Figure 2.12: The recursive construction of A(P) € V. 3(j ) (D).

is, at step 1, if P; has no rook in the first column, then A(PP); has no rook in the
tirst column. Otherwise, the length of the first column in both the restriction of
D to the first column and B# is the same, namely d;, so that if the rook in [P,
is in the r-th row, reading from top to bottom, then we place the rook in A(P),
in the r-th row, reading from top to bottom. In general, having constructed
A(P)y, ..., A(P);, then if P;,4 has no rook in the column i + 1, then A(P);; also
has no rook in column i + 1 and the restriction of A(PP);;; to the first i columns
is just A(P;). Otherwise, if the rook in the (i 4 1)-st column of P, is in the r-th
available square reading from bottom to top, then we set A(P);;; to be the rook
placement which results by extending A(P); by adding a rook in the column
i + 1 which is in the r-th available cell, reading from top to bottom. An example
of the sequence A(P)y,...,A(P)s for the P pictured in Figure 2.11 is given in
Figure 2.12.

Thus, in both the j-cancellation model of Remmel and Wachs and j-creation
model of Goldman and Haglund, one can give direct combinatorial proofs of
the fact that the rooks numbers that appear in the product formulas for those
models are the same that as the rook numbers that appear in the corresponding
product formulas in our model. However, we should point out that our model
gives rise to a much wider class of product formulas than can be derived in ei-
ther of those two models. That is, in the j-cancellation model of Remmel-Wachs,
the product formulas holds only for j-attacking Ferrers boards. Similarly, in the
j-creation model of Goldman and Haglund, the product formula holds only
for Ferrers boards. However, there is no such restrictions on the boards in our

model that give rise to product formulas.



Chapter 3

()-Analogues of the General Product

Formula

3.1 Introduction

In this chapter, we shall describe how we can derive several g-analogues of
the general product formula described in Chapter 2 by g-counting rook place-
ments considered in that chapter. That is, for any n € N, we again define
nl, =1+ q+ ¢+ -+ ¢ " and we use the convention that [-n], := —[n],.
We also set A, := S, 5g7(s)a,. Our first goal is to show that for an appropri-
ate g-analogue of the rook number 4 , (B4, sgn,sgn), r* , (B4, sgn, 397, q), we

can prove the following g-analogue of Theorem 2.1.

Theorem 3.1. Suppose B = (by,...,b,) and A = (a1, ..., a,) are two sequences of
nonnegative integers, and let sgn : {1,...,n} — {1,—1} and sgn : {1,...,n} —
{1, =1} be two sign functions. Then,

n n

[T, + sgn(i)bidy) = > rit (B2, sgn,5gm, q) [ [ (2], + [Ady)- (3.1)

i=1 k=0

67
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We will refer to Equation (3.1) as the ¢-general product formula. Then we shall
relate the g-general product formula to other g-analogues of product formulas

that have appeared in the literature.

3.2 A General ()-Analogue Product Formula

3.2.1 The ()-Weighting Of General Rook Placements & An Ex-

ample

Fix the two sequences B = (by,...,b,) and A = (a4, ..., a,) and the two sign
functions sgn : {1,...,n} — {1,—1} and sgn : {1,...,n} — {1,—1}. The first
step in proving Equation 3.1 is to define a g-weight, 11, 54 (P), of each placement
P € NA(B4) and a g-weight, 11, 54(Q), to each placement Q € NA(B2'). To do
this, we shall define a ¢-weight, 1, 5 (c), to each cell cin B Thenif P € N;A(B4)

has rooks in cells ¢y, . . ., ¢, we set

k
Mg, BA (P) = H Hq,BA (Cz> : (32)

Similarly, if Q € NA(B2) has rooks in cells ¢, . . . , ¢,,, then

po54(Q) = [ [ rasalcs). (3.3)
=1
Then we define
r (B, sgn,sgn,q) = D pgpa(P). (3.4)
PeN(BA)

To define p, 34(c), we proceed as follows:

1. For each i, the weights /1, g4 (c) of the cells in the i-th column of the z-part

of Bdtare 1,q,¢%,...,¢* !, reading from bottom to top.
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2. For each i, the weights /1, g4 (c) of the cells in the i-th column of the B-part

b;

of B are sgn(i), sgn(i)q, sqn(i)q?, ..., sgn(i)¢" !, reading from bottom to

top.

3. For each i, we assign weight 1, 4 (c) to cells in the i-th column of the lower
augmented part as follows. First, we assign the weight sgn(i)1, s5gn(i)q,
sgn(i)g?, ..., sgn(i)g™ ! to the cells in a;-st part of column i in the lower
augmented board reading from top to bottom. Thus the sum of the ¢-
weights of cells in a;-st part of column 7 in the lower augmented board
is [sgn(i)a,],. Next suppose that we have assigned the weights to cells in
a;-th part of column 7 in the lower augmented part for j =1, ..., s so that

the sum of the ¢g-weights of cells that lie in a;-th part of column ¢ in the

lower augmented board for j < sis [A],. Then we defined the weights to
the cells in a,44-th part of column ¢ in the lower augmented part according

to the following cases:

Casel. 0 < A, < A, .. In this case, we assign the weight of cells in the

As+1 A
g

as4+1 part to be g, q ,¢***+171, reading from top to bottom, .

Case2. 0 < A,y < A,. In this case, we assign the weight of cells in

s—1 A2 A
Y

the a,;, part to be —¢? qg®~%, ..., —q"*, reading from top to

bottom.

Case3. A,,; < 0 < A,. In this case, we assign the weight of cells in the
(g4 parttobe —ghs—t —gA72 . —q0 —¢', ... — ¢4+, reading from

top to bottom.

Cased. 0 > A, > A,,;. In this case, we assign the weight of cells in

As+1 A
-

the a,1; part to be —q¢*, —q .., —q*+ 71, reading from top to

bottom, .

Case5. 0 > A, ., > A,. In this case, we assign the weight of cells in the
A,—

1 A—2 A
»q

as+1 part to be g ..., g7, reading from top to bottom.
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Figure 3.1: The ¢-weighting of cells in placements in B

Case 6. ZS+1 > 0 > A,. In this case, we assign the weight of cells in the
agy1 part tobe ¢ g2 0 ¢t ... ¢ A+1171, reading from top to

bottom.

4. For each i, the cell in the 7-th row of the i-th column of the upper aug-
mented part of the board, reading from bottom to top, is equal to —1 times
the weight of the cell in 7-row of i-th column of the lower augmented part
of the board, reading from top to bottom. That is, in the upper augmented
part of column 7, the weights of the cells in the i-th column are the exact

mirror image as those which come from the lower augmented part.

An example of this kind of labeling can be seen in the left-hand side of Fig-
ure 3.2. Here we have used the same board and rook placement as in Figure 2.4,
where z =4, B=(1,2,2,4), A=(2,1,2,1),

_ +1 ifi=1,2,4,
sgn(i) = 1 ifi=3
— —

and

(i) +1 ifi=2,
sgn(i) =
~1 ifi=1,3,4.

For the ¢g-weighting of these placements, if we consider the placement, P, in
the right-hand side of Figure 3.2 , then we can see that the rooks placed from
left to right correspond to the cell labellings 1, ¢, ¢, —1 respectively, and thus

this placement has weight

pasa(P) = (1)(g*)(@)(-1) = ¢".
The key property of our weighting of cells in B, which is easily established
by induction, is that the sum of the ¢-weights of cells that lie in a;-th part of
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column ¢ in the lower augmented board for j < sis [A,], and the sum of the ¢-
weights of cells that lie in a;-th part of column 7 in the upper augmented board
for j < sis [ A,

3.2.2 A Proof of Equation (3.1)

Proof of Equation (3.1): We would like to compute the polynomial

Glg):= > pgpa(P) (3.5)

PeN A (BA)
in two different ways.

If we first place the rooks starting with the leftmost column and working to
the right, then we can see that in the first column, the sum of the g-weights of
the cells in the first column are [z], + [sgn(1)b], + [Sgn(1)ai], + [—Sgn(1)a1], =
[z], + [sgnb1],- When we go to place a rook in the second column, we have two
cases.

Case I: Suppose the rook that was placed in the first column was placed be-
low the high bar. Then nothing was cancelled in the second column, so we
can place a rook in any cell of the second column. It follows that our weight-
ing ensures that the sum of the ¢g-weights of the cells in the second column are
2], + [sgn(2)bal, + [oly + [l = [e], + [sgn(2)ba],.

Case II: If the rook placed in the first column was placed above the high bar,
then the cells corresponding to as in both the upper and lower augmented parts
of the second column are cancelled. It follows that our weighting ensures that
the sum of the g-weights of the cells in the second column are [z], + [sgn(2)bs], +
Ay + (<A, = [, + [sgn(2)bal,

In general, suppose we are placing a rook in the j* column, and suppose
that we have placed s rooks above the high bar and ¢ rooks below the high
bar in the first j — 1 columns. Then in the j column we have, by Lemma 2.2,

x + bj + 2(A¢41) choices as to where to place the rook in that column. Again, it
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follows that our weighting ensures that the sum of the ¢g-weights of the cells in
the second column are [a], + [sgn(i)byl, + sy + [~ Aenily = [al, + [sgn()b;].
Thus, it follows that

which gives the left-hand side of (3.1).

The second way of counting over the weights of all the rook placements in
B is to organize the placements by how many rooks lie above the high bar.
Suppose that we fix a placement P of n — k non-attaching rooks in B4. Then we

wish to compute

> nesa(@Q). (3.6)

QeNz (B2Y
QNBA=P

Clearly each such @ in the sum arises from P by placing rooks below the high
bar in the remaining columns. Thus, there are k columns left that need to have
rooks placed in them, below the high bar. We will place the remaining rooks in
these available columns starting with the leftmost one and working right. By
Lemma 2.3, the number of ways we can do this will be (z + A;)(x + A3) - - - (x +
Ay). However, it follows by the properties of our assignment of g-weights to the
cells that

Z Hq,BA Q) = ([‘T]q + [Al]q)([5[7]q + [AQ]q> T ([x]q + [Ak;]q)' (3.7)

QeNF (B2Y
QNBA=P

Moreover, when any such placement @) is extended to a placement NA(B2),
by combining it with P, the resulting ¢g-weight will simply be 11, g4 (P) 1, 54 (Q).
Thus,
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which gives the right-hand side of (3.1). 0

3.3 Modified ()-Analogues of the Product Formula

We note that in our g-general product formula, (3.1), we have taken the ¢-
analogue of (z + a) to be [z], + [a], and the g-analogue of (z — a) to be [z], — [a],
if z and a are non-negative integers. However, if one looks at the Garsia and
Remmel’s g-analogue of the product formula one takes the g-analogue of x — a
to be [z —al, and in the g-analogue of Goldman and Haglund'’s j-creation model,
one takes the g-analogue of (z+a) to [z+al,. It turns out the we can easily modify
our ¢g-analogue of the g-general product formula (3.1) to produce g-analogues of
our general product formula formulas where we take the g-analogue of (v +
a) to be [z + a], and the g-analogue of (z — a) to be [z — a], by some simple
transformations of our formulas and ¢-rook numbers.

The basic idea to transform our g-analogue of the general product formula
(3.1) is based on the following simple identities which hold when z and «a are

non-negative integers with x > a:

[z]q — [alg = ¢"[x — a], (3.8)
and
(2] + ¢"la]y = [z + dl,. (3.9)

We shall first explore how these transformations force us to modify our g-rook

numbers to prove g-analogues of our general product formula formulas where
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we take the ¢g-analogue of (z + a) to be [z + a], and the g-analogue of (z — a) to
be [z — al,. Throughout this section, we shall fix two sequences of nonnegative

integers B = (by,...,b,) and A = (a1, ..., a,).

3.3.1 Casel: sgn(i) = sgn(i) = —1

In the case where sgn(i) = sgn(i) = —1 for every 1 < ¢ < n, we see that
A = Z;Zl sgn(i)a; = —A; where A; = a; + - - - a;. Thus (3.1) becomes

n n k
[Tl = i]g) =D rit (B, sgn, sgm, ) [ [ (2] (3.10)
i=1 k=0 s=1

Now if © > max({b;, A; : i = 1,...,n}), then (3.10) becomes
n n k
H ¢ [z — bilg = rré—k(BA7 sgn, 5gn, q) H(QAS [z — Agly). (3.11)
i=1 k=0 s=1

If we now replace ri}(B4, sgn, sgn) with #(B4, ¢) where
fl:;A(BAa Q) = q(Al+A2+W+An_k)_(b1+m+bn)r?(BA7 Sgn,sg_n),

we obtain the following g-analogue of Equation (2.3):

[ [ (= —bi, Z'f’n (B a)([r = Ail)([w — Aolg) - (fo — Aily). - (312)
=1
We note that in this case, our weighting of cells in B! is very simple.

1. For each i, the weights of the cells in i-th column of the z-part of B is
1,q,...,q" ! reading from bottom to top.

2. For each i, the weights of the cells in i-th column of the B-part of B is
—1,—q,...,—¢" ! reading from bottom to top.
3. For each i, the weights of the cells in i-th column of the lower augmented

part of B is —1, —q, ..., —q¢”"! reading from top to bottom.
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Figure 3.2: The g-weighting of cells in placements in B2 when sgn (i) = 5gn(i) =
—1.

4. For each i, the weights of the cells in i-th column of the lower augmented

partof BAis1,q,...,q% ! reading from bottom to top.

These weights are pictured in Figure 3.2 in the case where B = (0,1, 3, 3) and
A=(1,2,1,2).

We note that in the j-attacking case of the Remmel-Wachs model one can
get similar formulas in the case where we start with a j-attacking Ferrers board
D = F(di,...,d,) where d; < j(i — 1) for all i. In particular, it must be that
d; = 0. In such a case, the g-analogue of the product formula, which is just the
p = 1 case of the (1.83), is

n

[lglr — (G —do)lg- [z — (R = 1)j — dn)]y = 7:i,B(la @[]y Ink; (3.13)

k=

o

To get the equivalent product formula out of (3.11), we must set B = (0, j —
dg,...,j(n—1)—d,)and A= (0,4,...,j) with sgn(i) = sgn(i) = —1 for all i. In

that case, (3.11) becomes

n

[@lgle = (G = do)lg- - lo = ((n = 1)j = d)lg = ) 7K (BY,@)laly Lo-ry (314
k=0

If one thinks of [z — a] as %, then one can think of (3.11) and (3.14) as
formulas involving the variable ¢* with coefficients which are in the field Q(q).
That is, we can think of (3.11) and (3.14) as identities in Q(q)[¢"]. Thus, since
{[2g]Ln}ns0 is basis for Q(q)[q"], it follows that 7' (B4, q) = 7 5(1,¢) for all k in
this case. In fact, we can give a completely combinatorial proof of this fact.

Recall the involution I that we used to show that the rook numbers our
model and the j-attacking Remmel-Wacks model in the ¢ = 1 case were equiv-

alent. In the current case, we are assuming that every non-empty column is
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negative. Moreover, we see that our g-weighting of cells in this case ensures
that the weight of the cell in in r-th row in a negative column is —¢"~! while
its mirror image in the augmented part, i.e., the r-th cell in augmented part of
that column, reading from bottom to top, has weight ¢"~'. It follows that our
sign reversing involution / preserves the g-weight so that if /(P) # PP for some
P € N (BA), then p, sa(P) = —p, pa(I(P)). Thus I shows that

FABA sgn,sgm.g) = Y pgpa(P). (3.15)
PENTA(BA)
I(P)=P

Moreover, if I(P) = P, then all the rooks P must lie in the augmented part of BA.
Since the weights of the cells in augmented part of B are just powers of ¢ with
no negative signs, it follows that in order to prove that #!(B4, q) = fi’ 5(1,q), we
need only construct a weight preserving bijection from {P € N/(B4) : I(P) =
P} onto N (D). We shall see that much like we did in the case of j-creation
model in Section 2.4.1, we can construct such a map by recursion.

First suppose that D,, = F'(dy, ..., d,) is a j-attacking Ferrers board. Then we
have that

dn*jk‘ ~j

PerdyLO = a7 e 0 (1,0) (3.16)

.....

This recursion is proved by partitioning the placements P € ,§j ) (F(dy,...,dy))
based on whether P has a rook in column n. That is, if P does not have a rook in

column n, then P can be regarded as a placement in k(j ) (F(dy,...,dy—1)). Then,

77777

.....
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77777 4,)(P) over all placements P € k(j ) (F(dy,...,d,)) which do not have
a rook in last column is qd"_jkf,];’ Py, (1@ Now if P does have a rook
in the last column and @ is the restriction of P to the first n — 1 columns of
D, then ) can be regarded as a placement in N, k(]_)l(F (dy,...,d,—1)). Moreover,
if we want to extend () to a placement P* € Nk(j)(F(dl, ...,dy,)), then we can
place the rook in any of the d,, — j(k — 1) cells in the last row since there are
exactly d,, — j(k — 1) cells in column n which are not cancelled by the rooks in Q).
The rook in the last column will contribute a factor of 1, ¢, ¢2, ..., g% 7=D=1 to

weight Wi , r(a,.....a.) (P*) depending on whether it is placed in highest row with

an uncancelled cell, second highest with an uncancelled cell, etc.. It follows that
4,)(P) over all placements P ./\/',gj)(F(dl, ...,d,)) which
do have a rook in last column is [d,, — j(k — 1)]1177%71,1?(511 77777 i (1)

Now assume thatd; < j(i—1)fori=1,...,n,andlet B = (dy,j—ds,...,j(n—
1) —d,), A= (0,7,...,7), and sgn(i) = sgn(i) = —1 for all i. Thus A; = 0 and
A;=j(i—1)fori>0. Let

the sum of W, @ F(ds

-----

rk (BA,q) = Z g A (P (3.18)
PeNTA(BA)
I(B)=P

Then we claim that

QA — ﬁ(07 '7"'7‘) . 3 y y
Tk (BA7 Q) = qdn kjrk frd ((dlaj - d27 s 7](” - 2) - dn—l)(OJ ..... J)7 q)(319)
. 2@t an—1) a An—
Hdn = ik = D]yl (o b)) ),

That is, we can partition the placements P € N (B4) into two sets depending
on whether there is a rook in the last column or not. If P does not have a rook
in the last column, then P can be regarded as a placement in V ,;4 nt (B,’;‘fl‘ ') such
that /(P) = P. Then our definitions ensure that
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QA1+~~~+An7k—Z?:1(j(i—l)‘di)ﬂq,li*‘ (P)

An—k—(j(n—1)—dn)

— q n—k Al+"'+An717k_Z?:_1l(j(i_l)_di)

q Ha, (s j—dayej(n=2)—dp—1) 053 (P)

— qj(nfkfl)f(j(nfl)fdn)
571G (i—1)—d;
X quJr F 1ok U6 d):uq,(dl,jfdg ..... j(n—2)—dp_1)0d> j)(]P)
ki S liGi—1)—d;
_ qdn quA1+ FAn—1-k— 200 (GE-1) d)uq’(dmid2 7777 () —dp 1)) (P).

Hence it follows that the sum of the g1+ +An-x=2i GE=1=di) ;14 (P) over all
placement P € N (B4) which have no rook in the last column and I(P) = P
is qd”_"/’jf,iod"“’])((dl,j —dy,...,j(n—2) —d,_1) %9 q). Now if P does have a

rook in its last column, then let Q be the restriction of P to first n — 1 columns.

for which 7(Q) = Q. We can extend @ to placement P* € N(B*) such that
I(P*) =P*ind, — j(k — 1) ways. That is, there are a total of j(n — 1) cells in the
augmented part of the last column. Of those cells in the augmented part, the
first j(n —1) — d,, are in the mirror image of the B-part of the n-th column so that
we have a total of j(n — 1) — (j(n — 1) — d,,) = d,, cells in the top of the column
where we can place a rook. Then each rook in @ will cause the top j(k — 1)
cells in the augmented part of column n to be cancelled. Thus we can only have
d, — j(k — 1) cells the augmented part of column n in which to place a rook for
P*. Those cells are in rows (j(n—1)—d,)+1,...,j(n—1)—d,+d,—j(k—1) which
have ¢g-weights qU(n=D=dn)  gi(n=1)=i(k=1)=1 yegpectively. Now whenever we
place rook in the cell with weight ¢/"=Y=d)+i forj =0,....d, — j(k—1)—1to

obtain a rook placement P*, then we have that
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gt An R R D =d) o (PF)

— q(j(n_l)_dn)+iq_(j(n_1)_dn)
> 1Gi(i—1)—d;
x gt A T OO0y by 2 ) (@)
— q(j(n_l)_dn)+iq_(j(n_1)_dn)
—> o lGi(i—1)—d;
x gt Ao T GUmDZd) i) ) O (Q)
- n—1¢.¢- .
— q'LqA1+"'+An71*(k71)_Zizl (](z_l)_dZ)ILLq,(dl,j—dQ,.--,j(n—2)—dn—l)(0’j AAAA j)(Q)-

It then follows that the sum of the g4 TAn—s=2ia((=D=di), .4 (P) over all
placements P € NA(B*) which have a rook in the last column and I(P) = P
is
—i(k—1)— 2(07 ‘7"'7.) . . 1 1
(1 +q+--- qd" j(k=1) 1)7,]67]1 ’ ((dl,j — dg, Ce ,](n — 2) — dn71>(0,],...,])7 q)
2(0,4,--,9)

= [d, —j(k =17 “((di,j—da, ..., j(n—2)— dnfl)(o’j""’j% q).

Our proofs of the recursion (3.16) and (3.20) show that we can recursively
construct a weight bijection © from /\/'k(j)(D) onto {P € NA(BA) : I(P) = P}.
That is, given a placement () € N, k(j )(D), let Q@ = @y, ...,Q: be the sequence of
placements that results by letting (); be the restriction of @) to the first i columns.
Then we can construct a sequence Py, ...,P, such that P, € N,i?’j ad )((dl, j—
da,...,j(i — 1) — d;)®9-7) where k; is the number of rooks in Q; and I(P;) = P

as follows.
Case 1. If Q; is the empty placement, then [P, is the empty placement.

Case 2. If ); has a rook in row i so that its weight is ¢!, then P, has rook in
row i so that its weight is ¢% .
Assuming that we have constructed P; so that

W(j) (Qz) _ qA1+--~+Ai—ki—Zézoj(S—l)_

17q7F(d17"'7di)

we define P, as follows:
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Figure 3.3: An example of the bijection © between a placement of 3 rooks in a 2-
attacking Ferrers board B = F(0, 1, 2, 3, 6) and a placement in the corresponding
board B4.

Case 3. If ();1; has no rook in the last column, then P, is the placement that
results by using P; in the first i-columns and having no rook in column

1+ 1.

Case 4. If ;11 has a rook s row from the top which contains a cell which is not

cancelled so that VNVl(jq) F(di,endisdiga

starting with P; and placing rook in row (j(i—1) —d;)+ s of the augmented

)(Qiﬂ) = ¢°~1, then P, is the results of

part of column i so that weight of P, is just ¢°~! times the corresponding

weight of IP;.

Then we let O(Q) = P,,.

For example, in Figure 3.3, we have pictured Q = @Q5,...,Q; for a Q €
NP(D) where D is the 2-attacking board F'(0, 1,2, 3,6) at the top of the figure.
In this case, B = (0,1,2,3,2) and A = (0,2,2,2,2). Since we are assuming that
sgn(i) = sgn(i) for all i, all columns are negative so that we have shaded the cells
in the upper augmented board of B4 which are in the mirror image of its col-
umn. Then we have pictured the corresponding sequence of rook placements

“”_7

Py, ..., P; at the bottom. In each case, we have used a”“e” to indicate squares

“w_
*

cancelled by the rook in column 3 and an to indicate the cells cancelled by

the rook in column 4.

3.3.2 Casell: sgn(i) = +1,5gn(i) = —1

Now if sgn(i) = 1, then the left-hand side of our g-analogue of the the general
product (3.1) formula is [T5_, ([z], + [bi],). Since [z + b;], = [2], + ¢7[bi]4, We can
can replace by [1*_, ([z], + [bi],) by [T, [ + b], on the left-hand side of (3.1) by
simply weighting each rook that appears in the B-part of the board B# with an
extra factor of ¢°. Thus, if for any P € N A, (BA) we let
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Ty 4 (P) = ¢® P, ga(P) (3.20)

where B(P) is the number of rooks of P which lie in B-part of the board B4 and

if we define

B = Y T, pa(P), (3.21)
PeENA | (BA)

then one can show, using essentially the same proof that we used to prove (3.1),
that

n n

[Tt + 1)) = S rA B a)(l — Ayl — Ady) -+ (I — Ay (3:22)

i=1 k=0

Now suppose that we consider the j-attacking Remmel-Wachs model where
we have a j-attacking Ferrers board D = F(d,,...,d,) where d; > j(i — 1) for
all 7. In this case, we would be led to the following product formula in the

Remmel-Wachs model.

n n

[Tz +di =56 — 1]y =379, (1 )algls. (3.23)

i=1 k=0
To obtain the corresponding product formula from (3.22), we must let B =
(d17d2_j77dn_j(n_1))/~’4 = (07j7"'7j)/ Sgn@) = ].anng_n(l) = —1

for all 7. In that case, (3.22) becomes

n n

[z +di— i = 1], => 7 (B 9)lgls- (3.24)

=1 k=0
In this case, however, the extra factors of ¢” that appear in 74}(B4, ¢) do not allow
us to conclude that 7 , (B4, q) = ffﬁ r.p(1;q) for all k. Indeed, it is not that case
that 74, (B4, q) = 7)) r.p(1, q) as the following example will show. Let j = 2 and
D = F(1,2). Then B = (1,0) and A = (0,2). In Figure 3.4, we have pictured
all the rook placements in VNV, ,52) (D) for k = 1,2 and their corresponding weights
Wl(? p(PP) at the top of the figure. Note N2(2) (D) is empty since the rook in first
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Figure 3.4: Rook placements in N> (F(1,2)) and NiA(BA) for k = 1,2.
column 2-attacks both cells in the second column and hence féQI)j = 0. Similarly,
at the bottom of the figure, we have pictured all the weights of N(B4) for
k = 1,2 and their corresponding weights ¢ T4 g .. (P). Again N5(B4) is
empty so that 73 (B4, q) = 0 It follows that 7:((),21)7 = ¢, ff,)j =14+ ¢q+ ¢ and
fé?}) = 0 so that (3.22) becomes

[z + 1g[z]y = qg[x]q[x =2+ (1+q+ q2)[x]q. (3.25)

Similarly 7'(BA, q) = 1, 7{4(B4,q) = 1 + ¢ + ¢%, and 75 (B4, ¢) = 0 so that (3.24)
becomes

[z + 1g[7]y = [z]glr — 2]4 + (1 + ¢+ ¢")[z],- (3.26)

Note that in this case, these two identities hold because there are two ways to

write [z + 1], when = € N, namely,

[+ 1,=¢lzr =2, +(1+q+¢") =z —2,+ (1+q+ ). (3.27)

3.3.3 Case IIl: sgn(i) = —1,sgn(i) = +1

For z, ¢ € N, we have that [z], + ¢*[c], = [z + ¢],. Thus if we want to replace
[z], + [Ail, by [z + A;], = [z], + ¢°[Ai], then we should weight each rook that lies
in upper augmented part of B by an extra factor of ¢°. This means that when
we consider placements in B4, then we must also weight each rook that lies in
the lower augmented part of B with an extra factor of ¢* so that for any given
column the weights of possible placements in the lower and upper augmented
parts cancel each other as in the proofs in Chapter 2. Thus we define 7(B4, ¢)
to be the g-weight over all placements of k rooks in B4 where each rook placed

in the augmented part receives an extra factor of ¢*. Then it is not difficult to see
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that we can use essentially the same proof as in Chapter 2 to prove that

H([x]q — [bilg) = Z ;f—k(BAv @)z + Ai]g - [z + An — K. (3.28)

i=1 k=0

Finally we replace (13, q) by a new ¢-rook number, 7%;4(5’ ,q) where
(B, q) = g~ IR (B, g).

Then we obtain the following formula:

H r — b, Z tzlder Q)([z+ Al ([x + Aa]y) - ([ + Ar)y)-  (3.29)

3.34 CaseIV:sgn(i) =3sgn(i) = +1

By combining the ideas of the previous subsections, we can weight each rook
in B-part of the board by an extra factor of ¢* and weight each rook in both
the lower and upper augmented part of the board B by an extra factor of ¢*

to obtain a new ¢-rook numbers ?ﬁ_ (B4, q) so that we obtain the following

formula:
[L+ 1) = YT alBAa) o+ A (o + Asly) -+ (o + Ady) (330

3.3.5 General Modified ¢g-Product Formulas

In this section, we shall make a few remarks about how one can modify our
g-analogue of the general product formulas to obtain the following g-analogue

of our general product formula

n k

H[x—i— sgn(i ZR” w(BA, sgn,5gm, q H x + ngn s)as)q (3.31)
7=1

1=1 s<j
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To obtain the left-hand side is easy. That is if sgn(i) = 1, then we can obtain
a factor of [z], + ¢*[bi]; = [z + bi], by simple weight each cell in the B part of
column i with an extra factor of ¢*. If sgn(i) = —1, then we keep things the
same and we obtain [z], — [b], = ¢"[x — bi],.

To obtain the right-hand side, we need only ensure that we weight the cells in
the lower augmented part of the board so that the sum of the weights of the cells
that lie in a, part of the lower augmented board for s < i is ¢*[3."_, 577 (s)as), if
S 5gm(s)as > 0and is [Y'_, 5g7(s)as), if 32\, 5g7(s)as < 0. We can accom-
plish this with the following weighting scheme.

To define the weight of a cell ¢, M, ., 57, 84(c), we proceed as follows:

1. For each i, the weights M, ., 5w 54 (c) of the cells in the i-th column of the

z-part of Bt are 1,q,¢°, ... ,¢* !, reading from bottom to top.

2. For each i, the weights M, .., 557 54(c) of the cells in the i-th column of

b;

the B-part of B are —1,—q, —¢*, ..., —¢"~!, reading from bottom to top if

sgn(i) = —1.

3. For each i, the weights M, ,,,, 557 5 (c) of the cells in the i-th column of the
B-part of BA are ¢%,¢"1, ¢**2, ..., ¢"%~!, reading from bottom to top if

sgn(i) = 1.

4. For each i, we assign weight M, ,,, 557 p4(c) to cells in the i-th column of
the lower augmented part as follows. First, if Sgn(l) = —1, we assign
the weight —1, —¢, —¢?, ..., —¢%~ ! to cells in a;-st part of column i in the
lower augmented board reading from top to bottom. If sgn(l) = 1, we
assign the weight ¢”, ¢" ™, ¢**2, ..., ¢*" ! to cells in a;-st part of column

i in the lower augmented board reading from top to bottom.
Thus the sum of the g-weights of cells in a;-st part of column 7 in the lower
augmented board is —[a;], if sgn(1) = —1 and ¢*[a1], if sgn(1) = 1. Next

suppose that we have assigned the weights to cells in a;-th part of column ¢
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in the lower augmented part for j = 1,. .. s so that the sum of the g-weights
of cells that lie in a;-th part of column 7 in the lower augmented board for
J < sis ~[S30 g 5galr)al, if 5, 5ga(r)a, < 0and s ¢° [, 5gu(r)a, ) if
> = Sgn(r)a, = 0.

Then we defined the weights to the cells in a,1-th part of column 7 in the

lower augmented part according to the following cases.

Casel. 0 < >°_ 5gm(r)a, < 3.°1 5g7(r)a,. In this case, we assign the

weight of cells in the a,; part to be g®¢>r=o3mar gz gl+2r—o5gm(rar,
., ¢*qE (a1 reading from top to bottom,

Case2. 0 < YTl sga(r)a, < 3.°_,3g7(r)a,. In this case, we will as-
sign the weight of cells in the a,y; part to be —g¢%qxr=0™(rar)=1
_qxq(Zi:OW(r)ar)_Ql c., _qxq(Z:iém(r)ar), reading from top to bot_
tom.

Case 3. (>°115gm(r)a,) < 0 < (32°_,5g7(r)a,). In this case, we assign the

T, Ag— 2

weight of cells in the a,,, part to be —q¢*qt1, —q%q oy —q%,—q",
—q', ..., —qZZ05(Na 1 reading from top to bottom.

Case 4. 0 > (32°_,5gn(r)a,) > (3.1, 5g7(r)a,). In this case, we assign the
weight of cells in the a,; part to be —g(r=039(Mar) o270 sgn(rar)+1

, —qZZo5m(Nan—1 reading from top to bottom,

Case 5. 0 > (3° 5ga(r)a,) > (32°_, 5g7(r)a,). In this case, we assign the
weight of cells in the a,; part to be ¢(Xr=05(rar)=1 4 ;—o5gm(r)ar) =2,
., ¢&r=03m(ar) reading from top to bottom.
Case 6. (3°"! 5gn(r)a,) > 0> (3.°_,5g7(r)a,). In this case, we assign the
weight of cells in the a,,; part to be ¢(=r=0™(rar)=1 47— sgm(r)ar) =2,
gt T, L, ¢ qErRosNa) -1 reading from top to bottom.

. For each i, the cell r-th row of the i-th column of the upper augmented,

reading from bottom to top, is equal to —1 times the weight of the cell in
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Figure 3.5: The modified ¢-weighting of cells in placements in B.

r-row of i-th column of the lower augmented board, reading from top to

bottom. That is, in the upper augmented part of column i, the weight of a

cell in the i-th column is in opposing sign to that cell’s exact mirror image

in the lower augmented part.

An example of this kind of labeling can be seen in the left-hand side of Fig-

ure 3.5 wherex =4, B =

sgn(i) = {
o - {

Now suppose that P € N (BA

and

Mq,sgn,sgn,BA

Similarly, if Q € NA(B
M

Then we define

MR (B, sgn,5qm, q) =

Then by computing the sum

H(q)

(1,2,2,4), A=

) has rooks in cell ¢y, . . .

“) has rooks in cells ¢y, . . .,

(2,1,2,1),
+1 ifi=1,24,
~1 ifi=3
+1 ifi=234,
1 ifi=1

, cx. Then we set

H q,sgn,sgn, Bzt Cz) (332)
cn, we will let
gson s A (Q) = H Mo sgn,sqm5a (). (3.33)
i=1
Z ¢.sgn,5gm,54 (). (3.34)
PeNA(BA)
Y Myugnsgmsa(Q) (3.35)

QeNA(BLY)
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in two different ways as we did in the proof of (3.1), we can prove the following;:

( II (ale+adoDC I (2l = o) (3.36)

i:sgn(i)=1 irsgn(i)=—1
k

= > MR (B sgn,sgm,q) [ ] 6(i)
k=0

=1

o) {mq OIS, (S sma) 2 0and

2]y — D=0 S97(7)ar], if (3°,_o3gn(r)a,) <0

Then if we set

Ry (B sgn,sgnq) = ([  ¢E=TONMRE (B4, sgn, 597, q)
r<k

Yo sgn(r)ar<0

= x( H qibi)’ (3.38)

i:sgn(i)=—1

then we will have the following theorem.

Theorem 3.2. For all sequences of non-negative integers, B = (by,...,b,) and A =
(a1, ...,a,), and functions sgn,sgn : {1,...,n} — {1,—1},

n

k
H[x + sgn(i Z R4 (B q) H([x + ng_n(s)as]q). (3.39)

i=1 s<j

34 A (P, Q)-Analogue of the General Product For-

mula

In this section, we will define an appropriate p, g-analogue of the rook num-
bers 1A (BA, sgn, sgn), it (B4, sgn,5gn, p, q), so that we can prove the follow-

ing theorem.
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Theorem 3.3. Suppose B = (b1,...,b,) and A = (a,...,ay) are two sequences of
nonnegative integers, and let sgn : {1,...,n} — {1,—1}and sgn : {1,...,n} —
{1, —1} be two sign functions. Then,

n k

H([x]p,q + 5gn(1)[bilp.g) = Z i, (B4, sgn, 5gm, p, q) H([x]p,q + [Aslpq). (3:40)

=1 s=1

Here we use the convention that if n is positive integer, then [—n], , = —[n],,,
and we will refer to Equation (3.40) as the p, ¢-general product formula.

The proof of this theorem is essentially the same as the proof of Theorem (3.1)
with the exception that we have to use a different weighting function on the
cells. However, this case is a bit harder because we cannot just have the p, ¢
weight of the cell be of the form +p®¢” in the lower augmented part of the board.
That is, the key property of our ¢g-weighting of cells is that the sum of the ¢-
weights of the cells that lie in a;-part of column ¢ in the lower augmented part
of the board for j < s was [A,], and the sum of ¢g-weights of the cells that lie
in a;-part of column 7 in the upper augmented part of the board for j < s was
—[A,],- We would like to define the p, g-weights of the cells so that the sum of
the p, g-weights of the cells that lie in a;-part of column i in the lower augmented
part for j < sis [A,],, and the sum of g-weights of the cells that lie in a;-part of
column ¢ in the upper augmented part for j < s is —[A4,],,. Now suppose that
sgn(l) = sgn(2) = 1 and a; = ay = 3. Then the most natural thing to do would
be to assign the p, g¢-weights to the cells in the a;-st part of the lower augmented
board to be p?, pq, ¢* reading from top to bottom. However, at that point, we
want the sum of the p, g-weights of the cells that lie in a;-st part plus a,-nd part
of column i to be [6],, = p* + p'q + p*¢* + p?¢® + pg* + p°. But there is no way
to weight the cells of the ay-nd part with weights of the form pq® to transform
3]p.4 to [6], 4. Thus we have to allow the p, g-weights of cells to be polynomials
in p and ¢ if we are going to be able to make such a transformation. Our idea

is quite simple. Namely, we shall just weight the lowest cell of the a,-nd part
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with [6], , — [3],,, and the other cells with 0. Extending this idea will allow us to
define the p, g-weights of the cells so that the sum of the p, g-weights of the cells
that lie in a;-part of column i in the lower augmented board for j < sis [AJ],,
and the sum of g-weights of the cells that lie in a;-part of column 7 in the upper
augmented board for j < sis —[A],,-

Fix the two sequences B = (by,...,b,) and A = (ay,...,a,) and the two
sign functions sgn : {1,...,n} — {1,—1} and sgn : {1,...,n} — {1,—1}. The
first step in proving Equation (3.40) is to define a p, g-weight, 1, , g4 (P), of each
placement P € N(B4) and a p, g-weight, 11,,,54(Q), to each placement Q €
NA(B). To do this, we shall define a p, g-weight, 1, , 5 (c), to each cell ¢ in B

Then if P € N;A(B4) has rooks in cells ¢y, . . ., ¢, we set

k
tpq 54 (P) = [ [ ttpq.2(c:)- (3.41)
=1

Similarly, if @ € N:A(B2) has rooks in cells ¢y, . . . , ¢,,, then

154 (Q) = [ [ tpasa(c). (3.42)
=1
Then we define
rd (B sgn,sgi,p, ) = Y ppgsal(P). (3.43)
PENA(BA)

To define p,, , g4 (c), we proceed as follows:

1. For each i, the weights 1, , 4 (c) of the cells in the i-th column of the z-part

of Bzt are p*~1, p*2¢q,p"3¢%,.. ., ¢* !, reading from bottom to top.

2. For each i, the weights 1, , 4 (c) of the cells in the i-th column of the B-part

i1 P72, squ(i)p" e, ... sgn(i)g" ", reading

of BA are sgn(i)p®~!, sgn(i)p

from bottom to top.
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3. For each i, we assign weight 1, , ga(c) to cells in the i-th column of the

lower augmented part as follows. First, we assign the weight 5g7(i) pu—t,

a1—2 a1—3 2

sgn(i)p™—2q, sgn(i)p™3q¢?, ..., sgn(i)g™ " to the cells in a;-st part of col-
umn ¢ in the lower augmented part of the board reading from top to bot-
tom. Thus the sum of the g-weights of cells in a;-st part of column 7 in the
lower augmented part is [5gn(i)ai], .. Next suppose that we have assigned
the weights to cells in a,-th part of column 7 in the lower augmented part
for j = 1,..., s so that the sum of the p, ¢-weights of cells that lie in a;-th
part of column i in the lower augmented part for j < sis [4,],,. Then
we define the weights to the cells in a,-th part of column ¢ in the lower

augmented part according to the following cases:

Casel. 0 < A, < A, 4. In this case, we assign the weight of cells in the

as1 parttobe [Agy1],q — [Aslpg, 0, - . ., 0, reading from top to bottom.

Case2. 0 < A,,; < A,. In this case, we assign the weight of cells in the

asi1 part to be [Agi1]pg — [Aslp.g, 0, - - ., 0, reading from top to bottom.

Case 3. ZS+1 < 0 < A,. In this case, we assign the weight of cells in the
Ggy1 part to be —[A,],4,0,...,0, —plAstl=t _gpldenil=2 _ glAsnl-1

reading from top to bottom.

Cased. 0 > A, > Esﬂ. In this case, we assign the weight of cells in the

as1 parttobe [Agy1]pq — [Aslpg: 0, - - ., 0, reading from top to bottom,

Case 5. 0 > ﬁsﬂ > A,. In this case, we assign the weight of cells in the
as+1 part to be

[Asiilpg — [Adpgy 05,0
, reading from top to bottom.

Case 6. A,,; > 0 > A,. In this case, we assign the weight of cells in the
(g4 part to be —[A,],,,0,...,0,plAstil=1 gplAseal=2  glAsal=1 pead-

ing from top to bottom.
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4. For each i, the cell in the r-th row of the i-th column of the upper aug-
mented part of the board, reading from bottom to top, is equal to —1 times
the weight of the cell in 7-row of i-th column of the lower augmented part
of the board, reading from top to bottom. That is, in the upper augmented
part of column 7, the weights of the cells in the i-th column are the exact

mirror image as those which come from the lower augmented part.

Then we can prove Theorem 3.3 by computing the sum

D tpesa(@) (3.44)

QEN(BL)

in two different ways as before.
We can also obtain a variations of the p, g-analogue Theorem 3.3 where we
replace [z],, — [a],4 DY [ — a,, and replace [z],, + [a],, bY [z + a],, much as

we did in the g-anlogue case by using the transformations

[Z]pg — 0" lalpg = ¢"[x — alpq (3.45)

and

p* [x]p,q +4q" [a]p,q =q"[r + a]p,q (3.46)

where x > a > 0.



Chapter 4

Poly-Stirling Numbers

4.1 Introduction
Let p(z) = ap + a1 + - - - + a,2™ € Nz]. Then we define the p(x)-Stirling

numbers of of the first and second kind by the following recursions:

36'%) =1land sif? =0ifk <0ork >n,and (4.1)

St = S — P 0 <k <m+ landn > 0.

and
ng%”) =1 and Sﬁf,f) =0ifk <Oork >n,and (4.2)
Sf;gfl),k = Sﬁf,f)_l +p(k)S£f,f) if0<k<n+landn >0.

It turns out that for any p(z) € Nlz], the matrices HSZ(“Z)H and HSﬁ(,f)H are
inverses of each other. This fact follows from the following general inversion
formula of Milne [22].

Theorem 4.1. Let n, k € N and suppose {x;} is any sequence indexed by N. Set || Al|
to be the upper triangular matrix whose (i + 1, j + 1) entry, A;11 ;41 = a;j, where

the numbers a,, j, satisfy the recursions

92
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apo = land a,, =0ifk <0ork > n, and

A1k = Onj—1 + Tpan i if 0 <k <n+1landn > 0.

Then the matrix ||B||, whose (i + 1, j + 1)** entry , Biy1 j+1 = b; j, where the numbers

by, i satisfy the recursions

boo=1and b, =0ifk <0ork > n,and

bn—i—Lk = bn,k—l - znbn,k ZfO S k S n+1 and n Z Oa
is the inverse of || All.

If we replace Si(,i) with (—1)”"“(:{15?, then we have the recursions:

cgfg) =1 and cfl(i) =0ifk <0ork >n,and (4.3)
cp(ﬂk = Cz(i)—1 —i—p(n)cflfi) if0<k<n+1landn >0.

n

We will call the sequence of numbers in Equation (4.2) the poly-Stirling num-
bers of the second kind for p(x), the sequence of numbers in Equation (4.1) the
poly-Stirling numbers of the first kind for p(x), and the sequence of numbers in
Equation (4.3) the signless poly-Stirling numbers of the first kind for p(z).

In this chapter we will give rook theoretic interpretations of these poly-
Stirling numbers of the first and second kind. We shall also show that there
are two natural g-analogues of these numbers depending on whether we take
the ¢g-analogue of p(n) to be p(n],) or [p(n)],. That is, if we take the g-analogue
of p(n) to be p([n],), then we can define g-analogues of sﬁfi) and ng,f) by the

following recursions:

sg%)(q) =1 and sﬁfz)(q) =0ifk <0Oork >n,and (4.4)

siia@) = 501 (@) = p(nlg)$f 3 (@) 0 < k <t Land n > 0.
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and

sgg”) 1andSZ(k)—01fk:<00rk>n and (4.5)

Sﬁffk Sp(;f)l‘i‘P([ klg )Spk ifo<k<n+1landn >0.

If we take the g-analogue of p(n) to be [p(n)],, then we can define g-analogues

of sfﬁ) and Sﬁf,f) by the following recursions:

55 (g) = 1and 527 (q) = 0if k < 0 or k > n, and (4.6)

Eflgri’k(q) = Si(k) W(q) — [p(n)]qsnk (if0<k<n+1landn=>0.

and

387(5)@) =1and ?Zfi)(q) =0ifk <0ork >n,and (4.7)
Sni(@) = 5ila(0) + (RS () i 0 <k <n+1and n > 0.

We shall call the first type of g-analogues, the type I ¢- analogue of st k ) and
Sﬁf,f) and the second type of g-analogues, the type II g-analogue of Sn, ") and Sfi '
The outline of this chapter is as follows. First, we shall present a general rook
model, which we call m-partition boards, whose file numbers and rook numbers
will, respectively, specialize to the 5%, and S}, when we restrict ourselves to the
analogue of the staircase board. Then we shall give two different g-analogues
of our model’s file and rook numbers. In one case, the file and rook numbers
for the staircase board will specialize to the s} (¢) and S, (¢) and, in the other
case, the file and rook numbers for the staircase board will specialize to the
52%(q) and S, " (q). Then we will show how we can combine these various z"-
models to obtain a rook theory model which will allows us to give a rook theory

interpretation for SZE? and Sﬁf,f) and their g-analogues for any polynomial p(z) €

Nlx].
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Figure 4.1: B®, with B = F(0,1,3,4)

4.2 m-Partition Boards & Rook Placements

Let B = F(by,bs,...,b,) be a rook board and suppose that m is a positive
integer. We may then define B(™, called the m-partition of B, to be the board B
where each column is partitioned into m subcolumns. We will define, for any
board 4, C;;(A) to be the " subcolumn, from left to right, of the j* column
of A. An example of these types of boards can be seen in Figure 4.1, where
B = F(0,1,3,4) and m = 2. We also define the n'" m-staircase board, denoted
by Bﬁ[“), to be the n'" staircase board, B,,, with each column partitioned into m
subcolumns.

As in Chapter 1, we can define two kinds of rook placements in the board
B™: non-attacking placements and file placements. In order to do this, we
must make the rule that if one rook is placed in any one subcolumn of B™),
then a rook must be placed in every other subcolumn of that same column, that
is, if a rook lies in a cell of C(l,j)(B(m)) for some [ and j, then a rook lies in a
cell of C(s;(B™) for each 1 < s < m. For notational purposes, if m rooks
are placed in the j* column of B(™), then those rooks will be denoted by the
m-tuple rUm™ = (rq ;),7@j)s- -, (m,j)), interpreted as there being a rook r,
which is placed in C(; ;(B™). Moreover, if the rook r( ;) is placed in the cell of
C.;(B™) which is in the i*" row from the bottom of B(™), then we will say that
the rook r( ) is in cell ¢(7,[, j). Finally, for a rook placement which has rooks in
k columns of B(™), we will define C;, to be the w'" column of B(™), from left to
right, which contains a rook, and the height of this column is given by b;,, .

Suppose that B = F(by, b, ..., b,) is a Ferrers board. For any rook placement
in B, a rook will cancel the cells in B which are below it and the cells which
lie to its right in its respective subcolumn. Formally, if a rook r = 7 ;) is placed

in (7,1, ), then r will cancel the cells {c(¢,1,7) : 1 < t < i} U{e(i,l,s) 5 <
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Figure 4.2: A placement in N3 5)(B®), with B = F(1,3,3,5,6)

Figure 4.3: A placement in F; 5 (B®), with B = F(1,3,3,5,6)

s < n} which have not been previously cancelled by a rook placed to their left.
An example of this cancellation can be seen in Figure 4.2, where the number
"w" in the diagram represents a cell cancelled by a rook in column C;,. We let
/\/'Mm)(B (m)) denote the set of placements of mk rooks in B™) such that there
are exactly k£ columns which contain rooks, there is at most one rook in any
subcolumn, and no rook lies in a cell which is cancelled by a rook to its left. We
call such placements, non-attacking rook placements.

For any rook board B, we let Fj, (,,)(B™) denote the set of rook placements
mk rooks so that there are exactly k columns of B(™ which contain a rook and
there is at most one rook in any given subcolumn. We call such a rook place-
ment, a file rook placement. In a file placement, each rook 7 ; placed in cell
c(i,1,7) will cancel the cells {c(t,1,7) : 1 <t < i}. An example of this cancel-
lation can be seen in Figure 4.3, where again, the rooks placed in column Cj,
cancel the cells marked with a "w".

We then define

Ty (m) (B™) \Wo,m)(B™)| and

Fosimy(BU™) = | Fie oy (B™)],

and we shall call 7y, (,,, (B™)) the k" m-rook number of B™ and fy, (n)(B™) the
k" m~file number of B(™,

Given a rook board B and a positive integer m, we define the board Bi™
to be the board B(™ with = rows appended below , each with n columns parti-
tioned into m subcolumns. We refer to this part of the board as the z-part and
the part that corresponds to B™ will be called the upper part of BI™. We will
say that these two parts are separated by the high bar. An example of this type
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Figure 4.4: The board BY, with B = F(1,3,3,5,6) and = = 4.

of board can be seen in the Figure 4.4, where B = F(1,3,3,5,6), m = 2, and
x = 4. For B{™, we will label the cells in the upper part of this board exactly as
we would in the board B™). For the x-part of Bém), we will label the rows, from
top to bottom, with 1,2, ..., z. If a rook r is placed in column C(ZJ)(Bgm)) in the
x-part in the row labeled with i, then we say that r lies in the cell ¢, (4,1, 7).

)

We consider rook placements in the board B™ with the following condi-

tions:

)

1. m rooks must be placed in every column of BI™, with one rook per sub-

column.

2. If any of the m rooks placed in a given column lie above the high bar, then
all m rooks in that column must lie above the high bar. Otherwise, all m

rooks in that column lie in the z-part.

3. Given a placement of mn rooks in B™, if there are km rook which lie

above the high bar, then these rooks form a placement in Fj, () (B™).
ém

We call this type of placement a file placement in B ), and we denote the set of

all such placements of mn rooks in this board by F,, (., (B{™). We also make the
following cancellation rules for rooks placed in Bi™:

1. A rook r placed above the high bar in the cell ¢(7, [, j) will cancel the cells
{c(t,l,5): 1 <t <i}.

2. Rooks placed in the z-part of the board do not cancel any cells.

An illustration of this type of placement and corresponding cancellation can be

‘" _7

seen in Figure 4.5, where the cancelled cells are denoted by a “e”.
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Figure 4.5: A placement in F; (o) (B{”) and the corresponding cancellation, with
B =F(1,3,3,5,6) and z = 4.

Theorem 4.2. Suppose x,n € Nand let B = F(by,ba, . ..,b,) be a rook board. Then,
for any positive integer m,

n n

[T+ ®)™) =" faiim)(B™) (@™ (4.8)

=1 k=0

Proof: Given arook board B = F(by, by, . .., b,), we shall show that Equation (4.8)
represents two ways to count ]fnv(m)(Bg(cm))]. That is, in the standard way, we
tirst consider the number of ways that we can place m rooks in each column,
starting with the leftmost column and working to the right. In the first column,
there will be ™ cells in which to place the m rooks if we choose to place them in
the z-part, and there are (b;)™ ways of placing them if they all lie in the upper
part of the board. This gives us a total of (z™ + (b;)™) ways of placing m rooks
in the first column of B{™. Since rooks in this board do not cancel to their right,
we will have, in the i column of the board, 2™ ways to place rooks below the
high bar and (b;)™ ways of placing the m rooks above the high bar, giving a total
of (2 + (b;)™) ways of placing m rooks in column . Thus,

n

[ Foom (BI)] = [ [ (2™ + (B)™).

i=1

Next, suppose that we first fix a file placement P with m(n — k) rooks above
the bar in B{"”. We claim that there are (z™)* ways to extend P to a placement
Q € Fpm(B™) such that Q N B™ = P. That is, we want to count the number
of ways to extend P to a placement () € fn,(m)(Bg(cm)) by placing an additional

mk rooks below the bar. Here, we see that for each empty column, there are
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Figure 4.6: The board BA® with B = (1,3,3,5,6), A=(0,1,2,1,2), and = = 4.

exactly 2™ ways to place m rooks below the bar. Thus,

Fumy BN = > > @)

= > @ ) 1

k=0
which is the desired result. 0
Now consider the sequences B = (by,...,b,) € N*and A = (ay,a9,...,a,) €

N". As in Chapter 2, we can define the board B to be the the augmented rook
board, and given some = > 0, the board B to be the general augmented rook
board. We now define the board B;"™ by taking the board B and partitioning
every column into m subcolumns. Here, we will use the terms a,-part, B-part,
x-part, upper augmented part, lower augmented part, high bar, and low bar
exactly as in Chapters 2 and 3. An example of this type of board can be seen
in Figure 4.6, where B = (1,3,3,5,6), m = 2,z = 4, and A = (0,1,2,1,2).
Similarly, the board B4(™ will be the board B4 with each column partitioned
into m subcolumns.

If a rook 7 is placed in the i" row above the high bar in C’(ZJ)(Bf’(m)), then
we again say that r lies in the cell ¢(7, [, j). Similarly, if r is placed in the z-part
in the row labeled i in C; ; (Bf’(m)), then we say that r lies in the cell ¢, (3, [, j).
Finally, if a rook r is placed in the lower augmented part in column C{; ; (B
in the i"" row below the low bar, then we say that r lies in cell &(i, 1, j).

First we will consider placements P of mk rooks in the board B4 such
that if any subcolumn of a column contains a rook, then all the subcolumns of

that column must contain a rook. If any rook € P lies in a subcolumn [, then
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Figure 4.7: A placement P € Ny, (B4®), with B = (1,3,3,5,6) and A =
(0,1,2,1,2).

it will cancel all cells in the a,-part of subcolumn [ in all columns to its right
where a, # 0 and a; is the part of highest index which has not been cancelled
by a rook in a column which lies to the left of the column in r. An example
of this cancellation can be seen in Figure 4.7, where the cancellation from the

“”_7

rooks placed in the second column is denoted with a “e” and the cancellation
from the rooks placed in the fourth column is denoted by an “+”. Then we let
N, ,;f‘(m) (B4(m) denote the set of all such placements of km rooks where no rook
lies in a cell which is cancelled by a rook to its left. We shall call a placement in
Ny (BAU™) a non-attacking rook placement in BAt™).

We will now define the k** type A m-rook number of B4™ to be
7“ié(m)(BA’(m)) = |N1§fl(m)(BA’(m))|- (4.9)

Now consider placements in the board B2 (™) For this board, we make the

following placement rules:

1. m rooks must be placed in every column of B, with one rook per sub-

column.

2. All m rooks placed in a given column lie either completely in the B-part,
completely in the upper augmented part, completely in the z-part, or com-

pletely below the low bar in B,

3. Given a placement of mn rooks in B if there are km rook which lie

above the high bar, then these rooks form a placement in A, (B4(™).

4. A rook r placed in the upper part of B in the cell c(i,1,7) will cancel
above the high bar exactly as in the board BA™)  Moreover, if a rook r

which lies in column j and subcolumn [ cancels the cells in the as-part

lth

of ["* subcolumn in column ¢ > j of the upper augmented board, then it
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Figure 4.8: A placement in N, (BY”) and the corresponding cancellation, with
B=(1,3,3,5,6), A= (0,1,2,1,2),and z = 4.

also cancels the cells a,-part in the [ subcolumn in column ¢ in the lower

augmented part of the board.

5. Rooks which are placed below the low bar do not cancel any cells.

We let N\ (B:*'™) denote the set of all placements of nm rooks in B;""™ sat-
isfying the above conditions and for which no rook lies in a cell which is can-
celled by a rook to its left. We call the elements of j\/’;;l m) (B ’(m)) a non-attacking
placement in B;' ™ An illustration of this type of placement and corresponding

cancellation can be seen in Figure 4.8.

Theorem 4.3. Given x,n € Nand m € Z%, let B = (by,by,...,b,) and A =

(a1, as,...,a,) be two sequences in N". Then
LG+ @)™ = ity g B (@™ = (A)™) (@™ = (Ao)™) -+ (2™ = (A)™).
i=1 k=0

(4.10)
where A; = a1 +as + -+ + a;.

Proof: Define, for any @ € N Y«;l(m) ( B;fl’(m)),

Wx,B,A»(m) (Q) = H wx’B7A7(m) (r(j7m))’
7j=1

where 7™ represents the m rooks which are placed in column j and we define

Wg B, A,(m) (T(j’m)) by

1. we B A m(rP™) = —1if the m rooks in rU™ lie in the lower augmented
part of B;""™ and

2. Wy p.A,m)(rP™) = 1 otherwise.
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IfPeN; ,;f‘(m) (BA(’”)), and if the k rooks are in columns C;,, C;,, ..., C;,, then set

k
Wi, 4,m) (P) = wa,B,A,(m) (r(ijvm)).
j=1

If we define

S(Bf,(m)) = Z Wx,B,fL(m) (P)7
PENA ) (B2 (™)

then we claim that Theorem 4.3 represents computing S (B'™) in two different
ways.

First, suppose we wish to place m rooks in every column of B by starting
with the leftmost column and working to the right. Then in the first column of
B there are z rows to place a rook in the z-part, and each is divided into m
subcolumns, so we have 2™ ways to place rooks in the z-part of the first column.
We also have b; rows to place rooks in the B-part, which gives us a total of (b;)™
ways to place rooks above the high bar. Finally, we have A; rows to place rooks
in the both the upper and lower augmented parts of the board. Thus there are
AT ways to place the rooks in the upper augmented board which contribute
a factor of A7*. Similarly, there are AT* ways to place the rooks in the lower
augmented board which contribute a factor of —Aj". Thus the total weighting
for these placements in the first column will be (z™ + (b1)™ + (A1)™ — (A)™) =
(x + (b1)™). In second column, we have two cases.

Case I: If the m rooks placed in the first column were placed above the high
bar, then the cells in the a;-nd part of the upper and lower augmented boards
are cancelled in the second column. Thus, there will be ™ ways of placing rooks
in the z-part, (by)™ ways of placing rooks in the B-part of B:""™, (4;)™ ways of
placing rooks in the upper augmented part of B'™ and (A;)™ ways of placing
rooks in the lower augmented part of B,

placements in the second column is of B s (™ 4 (by)™ + (A1) — (A))™) =

Thus, the total weight over all
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(™ + (b2)™).

Case II: If the m rooks placed in the first column were placed below the high
bar, then no cells in the second column were cancelled. Thus, there will be ™
ways of placing rooks in the z-part, (b2)™ ways of placing rooks in the B-part of
B, (As)™ ways of placing rooks in the upper augmented part of B™ and
(A2)™ ways of placing rooks in the lower augmented part of B However, if
the m rooks represented by (2™ are placed in the lower part of the board, then
Wy B.4,(m) (™) = —1. Thus, the total weight over all placements in the second
column is of Ba"™ is (2™ + (by)™ + (A)™ — (A2)™) = (z™ + (by)™).

Now suppose that in the first j — 1 columns of our board, we have placed
rooks in s columns of the upper part of the board. It follows that the cells in the
a;-th part of the of the upper and lower augmented boards are cancelled in the j
column fori = j—s+1,..., . Then, if we go to place rooks in the j* column of
B there are ways of placing these rooks in the z-part of the board, (b;)™
ways of placing rooks in the B-part of the board, (A4;_,)™ ways of placing rooks
in the upper augmented part of the board, and (A4;_;)™ ways of placing rooks
in the lower augmented part of the board, but these placements come with an
overall weighting of (2 + (b;)™ + (A;_s)™ — (4;_5)™) = (2™ + (b;)™). Thus,

n

S(BH) = [T™ + v)™),

i=1
which is the lefthand side of 4.10.
Now suppose that we fix a rook placement P € N4, ., (BAM). We now

wish to compute

> WeB.4,m)(Q).

QEN,, () B2™)

ONBA,(m)=p
Each @ will arise from placing m rooks below the high bar in each column which

does not contain a rook of P. There are £ such columns, and we will begin plac-

ing the rooks in these columns by starting with the leftmost available column



104

and working to the right. We can show by essentially the same proof that we
used to prove Lemma 2.3, that the number of uncancelled cells in the lower aug-
mented part of the board in the these columns are A4, ..., A, reading from left
to right. Thus in the first available column, there will be ™ ways to place rooks
in the z-part of this column and (A4;)™ ways of placing rooks in this column
in the lower augmented part. The total weighting for those placements will be

m

(z™ — (A;)™). Now, suppose that we are placing a rook in the i"* available col-
umn, reading from left to right. Then there will be ™ ways of placing m rooks
in the z-part of this this column and below the low bar in this column, there will
be (A;)™ ways of placing the m rooks. So, the total weighting for this column

will be (2 — (A4;)™). We can now see that

ST Wasam(Q) = Weam(P)(@™ — (A)™) -+ (a™ — (A)™).

QEN,, () B2"™)

QNBA;(m) =p

Thus,

SB™) = Y0 Lben, oy (T = (AD)™) - (@™ = (A)™)

= D r—o Tffk,(m)(BA’(m))xm@m = (A)") - (@™ = (Ag)™). 0

We note that Theorem 4.3 is just a slightly modified version of the general
product formula theorems from Chapter 2, with sgn(:) = 1 and sgn(i) = —1 for
all i. For this theorem, we could choose B, A, sgn, and 5gn so as to get a vari-
ety of product formulas, including the following theorem, which is completely

analogous to Theorem 1.23.

Corollary 4.4. Given x,n € Nand m € Z*, let B = (|by, b2 —1|,...,|b, — (n—1)])
and A = (0,1,1,...,1) be two sequences in N". If sgn(i) = —1 for every i, then for
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the appropriate choice of sgn,

n n

H(«’L’m +(bi—(i—1))") = Z Py (B sgn)a™ (2™ 1) - (2™ = (k= 1)™).
- = (4.11)

Proof Sketch: We need only define sgn(i) = 1 when b; — (i — 1) > 0 and let

sgn(i) = —1 otherwise. U

4.3 2™"-Stirling Numbers of the First & Second Kind

Consider the poly-Stirling numbers of the first and second kind defined by
the the recursions given by Equations (4.2), (4.1), and (4.3). In the special case
where p(x) := 2™ for some positive integer m, then we call these numbers S,
st and ¢, the x-Stirling numbers. In this section, we shall discuss these num-
bers and their connections with m-rook numbers and m-file numbers.

The 2™-Stirling numbers of the first kind, s.,, are defined by the following
recursions:

sgzzlandsfljr,;:()ifk<00rk>n and (4.12)
S = sf:,;_l —n"st if0<k<n+landn>0.
We now define s, = (—1)"""c,. Thus, the integers ¢, called the signless

a™-Stirling numbers of the first kind, satisfy the recursion:

cho=1land ¢, =0ifk <Oork>n and (4.13)
Cf:l,k = cf:,;,l + nmcﬁ if0<k<n+1landn > 0.

m

Finally, we will denote the 2™-Stirling numbers of the second kind ' by S, and

we will define them by the recursion:

In the case where m = 2, these numbers are discussed in both [25] and [27] where they are
referred to as triangle central factorial numbers.
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Sgozlandsmk—01fk<00rk;>n and (4.14)

It is a direct result of Milne Inversion that the z™-Stirling numbers of the first
and second kind are inverses of each other, although we will give a combina-
torial proof of this fact in the next section. Moreover, notice that when m = 1,
then the 2"-Stirling numbers defined here match exactly with those defined in

Chapter 1.

4.3.1 Rook Theoretic Interpretations of z""-Stirling Numbers

Theorem 4.5. If B,, is the staircase board with n columns, then ¢, = fu_ (m) (B™),

Proof: If n,k < 0 or k > n, then f, 4 (m)(B{™) = 0, and if n = 0 we will say that
fo,im)(@) = 0. Thus, the initial conditions have been satisfied. Suppose n > 0.
We will now proceed by induction on the number of columns of the board
B,. When n = 1 we have f; () (B/"™) = 0 = cﬂf’g and fo m(B"™) =1 = ¢f}. So
assume that n > 1 and f,_i m) (B( )) = & for 0 < k < n. By our definition,
fn+1_k7(m)(B£L +)1) will be equal to the number of rook file placements into the

n+1— k columns of B™

nt1- These placements will either have no rooks placed in

the last column of Bfl +)1 or m rooks placed in the last column. Those placements
which have no rooks in the last column of Bf{ﬂ are counted by f,, 11k (m) (B,(lm)),
which is equal to ¢, _, by our induction hypothesis. Similarly, if there are rooks
placed in the last column of B! 41, then there are only n — k columns of the
tirst n which contain rooks, and we have assumed that those are counted by
Fatemy) (BU™) = ¢, Now we need to extend these placements in B{"™ to place-
ments in the board Bn 41~ Since none of the rooks in the first n column of Bfﬂ)l,

cancel to their right, there will be n™ ways to place m rooks in rightmost column
of the board. Thus,
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frt1—k,(m )(Bffi)l) = fat1-k,m)(B

:/\
2

I
2
~—

) + nmfn—k,(m) (B
— x™ m x™
- Cn,kfl +n Cn,k
xm
CnJrl,k' ]

The special case of Theorem 4.2 where B = B, gives the following corollary.

Corollary 4.6. Suppose x,n € N. Then, for any positive integer m,

n n

[[@™+ -1 =>"c@m* (4.15)

=1 k=0

Corollary 4.7. Suppose x,n € N. Then, for any positive integer m,

H(x (t—1)™ Z st : (4.16)

Proof: Consider Equation (4.15). If we replace 2™ with —2™ and multiply both
sides by (—1)", then we obtain Equation (4.16). ]

Theorem 4.8. If B,, is the staircase board with n columns, then Sfj; = Tn—k,(m) (Bﬁlm)).

Proof: If n,k < 0 or k > n, then r,_j (B( )) = 0, and if n = 0 we will say that
7o,m)(0) = 0. Thus, the initial conditions have been satisfied. Suppose n > 0.
We will now proceed by induction on the number of columns of the board
B,,. When n = 1 we have 7 (, )(Bgm)) =0= 57, and 7, m)(B(m)) =1=577.So
assume thatn > 1 and r,,_; (m)(B( ) = Sm for 0 < k < n. By our definition,

Tnt1—k,(m) (Bn41) Will be equal to the number of placements of attacking rooks
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into n + 1 — k columns of Bm)l. Following the proof of Theorem 4.5, these place-
ments will either have no rooks placed in the last column of Bﬁjﬂ or m rooks
placed in the last column. Those placements which have no rooks in the last
column of B{", are counted by 7,,.1_x om) (B™), which is equal to S&._1 by our
induction hypothesis. Similarly, if there are rooks placed in the last column of
Bfﬁ)l, then there are only n — k£ columns of the first n which contain rooks, and
we have assumed that those are counted by r,,_, () (Bﬁbm)) = Sﬁjz. Now we need

m)

(m) to placements in the board Bf1 41, and there

n

to extend these placements in B

will be k™ ways to do that. Thus we have

Prtt k() (BY) = Tt (o) (BU™) 4+ K™ oy (B™)

— z™ m Qx™
- Sn,kfl—i_lC Sn,k

_ ™
- Sn—l—l,k' O

Lemma 4.9. Let B = (0,0,...,0) and A = (0,1,...,1) be sequences in N" and

suppose m is a positive integer. Then for every 0 < k <mn,

i) (BU") = Ty (BH0).

Proof Sketch: We can check, as we have done with similar theorems, that the
numbers rk(m)(B?(lm)) satisfy the same recursions and initial conditions as the

numbers 7', (B4(™) for the given B and A. O

This yields the following corollary to Theorem 4.3.

Corollary 4.10. Suppose x,n € N. Then, for any positive integer m,

(™) = Z ST (@™ (@™ —1m) - (2™ — (k= 1)™). (4.17)
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We will give a computational proof of this corollary later in this section,

which will be based on the following theorem.

Theorem 4.11. The lower triangular matrices defined by ||S% || and ||s} || are in-

verses of one another.

Proof: (This theorem is an immediate consequence of Milne Inversion Theorem,
however, here we will provide a combinatorial proof.)
Consider the sum

n k
S(n) =) Srisi. (4.18)

k=0 j=0

n—k x™

By definition, s}, = (—1)""*cZ,, so we have

nk
S(n) =YY (=1)FIsEer. (4.19)
k=0 j=0
Now, we can think of this sum as representing a weighting over pairs of rook
placements (U, V) € (Nn_k,(m)(B;m)), Fk_j,(m)(Bfgm))). That is, if for any Ferrers
board B we define w(U) = (1)* = 1 for every U € N}, (,,,y(B) and w(V) = (—1)*
for every V' € Fj, (m)(B), then Equation 4.19 becomes

S(n) = > w(U)w(V). (4.20)

=0 920 (UV)EWo—t () BE) Fi—j () (BI™))

We now consider the involution I with the following properties:

L. If for (U,V) € (Np_p(m)(BT™), Fk_j7(m)(B§€m))), U has a m rooks in its last
column, then I(U, V) = (U*,V*) € (N —1,4m)(BI™), Fiej (o (BY1))), and

n

(a) U*isthe placement U with the rooks in the last column removed, and

(b) if U had a rook in C{; ;) in the w' available cell from the bottom of the

board B{™, then V* is the placement V' copied into the larger board,

B,(;z)l, with a rook placed in the cell ¢(w, [, k) of Bgi)l
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2. Iffor (U*,V*) € (/\/’n,k,l,(m)(B,&m)), Fk,jﬂ,(m)(B,(fj)l)), U* has no rooks in its

last column but V* does, then we reverse the above step.

An example of this part of the involution can be seen Figure 4.9, where
(U,V) and (U*,V*) are shown. Here (U,V) € (Nz,(s)(Bég)),}"2,(3)(8?))),
and (U, V") € (N17(3)(B§>3))7f3,(3)(3513))).

3. If for (U, V) € (N (m)(BI™), fk_jv(m)(B,gm))) neither U nor V' has m rooks
in the last column, then remove the minimum number of columns, s,
from both boards such that at least one of the two placements remain-
ing now has m rooks in the last column. We now have a new pair (U , V) €
(N om) BU™), Frj oy (BU™)). We now repeat the above steps of I on
(U, V) to get a pair (U*, V*).

An example of this part of the involution can be seen Figure 4.10, where (U, V),
(U, V), and (U*,V*) are shown. Here (U,V) € (N27(3)(Bé3)),fz(g)(Bég))) with
neither containing a rook in the last column, but both containing rooks in the
second column from the right, and thus s = 1. Once we remove the last column
of each board, we get new placements (U, V) and from there, since V contains a
rooks in its last column, we can recursively define I to give us (U*, V*).

Now, it is clear from [’s definition that /(I/(U,V)) = (U,V). Moreover, if
wU)w(V) = +1, then w(U*)w(V*) = —1 and also if w(U)w(V) = —1, then
w(U*)w(V*) = 41, thus [ is a sign-reversing involution. We can now see that,
through I, that unless I(U,V) = (U,V) each pair of placements will have a
counterpart (U*, V*) such that w(U)w (V) + w(U)w(V*) = 0. Thus,

n k

Sn)=>Y_>" > w(U)w(V).

=0 I=0 e () B F e () B
(UV)=(UV)

However, the only fixed points of I are those placement pairs which have no
rooks in either placement. That is, for fixed n, k must equal n and j must equal
k, or equivalently, w(U)w(V) = (1)(=1)*7 =1 = x(n = j). O
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Figure 4.9: An example of the involution I, where either U or IV contains a rooks
in the last column. Here, n = 5, j = 1, and k goes between 3 (top) and 4 (bottom).

Figure 4.10: An example of the involution I/, where neither U nor V' contains
a rooks in the last column. Here ,we remove the last column of tI}os? boards
which contain U and V' to get smaller boards and the placements (U, V'). From

there, we reapply I to get (U*, V*).

As the following proof shows, Corollary 4.10 can also be thought of as a
corollary to Theorem 4.11 and Corollary 4.7.
Computational Proof of Corollary 4.10:

Sro ST T @™ = (G = 1)™) = S Soh Sy sty (@)
= Yo Z?ﬂ S;’f;;si?(xm)ﬂ
= Y ox(n=j)(z™)’ by Thm.4.11

= (™)™

4.3.2 Setand Cycle Structure Interpretations of 2"-Stirling Num-

bers

In Chapter 1 we saw that Stirling numbers are intimately related to set par-
titions and cycle structures. As we will see in this section, ™-Stirling numbers
have combinatorial interpretations relating to m-tuples of set partitions and cy-
cles.

Let ng) = {P, P»,...P,} be an m-tuple of unordered set partitions of [n]
into k parts. Define HST,? = {PXZ)\ the parts of P, and P; have the same minimal

elements for every 1 <i < j < m}.

Theorem 4.12. Let n € Nand m € Z*. Forevery 0 < k <n, S¥' = ]H;”,?|
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Proof: Fix m € Z*. First we note that |H7(1”;°€)| = 0 whenever n < 0, £ < 0, or
n < k, and H%) = {0}, so \Hé"é)\ = S§y =1 Forn =1, \HYZ)\ = Sfy = 0and
|H | = S} = 1since H 1 = {{1}™}. Proceeding by induction, we will pick
n > 1 and assume that ]H(m | = Sy} forevery 0 < k < n.

Suppose that P +1 € Hgi)l - If {n + 1} is in a part by itself in P, € Pfﬁ s
then {n+1}isin a part by itself in P; € P(Ti , forevery j =1,2, ..., m. Thus we
can transform an m-tuple Pé?,:)_l — P \1 by adding the part {n + 1} to every
partition of qu’,z)_l. Similarly, if {n + 1} is not in a part by itself for some P, €
forj=1,2,....,m

Thus, we can transform an m—tuple P(m) = P(Ti , by adding n + 1 to any of the

nglk, then {n+ 1} is not in a part by itself in any P, € P n+1 k

k parts of each partition in P ks ), of which there are k™ ways of doing this.

Thus,
’Hn-i—lk = |an’ 1|_|_km|an|

. :E'"L m :E"L
- Sn,k 1+k S

— ™
- Sn+1,k‘ O

Theorem 4.13. Let C(m) = {Cl, Cy, ..., Cp} be an m-tuple of permutations of [n]
with k cycles. If we define Qn P = {CT(L”,?\ the cycles of C; and C; have the same minimal
elements for every 1 < i < j < m}, then ¢}, = |Q |for every 0 < k <n.

Proof: Fix m € Z*. First we note that \Q;",?\ = 0 whenever n < 0, k < 0, or
n <k, andQO"S) = {0}, so |Q )| = ¢ty = 1. Forn =1, |Q1o| = ¢fy = 0and
|S2171 | = ¢ = 1since Ql,l = {(1)™}. Proceeding by induction, we will pick

n > 1 and assume that ]Q(m)| = cflw,; for every 0 < k < n.

Suppose that C™ +1 k € Q If(n+1)isacyclein C; € Cf::l ., then (n + 1)
is a cyclein C; € cim +1 © for every j = 1,2,...,m. Thus we can transform an

m-tuple Cm R — C +1 by adding the cycle (n +1) to every collectlon of cycles

of Cﬂ)_l. Similarly, if (n + ) is not a cycle for some C; € ™, then (n + 1)

+1 k’

is not cycle in any C; € Cn i forj = 1,2,...,m. Thus, we can transform an
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Figure 4.11: Type I g-counting for a non-attacking and file rook placements in
the board B®), with B = F(1,2,2,4,5).

m-tuple 07(17,7@) = Cﬁi . by inserting n + 1 immediately after one of the elements
in each of the cycle structures in CT(:Z), of which there are n™ ways of doing this.
Thus,

QU =i el

_ x m x™
- Cn,k:fl +n Cn,k

xm
Cn+1,k' ]

Another theorem involving these 2™-Stirling numbers is the following, which

gives us a generating function for the S;;’s.

Theorem 4.14. For k € N,

l‘k

> St = (1—1mz)(1—2m2)--- (1 — k™mx)’

n>k

4.4 ()-Analogues of z"'-Stirling Numbers

4.4.1 Typel ()-Analogues

To study the g-analogues of z™-Stirling numbers, we must first define how
to g-count rook placements in a general Ferrers board B™). For any placement
P € N (m)(B™), let uncy(P) denote the number of uncancelled cells of P which
lie above a rook. For example, on the lefthand side of Figure 4.11, we have a
pictured a non-attacking rook placement PP where uncy (P) = ¢°. Now, given
a board B(™ we will define the k' type I gm-rook number of B™, denoted by

T, my(B™, q), as follows:

rem(B™ gy = Y g ®, (4.21)
PEN, (m) (B(™)
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Suppose that B = F(by,bs,...,b,) is a Ferrers board and m € Z*. From the
definition of 7y () (B™, ¢), we can see that the type I gm-rook numbers satisfy

the following recursions:

ro.my(B™, q) = 1 and r4 (my(B"™,q) = 0if k < 0 or k > n, and (4.22)
Pr1k(m) (B™, @) = rng1gmy (B™ /bn, )
+ [bn = (n = B)]7 0k ) (B™ /by, )
fo<k<n+landn>0

where B /b, denotes the board which results by removing the n'* column
from B(™). We wish to define the type I gz™-Stirling numbers of the second kind by

the recursions

Sio(q) =1and 52 (¢q) =0if k < Oork >n,and (4.23)

ern(@) = Se (@) + ([Kl)™SE () if 0 <k <n-+1landn > 0.

Then we can see that in the special case where B = B, then the polynomials
S&"(¢) and the polynomials k(B ¢) satisfy the same recursions with iden-
tical initial conditions.

We can also define, for any placement P € Fj, (,,)(B™), the k™ Type I gm-file
number of B, denoted by fy (m)(B™, q), to be

feamy(B™ )= > ¢mr®, (4.24)

PEFy, (m) (B™)
where uncy(IP) is equal to the number of cells in P which lie directly above a
rook in IP. If we look at the example in righthand side of Figure 4.11, we see that
particular placement would give a g-count of uncz(P) = ¢5.
Suppose we are given any rook board B = F(by,bs,...,b,) and m € Z™.
From the definition of f; (,,,)(B (m)_q), we can see that the type I gm-file numbers

satisfy the following recursions:
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fomy(B™,q) = 1and fy (m)(B"™,q) =0if k <0ork >n,and  (4.25)

fn+1—k,(m) (B(m)7 Q) = fn-i—l—k,(m) (B(m)/bm q) + [bn]gnfn—k,(m)(B(m)/bm Q)
f0<k<n+1landn >0.

We wish to define the signless type I qx™-Stirling numbers of the first kind by

the recursions

cgz(q) = 1and cfl;;(q) =0ifk<0ork >n,and (4.26)
(@) =1 (@) + ([n]) e (q) if 0 < k <n+1andn >0,

and we can see that in the special case of B = B,,, that these satisfy the same
recursions as f,_j,m) (B, ). Also, by replacing ¢ (¢) with (—1)"*s2' (q), we

get the following recursions:

m
x

sto(q) =1land s.(q) =0if k <0ork >n,and (4.27)

7YL

Sﬁl,k(Q) = spr_1(q0) — ([nlg)™sy, m(@)if0<k<n+landn >0,

where the 57 (q)’s are referred to as the type I qz™-Stirling numbers of the first
kind.

The Milne Inversion Theorem 4.1 then implies the following corollary.
Corollary 4.15. The matrices ||S%, (q)|| and ||s} . (q)|| are inverses of each other.

Now consider the P € F,, ,,)(BY™) and define

a:B(m) P q HACzB(m) 74 )

Then set
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Agem (C,q) = H5 B (T1,5), )5

where

1. if r; isin cell (4,1, j), then 0, gom (), @) = glelsbi)i<s<b}l and
2. if r 5 is in cell ¢, (i, 1, j), then 6, g (1), q) = gl (s:ba)1s <}

Theorem 4.16. Let x,n € Nand m € Z*. If B = F(by,bs, ..., b,) is any rook board,
then

H([ ank (B™, q)([z]™)". (4.28)

Proof: Let

S(Ba(cm)aQ) = Z Aaz,B(’")(QaQ)‘
Qefn,(m) (Bﬂ(cm))
We then claim that Equation (4.28) represents computing S (Bf(cm), q) in two dif-
ferent ways.

In the first way, we will place m rooks in each column of B,

starting with
the leftmost column and working to the right. In the first column, if we place
the m rooks in the z-part of the board, then there are 2™ way to do this, and
we will get a total g-weight, over all of these 2™ possibilities, of [z];". Now if
we place the m rooks above the high bar, then there are 07" ways to place these
rooks, and the total g-weight over these 07" placements will be [b,];*. Thus, if
we consider the 2™ + b* possible placements of m rooks in (', we get a total ¢-
weight of [z]7* + [b1]7" for these placements. In general, the rooks placed in B;" (m)
do not cancel to their right, so by the same logic as before, for any 1 < j <n, in
C; there will be 2™ + b7 possible rook placements in that column and they will

come with a total g-weight of [z];" + [b;]7". Thus
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i=1
In the second ways of counting S, suppose we first fix a placement P e
Fokmy(B™), and we extend this to a placement ) € F,, m)( ) Suppose

too that the column of B{™ which contain a rook from P are Ciy...,C; . and

In—k

the columns which do not contain a rook of P are C;,, . . ., C‘ik. One can see that
each such @ arises by placing m rooks in the z-part of each column of B
which does not contain a rook from P. In each of these k columns, there will be
2™ ways of placing the rooks, and each will contribute a g-weight of [z]". Now,

by how we defined the g-weight of 6, zm) (7(1,5), ),

Ax,B<m) (Qv q) = (H] 1 AC:{; B(m)( 2R Q))(HJ 1 ACx B(m) (Cija Q>>

= gerO((aly)

Summing over all possible k£ and P, we get that
S(BI™, q an k() (B, @) ([,
which is the desired result. 0

In the special case where B = B,,, Theorem 4.16 implies the following prod-

uct formulas involving the ¢} (¢)’s and the 57, (¢)’s:

H([x]gl (1—1)] Z cn ko ( ) (4.29)

and

H(qu — [ =1l = snrl@)(=l)" (4.30)
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From Corollary 4.15, we know that we may also obtain the following product

formula involving the S’ (¢)’s:

n

k
Z v [T =16 =11 (4.31)

j=1
However, if we would like a more direct combinatorial interpretation of Equa-
tion (4.31), then we will need the following g-analogues of type .4 rook numbers.

Consider the n-length sequences of natural numbers B = (by,...,b,) and
A= (a,...,a,). Define for any placement P € N;/{, ) (B4™), the g-weight of P
to be

Qpa, (m P q H QC BA.(m) (Czj ) Q>

7j=1
where C;, is the y* column from the left of the board which contains m rooks

and

Q(),BA,(m) ijs q H WpRA,(m) T(l )

where for each rook r(; ;) € P,

1. wgao (T ) = [{c(s, 1, j) i < s < bj}|if rg ) isincell ¢(i, 1, j) of the B-part
of BA(™) and

2. wpam (rey) = |{c(3, I,t) »i < s < t}]if rgy isin cell ¢(4,1, j) of the aug-
mented part B4, where c(t,, j) is the highest uncancelled cell in Cuj)-

We then define the k" type A g-rook number of B4™ to be

e B )= Y Qg (Pg) (4.32)

IPeN,;“( y (BA(m)

Now define for any placement P € N, ;;}(m) (B2"™) the quantity
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QzBA (m) P q HQxCBA(m)(C]7q)

j=1

where C} is the j* column of the board and

Qm CBA (m) C], q H CUI BA,(m) T(l ] q)

Now, for the board B, w, pam (T(15), q) is the g-weight of the rook in column
C,j) defined by the following:

1. Ifrq ) isincell ¢(4, 1, j) in the B-part, then w, gamm (1), q) = ¢l{eH)a<s<b}]
2. If rq ) isincell ¢, (i, , j) in the z-part, then w, ga.om (1), g) = gl{er(#b)A<s<il]

3. Ifr; isincell €(, [, j) in the lower augmented part, then w, ga.mm) (75),q) =

—gtesbii<sstil where &(t,1, j) is the lowest uncancelled cell in C(; ;).

4. Ifrg ; isincell ¢(7, [, j) in the upper augmented part, then w, pa.om) (75),q) =
gleti<sstil where c(t,1, j) is the highest uncancelled cell in C(; ;).

Now that we have a ¢g-weighting scheme for the board B:™, we can prove

the following theorem.

Theorem 4.17. Let x,n € Nand m € Z*. If B = (by,...,b,) and A = (a1, ..., ay)

are sequences in N*, then,

LIy + @id)™) = > ity (B @) [T (1 = 1A, (4.33)

i=1 k=0 j=1

WEB g = Y Qg (@),
QENA( )(BA (m))
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We then claim that Equation (4.33) represents two different ways of computing
W (B ).

In the first way, we will place m rooks in each column of B, starting with
the leftmost column and working to the right. In the first column, if we place
the m rooks in the z-part of the board, then there are ™ way to do this, and
we will get a total g-weight, over all of these 2™ possibilities, of [z];". Now if
we place the m rooks in the B-part, then there are b}* ways to place these rooks,
and the total g-weight over these b7" placements will be [b,]". Finally, there are
2(AT") ways to place the rooks in the augmented parts of the boards, however,
we weight these choices differently. That is, there are A]* ways of placing the
rooks in the both the upper and lower augmented parts of the board, but the
q-weighting over the placements of rooks in the upper augmented part is [A;]}"
and the g-weighting over the placements of rooks in the lower augmented part
is —[A;];". Thus, if we consider the 2™ + b}" + 2(A;)™ possible placements of m
rooks in C';, we get a total g-weight of [z];" + [b1]" + [A1])" — [A1]]" = [2]7" + [b1]7}
for these placements. When we go to place rooks in the second column of the
board, we have two cases.

Case I: Suppose the m rooks in the first column were placed above the high
bar. Then, the cells from the as-part of the board were cancelled in the second
column, and thus, when we go to place m rooks in the second column, we are
back in a similar situation as before. That is, we have =™ + b5 + 2(A7") ways
of placing the rooks. However, there placements give a total ¢g-weight of [z]]" +
[b2]g" + [Ad]g" — [AW]G" = [l + [bo]7"

Case II: Suppose that the m rooks placed in the first column were place be-
low the high bar. Then, no cells were cancelled in the second columns, and we
will have 2™ + b3* + 2(A7') ways to place the m rooks. Again though, the total
weighting for these placements will be [z]7" + [bo] " + [Ao] — [A2]7 = [x]7 + [ba]7-

In general, suppose we are going to place rooks in the j* column of B,

and suppose that we have placed rooks in s columns above the high bar in
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the first j — 1 columns. Then in this column there will be z™ + b7" + 2(AT" )
ways in which to place the rooks. If we g-count over all of these possible place-
ments however, we see that they will contribute a total g-weight of [z]]" 4-[b;]" +
[Aj-slg — [Aj=s]g = [=]g" + [b]7', and so

q q q

WBA, q) = [ (laly + b7

In the second way of counting W, suppose we first fix a placement P €
Nk, (m) (BA™).We wish to compute the sum of the weights of all placements
Q € Ny () (B2 such that Q N BA(™ = P. Suppose that we label the columns
C

of Bg(cm) which contain a rook from P as C; i, and the columns which do

not contain a rook of P as Cj,, ..., C;,. One can see that each such @ arises by
placing m rooks below the high bar in each column of B;' ™) which does not
contain a rook from P. In each of these k columns, there will be 2™ ways of plac-
ing the rooks in the x-part, and each will contribute a g-weight of [z];". There
will also be, in column C;,, A7 ways of placing rooks in the lower augmented
part, but the total g-weight over these placements will be —[A;];*. By how we

defined the g-weight of w, sa.cm) (7(15), 9),

Qypam (Q,q) = (H;:f Q¢ g paom (Ciy, Q))(H;?ﬂ Qe e B (éz'j ,q))
= Qg (Poo) T (] = [A)]7).
Summing over all possible k£ and P, we get that

n k
W(BA™, q) = riy (B, ) [ [ (=l = (A1),
k=0

Jj=1

which is the desired result. [

We can now see that Equation (4.31) is also a direct result of this theorem.
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4.4.2 Type Il )-Analogues

In this subsection, we will give an alternative way ¢-count rook and file
placement which will lead to different g-analogues of the z™-Stirling numbers.
This alternative way of g-counting rook and file placements is best explained by
through an example.

Step 1: Suppose we have a Ferrers board B = F(1,2,2,4,5) and a place-
ment P € N 3)(B®), as in Figure 4.12, where the rooks are placed in columns
Ci,, Ci, = Oy, Cy.

Figure 4.12: Step 1: A placement of non-attacking rooks in two columns of B®)
with B = F(1,2,2,4,5).

Step 2: We remove all of the rooks of P from B(™), and we number each sub-

column of B™, from top to bottom, with the digits 0, 1,2, .. ., as in Figure 4.13.

Figure 4.13: Step 2: A numbering of the blank board B® with B = F(1,2,2,4,5).

Step 3: We will place the rooks which were in column C;, = C, of the original
placement in B(™ back into the numbered board, and cancel in the normal way.
We will then note which numbers were in the the cells now filled by these m

(araz--am)y

rooks, and we will assign these rooks a ¢g-weight of vo(C;,,q) = ¢

1 ’
where (ajay - - - ay), is the p-ary digit a;(p" ') + aa(p"~2) + - -+ + a,(p°). In this
case, the rooks placed in column C;, give us a g-weight of v (C;,, q) = ¢1%02 =
gt = ¢4 We will then renumber the remaining uncancelled cells in
the columns to the right of C;, as we did in Step 2. This step can be seen in
Figure 4.14.

Figure 4.14: Step 3: We begin to place the original rooks back into the board

B, and we keep track of the numbers in those cells. We then assign a g-weight
to those rooks, and renumber to the right of those rooks.

Step 4: Now we will place the rooks back into column C;,, which here is the

fourth column of B(™). We then assign those rooks a g-weight of v (Cj,,q) =
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(araz2--am)y

i2-'. Here the rooks in the fourth column of B™ will be assigned a
g-weight of v (Cj,, q) = 1041 = g1O+H0E+20) = ¢l This step can be seen in
Figure 4.15.

Figure 4.15: Step 4: We repeat Step 3 for the rooks in column Cj.

Step 5: In general, we will, after replacing the rooks in a given column C; ,
give those rooks a g-weight of vc(C;, . q) = g\®1@2 )i, ~(w=1 We will then define

the g-weight of the original placement P € N}, (,,)(B™) to be

v(P,q) = [ ve(Ci. ).

For this example,

V(Pa q) = VC(Ch?q)VC(OZ’ga q) = q4q11 = q15'
We now define the k" type I gm-rook number of B to be
Teom(B™q) = > v(Pq). (4.34)
IPENky(m) (B(m))

Let B = F(by,bs,...,b,) be a Ferrers board and suppose that m € Z*. If we
again let B /b, be the board B(™ with the n'* column removed, then we can

see that these type II g-rook numbers satisfy the following recursions.

To.om)(B™, q) = 1 and 7y, () (B™, q) = 0if k < Oor k > n, and (4.35)
Fn—&-l—k,(m)(-B(m)a Q) = Fn—i—l—kz,(m) (B(m)/brw Q)
+ (b — (0 = B))™)gTnk.(m) (B™ /by, @)

if0<k<n+landn > 0.

We wish to define the type II qx™-Stirling numbers of the second kind by the

recursions:
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Figure 4.16: An example of a g-count for a column-strict rook placement P &
Fi.m)(B™), where B = (0,1,2,4,5,5). This placement has a g-weight of ¢'%°.

Ef(q) =1and gzn;(q) =0ifk<O0ork >n and (4.36)
S (@) =S (@) + K], (@) if 0 <k <n+1andn > 0.
Again, we see that in the special case where B = B,,, the polynomials gin,;(q)

, q) satisfy the same recursions with identical initial conditions.

n

and Tn—k,(m) (B(m)

There are also type Il gm-file numbers, which can be defined in a very similar
way to the rook numbers. Here, we define the k' type II gm-file number of B™
to be

Fowm@B™,0) = > w(Pq). (4.37)

Pefk,(m) (B(m) )

We define

k
w(®,q) =[] ne(Ci.q)
w=1

and if the rooks that are placed in C;, lie in the cells c(a1, 1,,,), c(az,2,iy), - - .,
(@, m,i,), then
(a1az--am)p

iw

pe(Ci, q) = q

An example of this g-weighting can be seen in Figure 4.16, and the placement

shown has a ¢-weight of

(P, q) = q(101)2q(221)5q(204)5 — PPP = .

Given any rook board B = F(by,bs,...,b,) and any positive integer m, the
7k7(m) (B, q) satisfy the recursions
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Foom(B™,q) =1and fy () (B"™, q) =0if k <Oork >n,and  (4.38)

7n+1—k,(m)(B(m)7 Q) = 7n+1—k,(m)(B(m)/bm CI) + [bmqfn—k,(m)(B(m)/bn, Q)
if0<k<n+landn > 0.

We wish to define the signless type Il qz™-Stirling numbers of the first kind by

the recursions:

Egjg(q) =1 and Ef:;(q) =0ifk <0Oork >n,and (4.39)

enia(e) =i (9) + [n"],2 (@) 0 < k <n+land n > 0.

We see that in the special case of B = B,, that these satisfy the same recursions
as f,, 1. m (B, q). Also, by replacing 2 (q) with (—=1)""*52" (¢), we get the

n

following recursions:

m
=T

Sto(q) =1and s, (q) =0if k <0ork >n,and (4.40)

m —_gm

Sns1k (@) = Sp -1 (9) — [”m}qgf:l;@) if0<k<n+landn>0.

The 57",(¢)’s are referred to as the type II qx"™-Stirling numbers of the first kind.
Applying the Milne Inversion Theorem 4.1 to these type II ¢-Stirling num-

bers, we get the following corollary.
Corollary 4.18. The matrices ||§f:;(q)|| and |57, (q)|| are inverses of each other.

Suppose that P € F, () (BY™) and define

M, g (P, q) = H Mc , g (Cj, q),

j=1

where
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Figure 4.17: An example of a g-count for a column-strict rook placement P &

f6,(3)(8§3)), where B = (0,1,2,4,5,5) and = = 5. This placement has a ¢g-weight
of ¢273.

1. if the m rooks in C} lie in the cells c¢(a4, 1, j), c(az, 2, j), . .., c(am, m, j), then
Me . g (Cj,q) = g(@1ezam)m and

2. if the m rooks in Cj lie in the cells ¢, (a1, 1, j), cu(a2,2,j), - .., cz(@m, m, j),
then MC,I,B(m) (Cj, q) — q((l’—m)(x—az)...(q:—am))m_

An example of this type of g-weighting can be seen in Figure 4.17, where the

same board and placement as in Figure 4.16 is used above the bar. Here

M5,B(3> (]P)a (]) = H?:l MC,5,B(3> (Cj> Q)

= (232)54(012)5 4 (101)2 1(304)5 (221)5 (204)s

273

Theorem 4.19. Let B = F(by,bs, ..., by,) be any rook board. If x,n € Nand m € Z*,

then . .
LT+ B70) = Faieomy (BT, @) (2] (4.41)
i=1 k=0
Proof: Let
S(Bg(vm)7 Q) = Z Mx,B(m) (Pv Q)

PEF () (BE™)

Then we claim that Equation 4.41 arises from computing S (Bg(;m)

,q) in two dif-
ferent ways.

In the first way, we will place m rooks in each column of Bg(cm), starting with
the leftmost column and working right. In the first column, if the rooks are

placed in the z-part, then by how we defined M., gim (C1, q), we will get a total
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g-weight of [x™], over all placements of rooks in the z-part. Similarly, if the
rooks are placed above the high bar, then we get a total ¢-weight of [b]*], over
all such placements. So, the g-weight over all possible placements of m rooks in
C, is [2™], + [b}"],- Since rooks do not cancel to their right in this board, if we
place m rooks in C}, then the total g-weight over all placements of rooks in this

column will be [z™], + [b]],, and thus,

S(Bg(cm), q) = H([xm]q + [0"]q)-

Now, fix a placement P € F,_ (m) (B(™). We wish to compute the sum of
the weights of all placement Q) € F,, () (B= B™) such Q N B™ = P. Each such
() arises by placing m rooks below the high bar in each column which does not
contain a rook of P. In each such column there will be 2™ ways of placing these
m rooks, which will give a total g-weight for each column of [2™],. As there are

k such columns,

S(BI™.0) = o Tper, oo 1P (")
= Yo ok oy (B™, ) ([2™])". -

Specializing the above theorem to the case where B = B,,, we get the follow-

ing product formula involving the signless type II ¢-Stirling numbers:

H([xm] + ([ —1)™ Z e ( : (4.42)

If we then take Equation (4.42) and replace [2™], with —[2™"], and multiply both

sides by (—1)", then we get a product formula involving the 57, (¢)’s:

n n

[T =[G = 1)) = > si(@)([27])". (4.43)

=1 k=0
By Corollary 4.18, we then get the following product formula involving the type

IT ¢-Stirling numbers of the second kind,
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n
m

([2™)g)" = D Sus(@la™la([6™)g = [17]g) -+ ("] = [(k = 1)"]g).  (444)

k=0
We can give a direct combinatorial proof of (4.44). Suppose that we are given
two n-length sequences of nonnegative integers B and .4 and a positive integer

m. We will define, for any P € N\, (B*(™) the quantity

FBA(m) ]P q H’YTBA (m) )7q>7
where the £m rooks in P lie in the Columns Cj,, ..., C},, and where the m rooks
in column Cj, are denoted by 7™ = (rq ;). .., T(mji))-

We also set for any @) € N: ;;1 o B ™)

Iy saom (@, q) H%TBAW ™. q).
We then define v, ,. .o (705), q) as follows:

1. If the rooks (r(1),...,rm.,)) lie, respectively, in the cells c(aq,1,7), ...,
c(am,m, ) of the B-part of the board, then

Jm)

SR () ((ar=1)-(am=1))s;

,q) =q
. If the rooks (r(1),...,7m,)) lie, respectively, in the cells c,(as,1,j), ...,

cx(am, m, j) of the x-part of the board, then

(@=ar)(z=am));

(4,m)

V., BA(M) (T ) q) =dq

3. Suppose the rooks (7(1j),- .., rm.;)) lie, respectively, in the cells c(a4, 1, j),
., ¢(am,m, j) of the upper augmented part of the board. If sm rooks have

been placed above the high bar in the first j — 1 columns, then

’7 B.A,(’m) (T(j7m)’ q) — q(((al_bj_1)"'(am_bj_1))Ajis )
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Figure 4.18: An example of type II g-counting in the board B where B =
(1,2,4), A=(1,2,1),2 = 3,and m = 2.

4. Suppose the rooks (r(1j),...,7m,;)) lie, respectively, in the cells ¢(a, 1, j),
.., €(@y, m, j) of the lower augmented part of the board. If sm rooks have

been placed above the high bar in the first j — 1 columns, then

PYx,r,BA,(m) (T(j’m)a Q) - _q((al_l)...(am_l))Aj*S .

We can see an example of this type of g-counting in Figure 4.18, where B =
(1,2,4), A = (1,2,1), z = 3, and m = 2. If Q) is the placement shown in the
left-hand side of the diagram, then we get a g-weight for @) of

Fm’BA’(m) (Q’ q) = Tar,BAM (T(Lm)’ q)fya:,r,BAv(m) (T(Zm)a Q),YI,T,BA("L) (T(?),m)’ Q)
g
= (@) (=c")
13

Theorem 4.20. Let z,n € Nand m € Z*. If B = (b, ..., b,), A= (ai,...,a,) € N",
then

k
H([ﬂfm]q +[B"g) = DTy (B, q) H([xm]q — [Aj]q), (4.45)

where A; = a; + - -+ + a;.

Proof: Let

G(BH™ q) = > Tapaom(Q, q)-
QENA ., (B™)

n,



130

We then claim that Equation (4.45) arises by computing the sum G(ZS’;C4 ’(m), q) in

two different ways.

In the first way, we will place m rooks in each column of B, starting with
the leftmost column and working to the right. In the first column, if we place
the m rooks in the z-part of the board, then there are 2™ way to do this, and
we will get a total ¢g-weight, over all of these 2™ possibilities, of [2™],. Now if
we place the m rooks in the B-part, then there are b7* ways to place these rooks,
and the total ¢-weight over these b7* placements will be [b]"],. Finally, there are
2( A7) ways to place the rooks in the augmented parts of the boards, however,
we weight these choices differently. That is, there are AT* ways of placing the
rooks in the both the upper and lower augmented parts of the board, but the
g-weighting over the placements of rooks in the upper augmented part is [A}'],
and the ¢g-weighting over the placements of rooks in the lower augmented part
is —[AY"],. Thus, if we consider the =™ + bi* + 2(A;)™ possible placements of m
rooks in ', we get a total g-weight of [2™], + [07'], + [AT], — [AT]4 = [2™], + [b7],
for these placements. When we go to place rooks in the second column of the
board, we have two cases.

Case I: Suppose the m rooks in the first column were placed above the high
bar. Then, the cells from the a,-part of the board were cancelled in the second
column, and thus, when we go to place m rooks in the second column, we are
back in a similar situation as before. That is, we have 2™ + b3* + 2(AT*) ways of
placing the rooks. However, there placements give a total g-weight of [2™], +
5], + (47, — [A7, = 2], + b5

Case II: Suppose that the m rooks placed in the first column were place be-
low the high bar. Then, no cells were cancelled in the second columns, and we
will have 2™ + b5 + 2(A3') ways to place the m rooks. Again though, the total
weighting for these placements will be [x™],+[b5"],+[A5],—[AY], = [2™]4+[05]4-

In general, suppose we are going to place rooks in the ;™ column of B,

and suppose that we have placed rooks in s columns above the high bar in the



131

first j — 1 columns. Then in this column there will be 2™ + b7* + 2(AT" ) ways
in which to place the rooks. If we g-count over all of these possible placements
however, we see that they will contributes a total ¢g-weight of [+™], + [0]"], +
(AT g = (AT ] = [2™]q + [b7],, and s0

G<B;c4’(m)a q) = H([xm]q + [6"]4)-

In the second way of counting G, we first fix a placement P € N4 ke (m) (BAM)),
As in previous proofs, we now wish to compute to sum of the weights of all
placements Q € Nf(m)(Bf ™ such Q N BAM = P. Suppose that we label the
columns of B2 which contain a rook from P as Ciyy--.,C; . and the columns
which do not contain a rook of P as (..., C;;. One can see that each such @
Cy, - Ineach

of these k columns, there will be 2™ ways of placing the rooks in the z-part, and

arises by placing m rooks below the high bar in the columns C;;

Zl,...,

each will contribute a g-weight of [2"],. There will also be, in column C;,, A™
ways of placing rooks in the lower augmented part, but the total g-weight over
these placements will be —[A}"],. By how we defined the g-weight of the rooks

placed in column j, v, . ga.(m) (rUm) _q), we have that

Fx,B-Av(m) (Q7 q) = (H;L:_f ’y:cm,BAv(m) (T(ij’m)7 q)) (H?:l PYLT,BA(’") (T(i]-,m’ q))

= Tgam (P, Q)(Hle([xm}q — [47']))-

Summing over all possible k£ and P, we get that

E

n

GBH™ q) => Ty oy (B, ) [ (2™ ),

k=0 Jj=1

which is the desired result. 0

We now see that Equation (4.44) follows directly from this theorem.
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Figure 4.19: An example of the polyboard B(p(z)), with B = F'(1,2,3,5,5) and
p(r) = ag + a1z + axx®.

4.5 Poly-Stirling Numbers

4.5.1 Notation

In this section we wish to describe another rook model setting which will al-
lows us to give a combinatorial interpretation to the sﬁf:) and Sﬁ’(,f) for any poly-
nomial in p(z) € N[z|. Suppose we are given a rook board B = F(by, bs, ..., by)
and a polynomial p(z) = a,2°* +as,2% 4 - - +a,,2% € N[z| where 0 < 51 < 55 <
--- < syand a,, # 0 forall 1 <4 <y. We will then define a set of y m-partition
boards B(p(z)) := {B®Y) Bt2) . Bl In the case where s; = 0, B? is a
degenerate board with n columns of height 0. For such a board, rooks may be
placed in any column of B(?), but these rooks will not cancel any cells in B.
We will call B(p(x)) the polyboard associated with B and p(x), and we will refer to
the board B**) as the 2" subboard of B(p(x)). In Figure 4.19, we see an example
of a polyboard where B = F(1,2,3,5,5) and p(z) is of the form ag + a2 + azz?>.
(Note that the coefficients of p(z) are irrelevant when constructing B(p(z)).)

Define C, ;,(B(p(z))) to be the I"* subcolumn of the j* column of B**), and
we will refer to the collection of the j** columns of the y boards in B(p(r)) to be
the j column of B(p(z)). If s, rooks are placed in column Ca ) (B(p(z))), then
they will be denoted by the s.-tuple of rooks r#5:%) = (1,1 1), T(z2)s - - -+ (25, ) )s
and if the rook r = r(, ;) is placed in the i row from the bottom of B*-), then
we say that r lies in the cell ¢(z, 4, [, j). If we consider columns Cf, ;, (B(p(z))) and
Clp (B(p(2))) with j <k (j > k), then we say that CF, ) (B(p(z))) lies to the left
(right) of Cf, ,,(B(p())). Finally, suppose that rooks are placed into k£ columns
of the polyboard. We will label the columns which contain rooks, from left to

right (using the afore mentioned notion of left and right), with C;,, C,, ..., C

it
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4.5.2 Poly-Rook & Poly-File Numbers

Fix a polynomial p(z) = a,2° + as,2* + --- + a,,2* € Nlz] where 0 <
sp < 83 < --- < syand a,, # 0forall 1 < i < y and a Ferrers board B =
F(b1,by,...,b,). Given B(p(z)), we shall consider placements where if there is
a rook in a subcolumn C(Zlﬁk) where s, > 0, then there must be rooks in all the
subcolums C(ZL i) for 1 <1 < s, but there are no rooks in the any of 5" columns
of any of the boards B for i # 2. Next we define how rook cancels in B(p(z))

by considering a placement PP of rooks in B(p(x)).

Case I: s; = 0 If a rook r is placed in column k of B*%), then
(i) it cancels all the cells in each subcolumn of column j for B¢?) for i # 1
and
(ii) it cancels the lowest cells in each of the subcolumns of column [ in B(*?)
fori # 1 and j' > j that have not been cancelled by a rook which lies in a

column to the left of column j in one of the boards B¢V, ... B2,

Case Il: 5, > 0 If a rook r is placed in a subcolumn of column j of BGY then

(i) it cancels the cells in B*") in exactly the same way that any rook cancels
in a non-attacking rook placement in B®v),

(ii) it cancels all the cells in each subcolumn of column j in each B*=) with
z #i,and

(iii) it cancels the lowest cells in each of the subcolumns of column j' in
BG9) fori # 1and j' > j that have not been cancelled by a rook which lies

in a column to the left of column j in one of the boards B, ... B(=),

Case III: s; for : > 1 If a rook r is placed in a subcolumn of column j of BGi),
then

(i) it cancels the cells in B**) in exactly the same way that any rook cancels
in a non-attacking rook placement in B¢,

(ii) it cancels all the cells in each subcolumn of column j for B®=) for z # i,
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Figure 4.20: An example a non-attacking rook placement in the polyboard
B(p(x)), with B = F(1,2,3,5,5) and p(z) = ag + a1z + azx.

and
(iii) it cancels the lowest cells in each of the subcolumns of column j' in
B9 fori # 1 and j' > j that have not been cancelled by a rook which lies

in a column to the left of column j in one of the boards B, ... B(=),

An example of this cancellation can be seen in Figure 4.20, where a placement of
rooks in three columns of the polyboard B(p(x)) is shown, with B = (1,2, 3,5,5)
and p(x) = ap + a1 + azz®. Here we have placed a “1” in all cells cancelled by
the rook in column 1 of the second board, a “2” in all cells cancelled by a the
two rooks in column 3 of the third board, and a “3” in the cells cancelled by the
rook in column 4 of the first board.

Let N () (B(p(x))) denote the set of all colored rook placements in B(p(x))
such that
(a)forall 1 < < z, if there is a rook in a subcolumn of column j in a board B (i)
then there is exactly one rook in each subcolumn of column j in board B*?) and
there are no rooks in column j on any other the boards B®") for r # i,
(b) no rook lies in a cell which is cancelled by another rook,
(c) there are exactly k£ columns which contain a rook,
(d) if a rook is placed in board B®?, then it is colored with one of a,, distinct
colors, cf, ..., c;, ,and
(e) if a rook placed in C ) is colored with color ¢, then every rook placed in
C>

Gy fort =1,2,...,s,,is colored with c.

We then define the k" poly-rook number of B(p(z)) to be

Thp(a) (B(P(2))) = [Nip@) (B(p(2)))]-

We also consider file placements in the polyboard, where in a file placement,

the rooks in r(*7%2) will cancel the cells directly below themselves in the board
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Figure 4.21: An example a file rook placement in the polyboard B(p(x)), with
B =F(1,2,3,5,5) and p(z) = ap + a1 + asz?.

B®2) as well as all of the cells of the j** column in every board B®») with w # 2.

An example of this type of placement and cancellation can be seen in Figure 4.21.
Let Fi ) (B(p(x))) to be the set of colored file placements such that

(a) forall 1 < i < z, if there is a rook in a subcolumn of column j in a board B,

then there is exactly one rook in each subcolumn of column j in board B® and

there are no rooks in column j on any other the boards B for r # i,

(b) there are exactly k£ columns which contain a rook,

(c) if a rook is placed in board B, then it is colored with one of a,, distinct

colors, i, ..., ¢, ,and

(d) if a rook placed in CF ;) is colored with color ¢, then every rook placed in

>

(t.5) fort=1,2,...,s,,is colored with c.

We then define the k' poly-file number of B to be

(@) (B(p(2))) = | Frp(a) (B(p(2)))]
Next we consider file placements in the y-tuple of boards

Bx(p(x)) — {B(sl)’ B(Sz)’ e Bg(:sy)}

x T

for some x € N. We shall refer to the upper part of B,(p(x)) as the collection
of upper parts of the boards B, B ... B\ and the 2-part of B,(p(z)) as
the collection of upper parts of the boards BS™, B .. B We then say that
the upper part of B, (p(x)) is separated from the z-part of B, (p(x)) by the bar of

B, (p(z)). We also make the following cancellation rules for this set of boards:

1. If r is placed above the high bar in Cf, ;) (B.(p(z))) for some z, then r can-
(s2)

cels the cells directly below itself but above the high bar in B; *’ as well as

every cell above the high bar in the ;" column of BY) for every w # z.
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Figure 4.22: An example a file rook placement in the 3-tuple B,(p(x)), with
B =F(1,2,3,5,5) and p(z) = ap + a1 + asz?.

2. If r is placed in the z-part of Cf, ;) (B.(p(z))) for some z, then r cancels the
cells directly below itself in B(*~) as well as cancelling all of the cells in the

z-part of column j in BY™ for every w # z.

An example of the above cancellation can be seen in Figure 4.22, and we let
Frp@) (Bz(p(r))) denote the set of placements of colored rooks in n columns of
By (p(x))-

Let 7, p)(B(p(x))) be the set of colored file placements such that
(a)forall 1 <i < z, if there is a rook in a subcolumn of column j in a board B (i)
then there is exactly one rook in each subcolumn of column j in board B and
there are no rooks in column j on any other the boards BY forr #1,
(b) forall 1 < i < z, if there is a rook in a subcolumn of column j in the z-part of
board B*?), then there is exactly one rook in each subcolumn of column j in the
z-part of board B*") and there are no rooks in column j on any other the boards
BY forr # 4,
(c) there are exactly n columns which contain a rook,
(d) if a rook is placed in board BYY, then it is colored with one of as, distinct

colors, ¢, ... ¢! ,and

)
4
as,

(e) if a rook placed in C(Zl’ 7 is colored with color ¢, then every rook placed in

Cliiyr fort=1,2,...,s,,is colored with c.

Theorem 4.21. Suppose x,n € Nand p(x) = as, 2™ + ag,2* + -+ + a,, % € N[z]
with as, # 0 for every i. If B = F(by, by, . .., by,) is any rook board, then

n

[Iw@) +p®)) =D kot (Bp(@))) (p(x))". (4.46)

i=1
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Proof: Given a rook board B = F(by,bs,...,b,) and p(z) € Nz], we shall show
that Equation (4.46) represents two ways to count |F,, p)(Bz(p(z)))|. We first
consider the number of ways that we can place rooks in each column, starting
with the leftmost column and working to the right. In the first column of B(p(z))
there will be 2°! +2°2+- - -+ 2% ways to place rooks below the high bar, and there
will be bi* + b2 + -+ + b}¥ ways to place rooks above the high bar. However,
the total number of placements is different since we are considering colored
placements, and thus the total number of colored placements of rooks below
the bar is a,, 2°* +a,,2°* +- - - + a,,2° = p(x) and the total number of placements
above the bar is a,,b" + as,bi? + -+ + as,b;" = p(b1). So, the total number of
placements in the first column of B,(p(z)) is p(z) + p(b1). In general, in the ;%
column of the B,(p(z)), there will be p(z) total colored placements below in the

x-parts and p(b;) colored placements above the bar, and thus

n

[ oo (Ba(p(@))| = [ [(p(x) + p(82)):

i=1

Next, suppose that we first fix a placement P € F,_; ) (B(p(x)))) above
the bar. We claim that there are (p(z))* ways to extend P to a placement Q) €
Fop@) (Bz(p(x))) such that Q N B(p(x)) = P. That is, we want to count the num-
ber of ways to extend P to a placement Q € F, ) (B:(p(x))) by placing ad-
ditional colored rooks below the bar in those columns which contain no rooks
from IP. Here, we see that for each empty column, there are exactly p(z) ways to

place colored rooks in that column. As there are £ such columns, we have

[ o) (Balp(@))] = Y > (p())*

k=0 PEF,,_k p(x) (B(p(z)))

= > )t > 1

k=0 PEF,, 1 p() (B(p(x)))

= Y @) facrkpi) (Bp(2))),

k=0
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Figure 4.23: The board B4 (p(x)), with B = (1,1,2,2), A = (2,1,2,1), and p(z) =

ap + a1 + asz?.

which is the desired result. 0

Now consider the sequences B = (by,...,b,) € N*and A = (ay,a9,...,a,) €
N". Given # € N, we will define B4(™ as before. If p(x) = as,z° + a,,2° +
-+« + a,,2* € N[z, then we set BA(p(z)) = {BAE), BAG2) . BAE)} We will
refer to the set of the B-parts of the y boards as the B-part of BA(p(z)), the set of
augmented parts as the augmented part of BA(p(z)), and the set of a,-parts as the
as-part of BA(p(x)). An example of BA(p(x)) can be seen in Figure 4.23, where
B=(1,1,2,2), A= (2,1,2,1),and p(z) = ap + a1 + asz?.

Next we define how rook cancels in B4 (p(x)).

Case I: s; = 0 If a rook r is placed in column j of B41), then, for each j' > j, r
cancels all the cells in a,-part of column j’ of the boards BA:2) ... BA(s:)
where s is the highest index ¢ such that no cells in a,-part of the boards
BAG2) - BAG:) have been cancelled by a rook which lies to left of col-

umn j.

CaseIl: s; > 0 If a rook r is placed in column j of BA(1), then, for each j' > j, r

cancels all the cells in a,-part of column j’ of the boards B4 ... BA(s:)
where s is the highest index ¢ such that no cells in a,-part of the boards
BAG1) . BAB:) have been cancelled by a rook which lies to left of col-

umn j.

CaseIll: s, for i > 1 If a rook 7 is placed in column j of BA(5)  then, for each

j' > j, r cancels all the cells in a,-part of column j’ of the boards B4(1),
..., BA62) where s is the highest index ¢ such that no cells in a,-part of the
boards BA1) ... BA(:) have been cancelled by a rook which lies to left

of column j.
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Figure 4.24: A placement of rooks in the board B4(p(z)), with B = (1,1,2,2),
A=(2,1,2,1),and p(z) = ag + a1z + asz>.

An example of this cancellation can be seen in Figure 4.24, where cancellation

“”_7

arising from the rook in ¢(2,1,1,1) is denoted by a “e” and the cells cancelled
by the rook in ¢(1, 1, 1, 3) are marked with an “«”.
We will let N ) (BA(p(z))) denote the set of colored rook placements in

BA(p(x)) such that

(@) for all 1 < i < z, if there is a rook in a subcolumn of column j of the B-
part (augmented part) in a board B4, then there is exactly one rook in each
subcolumn of column j of the B-part (augmented part) in board B9 and there
are no rooks in column j on any other the boards BA") for r # i,

(b) no rook lies in a cell which is cancelled by another rook,

(c) there are exactly k£ columns which contain a rook,

(d) if a rook is placed in board B4/, then it is colored with one of a,, distinct
colors, i, ..., cZSi, and

(e) if a rook placed in (' ;) is colored with color ¢, then every rook placed in

C’(Zt’j), fort=1,2,...,s,,is colored with c.

We will then define

() (BA(0(2))) = N (B (p(2)))]

to be the k' type A poly-rook number associated with B, A, and p(z).

We will also define BA(p(z)) = {B:*V, B2 B For each 1 <
z < y, we use the terms as-part, B-part, z-part, upper augmented part, lower
augmented part, high bar, and low bar as in previous sections when referring to
each subboard, and if we refer to the lower augmented part of B*(p(z)), then we

are talking about the set of lower augmented parts of the B4(2). An example of
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Figure 4.25: The board B (p(x)), with B = (1,1,2,2), A = (2,1,2,1), and p(z) =
2

apg + a1x + asx”.
B (p(x)) is illustrated in Figure 4.25.

Next we define how rook cancells in B (p(z)).

Case I: s; = 0 If a rook r is placed in column j of B:X¢V  then, for each 7' > j,
r cancels all the cells in a,-part of column 5’ in both the upper and lower
augmented parts of the boards Bg(ﬁ”), ey BY*) where s is the highest index
t such that no cells in a,-part in the upper and lower augmented parts of
the boards Bg(f?), cee B**) have been cancelled by a rook which lies to left

of column j.

Case II: s; > 0 If a rook r is placed in column j above the upper bar in B,

then, for each j' > j, r cancels all the cells in a;-part of column ;' in both
the upper and lower augmented parts of the boards BYY ... BY) where
s is the highest index ¢ such that no cells in a;-part in the upper and lower
augmented parts of the boards BYY ... BY) have been cancelled by a
rook which lies to left of column j. If a rook r is placed in column j below

the upper bar in B:*¢") then it does not cancel any squares.

Case III: s; for 7 > 1 If a rook 7 is placed in column k above the upper bar in

Bf"(s"), then, for each j' > j, r cancels all the cells in a,-part of column ;'
in both the upper and lower augmented parts of the boards BYY, ... B
where s is the highest index ¢ such that no cells in a,-part in the upper and

551)’ o B'**) have been cancelled

lower augmented parts of the boards B
by a rook which lies to left of column k. If a rook r is placed in column j

below the upper bar in B, then it does not cancel any squares.

An example of this type of cancellation can be seen in Figure 4.26.
We let \: T‘:‘p(:v) (B2A(p(z))) denote the set of all colored rook placements in
B(p(z)) such that
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Figure 4.26: A placement of rooks in the board B(p(z)), with B = (1,1,2,2),
A=(2,1,2,1),and p(z) = ag + a1z + asz>.

(@) for all 1 < i < z, if there is a rook in a subcolumn of column j in a board
B¢ in the B-part (z-part, upper augemented part, lower augmented part),
then there is exactly one rook in each subcolumn of column j in board B4(*in
the B-part (z-part, upper augemented part, lower augmented part) and there
are no rooks in column j on any other the boards B for #1,

(b) no rook lies in a cell which is cancelled by another rook,

(c) there are exactly n columns which contain a rook,

(d) if a rook is placed in board B then it is colored with one of a,, distinct
colors, cf, ..., ¢, , and

(e) if a rook placed in C(ZL 7 is colored with color ¢, then every rook placed in

Cft,j), fort=1,2,...,s,,is colored with c.

Theorem 4.22. Given x,n € Nand p(z) = as, 2™ + - - - + a,,2% € N[z| with a,, # 0

for every i, let B = (by,bs,...,b,) and A = (ay,as, ..., a,) be two sequences in N".
Then
n n k
[Ip@) +p@:) =D rit (B @) [ [(0(=) — p(A)), (4.47)
i=1 k=0 j=1

where A; = a1 +as + - - + a;.

Proof: Define, for any Q € N7\, (B (p(2))),

W4 (Q) = | [ s g3y (757,
J=1

where r(*7%2) represents the s, rooks which are placed in column j and we define

Wy BA(p(a)) (155°2)) by

1. w, pa(p()) (r®9*)) = —1 if the rooks in r(*9*%) lie in the lower augmented
part of BA(p(z)) and



142

2. wx,BA(p(z))(r(Z’j’SZ)) = 1 otherwise.

IfP € N, (BA(p(2))), and if the rooks are in columns C;,, Ci,, . . ., C;,,, then set

k
Wi (P) = [ [ w0545 (159,
j=1

If we define

S(B;!(p(x))) = >, We BAp() (P),

PENA ) (BA(D(@))
then we claim that Theorem 4.26 represents computing S(B4(p(z))) in two dif-
ferent ways.

Suppose we first wish to place rooks in every column of B4 (p(z)) by starting
with the leftmost column and working to the right. If we consider non-colored
rook placements, then in the first column of B (p(z)), there are z° + -+ + %
ways to place rooks in the z-part, b + - - - +b}” cells to place rooks in the B-part,
and 2(A7' + - - + A}) cells to place rooks in the augmented parts. Thus, there
will be p(z) + p(b1) + 2p(A;) ways to place colored rooks in the first column of
B (p(x)), but these are weighted as p(z) + p(b1) + p(A1) — p(Ar) = p(z) + p(by).
When we place rooks in the second column of BA(p(z)) we have two cases.

Case I: If in the first column we placed the rooks in above the high bar, then
the cells from the ay-part of B (p(x)) were cancelled in the upper and lower
augmented parts of the second column of B(p(x)). Thus, the total number of
colored rook placements in the second column of B2(p(x)) is p(z)+p(ba)+2p(A,),
but the total weight of these placements is p(x) + p(bs) + p(A1) — p(A41) = p(z) +
p(b2).

Case II: If in the first column the rooks were placed below the high bar in
BA(p(z)), then no cells were cancelled in the second column of B:'(p(x)), and
thus there are p(x) + p(b2) + 2p(As) possible colored rook placements in that

column, but these again come with a total weight of p(x) + p(bs).
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Suppose that in the first j — 1 columns of our board, we have placed rooks
in s columns of the upper part of B(p(z)). Then in the j"* column of BA(p(z)),
the cells from the a;, . .., a;_s;1-parts gave been cancelled in both the upper and
lower augmented parts of that column. We will then have p(z)+p(b;)+2p(A,_s)
possible colored rook placements in the j** column of BA(p(z)), but these will
have a total weight of p(z) + p(b;) + p(A4;-s) — p(A,—s) = p(z) + p(b;), and so,

n

S(BA(p(x))) = [J(p(z) + p(b))).

i=1
Now suppose that we fix a rook placement P € N4 epl) (BA(p(x))). We now

wish to compute

Z W BAp()) (Q)-

QEN,, p(z) (B (p(2)))
QNBA(p(x))=P

Each @ will arise from placing rooks below the high bar in each column of
B4(p(z)) which does not contain a rook of P. There are k such columns, and
we will begin placing the rooks in these columns by starting with the leftmost
available column and working to the right.

In the first available column, there will be p(x) + p(A;) colored rook place-
ments possible, the total weight of which is p(x) — p(A;). In fact, in the k' avail-
able column of B (p(x)) below the high bar, we will have p(x) + p(A) possible
placements of colored rooks, but these will have a total weight of p(z) — p(Ay).

By how we define W, g, and W, (,)), we have

> W B4y (@) = Waapa) (P) (p(z) — p(A1)) - -+ (p(x) — p(Ar)).

QENA ) (B (p(2)))

n,

QNBA(p(x)) =P

Thus,
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SBi(p(x) = > ko Z]PENn,kyp(z)(BA(p(x)))(p(x) —p(A1)) - (p(x) — p(Ax))

= Y h0 i (e (BAD(2))) (p(x) — p(A1)) - - (p(2) — p(AL)). O

4.5.3 Poly-Stirling Numbers of the First & Second Kind

Consider again Equations (4.1), (4.3), and (4.2), which are restated here. The
Poly-Stirling numbers of the first kind, S‘Z%)/ are defined by the following recur-

sions:

sgfg) = 1andsif‘z) =0ifk <0Oork >nand
Si(ﬂ,k = Si%)—l — p(n)sif? if0<k<n+landn > 0.

We now define 57 — (—1)""“02(7?. Thus, the integers cﬁf?, called the signless

)

poly-Stirling numbers of the first kind, satisfy the recursions:

cgfg)zlandcﬁ(,i):01fk<00rk;>nand
:Cz(i)q"‘P(”)CZEi) if0<k<n+1landn >0.

)

Finally, we will denote the Poly-Stirling numbers of the second kind by SZf,f), and

we will define them by the recursions:

Sg’((f) = land Szf,f) =0ifk <0ork >nand
SP =SP4 p(k)SPY 0 <k <n+landn > 0.

Theorem 4.23. For p(x) € N[z], if B = B,,, the staircase board with n columns, then

A = Facp@)(B(p(2))).
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Figure 4.27: The seventeen rook placements which correspond to c;{ﬁ.
Proof: We will denote the polyboard associated with B,, and p(x) by B, (p(x)).
If n,k <0ork > n, then f, i) (B.(p(z))) = 0, and if n = 0 we will say that
fopz)(0) = 0. Thus, the initial conditions have been satisfied. Suppose n > 0.

We will now proceed by induction on the number of columns of the board
B,. When n = 1 we have fi ) (Bi(p(2))) = p(0) = &) and fo ) (Bi(p(2))) =
1= cﬁ’(f) So assume that n > 1 and f,_k ) (B (p(2))) = CZ(? for0 < k < n.
By our definition, f,, 11—k p@)(Bnt1(p(x))) will be equal to the number of colored
file placements into n + 1 — k columns of B, (p(z)). These placements will
either have no rooks placed in the last column of B, ;(p(z)) or there will be
rooks placed in the last column. Those placements which have no rooks in the
last column of B, (p(x)) are counted by f,, 11—k p)(Bn(p(2))), which is equal to
sz(z)—1 by our induction hypothesis. Similarly, if there are rooks placed in the last
column of B,,;(p(z)), then there are only n — k columns of the first n which con-
tain rooks, and we have assumed that those are counted by f,,_x ) (Bn(p(2))) =
cfl(i) Now we need to extend these placements in B,,(p(z)) to placements in the
board B, 1(p(z)). Since none of the rooks in the first n column of B, (p(z))
cancel to their right, there will be p(n) ways to place colored rooks in rightmost

column of B, 1 (p(z)). Thus,

fn+1—k,p(w)<Bn+1(p(x))) = fn-i—l—k,p(z)(Bn(p(x)))+p(n)fn—k,p(ar)(Bn(p(x)))

= &9+ pn)dy

- C]:L(ﬂk O
This gives us the following corollary of Theorem 4.21

n

[T +p6 - 1) =" &9 (p())*. (4.48)
k=0

i=1
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Figure 4.28: The eighteen rook placements which correspond to Sigﬁ.

If in Equation (4.48) we replace p(x) with —p(z) and multiply both sides by

(—1)", we get a product formula which involves the 32%):

[I(w(@) =i = 1)) ank . (4.49)

From the Milne Inversion Theorem 4.1, we also know that we must have the

following product formula:

=S (p(@)(p(x) —p(1) -+ (p(x) — p(k — 1));  (4.50)
k=0
however this formula will be a direct result of Theorem 4.24

Theorem 4.24. For any p(x) € N[z], if B= (0,0,...,0)and A= (0,1,...,1), then

SH =1 e (BA(p(2))).

Proof Sketch: In the usual way, we need only show that for the given B and A,

the numbers defined by Sﬁf,f) satisfy the same initial conditions and recursions
as the Tn k.p( a:)(BA( ( ))) [

4.6 Typel ()-Analogues

4.6.1 Typel Q-Counting in Polyboards

Suppose that we are given a placement P € Fj ,,)(B(p(x))). Then for each

set of rooks r = r(*7:%:) we define the ¢g-weight of r by

g(r,q) = ¢,
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Figure 4.29: g-counting in the board B(p(z)), with the same placement as in
Figure 4.21. Here the ¢g-weightis (1)(¢)(1) = ¢.

where a(r) is the number of cells in B(p(x)) that lie directly above the rooks in

r. We then define the ¢g-weight of IP to be

G(P,q) = [ 9(r.a)-

reP
An illustration of this type of ¢g-counting can be seen in Figure 4.29, where

the same placement is used as in Figure 4.21. Here we see that

G([P,q) = g(r®"V, q) g(r®* q) g(r*V q)
= ()(g)(1)

= q‘

We then define the k' type I q-poly-file numbers to be

Frp) (B(p(2)), q) = > G(Py). (4.51)

PEFy p(z) (B(p(z)))
Now suppose that we are given a placement P € F, ;) (B.(p(x))). We will
define, for each rook r € P, the ¢g-weight of r by

92(r,q) = 4™,

where

1. a,(r) is the number if uncancelled cells which lie directly above r if r is

not in the z-part of B,(p(z)), and

2. a,(r) is the number if uncancelled cells which lie directly above r but be-

low the bar if r is in the x-part of B, (p(z)).
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Figure 4.30: g-counting in the board B,(p(x)), w1th the same placement as in
Figure 4.22. Here the ¢g-weight is (1)(1)(q)(1)(¢°) =

The ¢g-weight of IP is then defined to be

= ng(r7 Q)

relP
This ¢-counting in the board B,(p(x)) is pictured in Figure 4.30, where the

placement shown has ¢-weight

G.(P,q) = g.(r®".q) g.(r"*Y.q) g.(r®*? q) g, (r*Y q) g, (r®>? q)

Theorem 4.25. Suppose x,n € Nand p(v) = a,, 2" + ag,2* + - - + a,,2% € N[z]
with as, # 0 for each i. If B = F(by, ba, . .., by,) is any rook board, then

n

H(p([l’]q) +0([0i1) = Y fa kot (B(p(x)), @) (p([2],))"- (4.52)

Proof: Given a rook board B = F\(by, b, ..., b,), we shall show that (4.52) repre-

sents two ways to count S,(B,(p(z))), where

Sq(Bs(p(z)) = Z G:(P,q).

PEFn p(a) (Ba (p(2)))

We first consider the number of ways that we can place rooks in each column,
starting with the leftmost column and working to the right. In the first column
of B(p(x)) there will be z°* + x°2 4 - - - 4+ 2°v ways to place rooks below the high
bar, and there will be b + b2 + - - - + b]” ways to place rooks above the high bar.

However, the total number of placements is different since we are considering
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colored placements, and thus the total number of colored placements of rooks
below the bar is a,,2* + as,2* + -+ + a,,2* = p(x). When we sum the ¢-
weights of these placements, we get a total ¢-weight of p([x],). Similarly, the
total number of placements above the bar is a,,b7" + as,bi* + - - - + a5, b7’ = p(by),
and the sum of the ¢g-weights of all of these placements is p([b;],). Thus, the total
g-weight over all placements in the first column of B, (p(x)) is p([x],) + p([b1],)-
In general, in the j column of the B,(p(x)), there will be p(x) total colored
placements below in the z-parts and p(b;) colored placements above the bar,

and the total ¢-weight over all of these placements will be p([z],) + p([b;],), so

n

Sq(Bu(p(x)) = [ [(p([2y) + p([bi],)).

i=1

Next, suppose that we first fix a file placement P € F,,_; ,»)(B(p(z)))). Then
the g-weight of P is G, (PP, ). We know that there are (p(z))* ways to extend PP to
a placement Q) € F,, p(»)(B:(p())) such that Q N B(p(x)) = P, however we want
to g-count each of these extensions. We know that for each available column,

there we will get a total g-count of p([z],). By how we defined G, (@, ¢), we get

Y. Gu@9) = Gu(Pa)(p([2])").

QEF, p(x) Bz (p(2))

QNB(p(z))=P
Thus,
Sy(Ba(p(z)) = > > G (P, q)(p([z],))"*
k=0 PEF,, _i p(2)(B(p(x)))
= D facka(B(@)), q) (p([2])),
k=0
which is the desired result. O

Let P € NV, (B*(p())), and suppose that r € P. Then we can define the
g-weight of r to be



150

Figure 4.31: g-counting in the board B4(p(z)), with the same placement as in
Figure 4.24. Here the ¢g-weight is (¢)(1) = ¢.

h(r’ q) — 6A(T)’
where

1. BA(r) is the number of uncancelled cells directly above the rooks in r if r

is in the augmented part of B4(p(z)), and

2. BA(r) is the number of uncancelled cells above the rooks in r in the B-part
of BA(p(x)) if r is in the B-part of BA(p(z)).

We then define the ¢g-weight of IP to be

H(P,q) =[] 2, q)-

relP

In Figure 4.31, we see that the placement shown, which is the identical place-

ment to Figure 4.24, has a g-weight of

H(P,q) = h(r®" q) h(r:*,q)
= ()(9)

We then define the k' type I q.A-poly-rook number of BA(p(z)) to be

7 (BA(p(@)), q) = > H(P,q). (4.53)
PEN;fp(z) (BA (p(z)))

Now suppose that we are given a placement P N,;‘}p(x)(B;j‘ (p(x))). We will
set, for each r € IP, the g-weight of r to be
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Figure 4.32: g-counting in the board BA(p(z)), with the same placement as in
Figure 4.26. Here the g-weight is (¢)(q)(1)(—¢®) = —¢°.

A r
ha(r,q) = ¢,
where

1. BA(r) is equal to 34(r) if r is above the high bar in B2'(p(z)),

2. B3A(r) is equal to the number of uncancelled cells directly above the rooks

in r but below the high bar if r is in the z-part of BA(p(z)), and

3. 3A(r) is equal to the negative of the number of uncancelled cell directly

above a rook in r but below the low bar if r is in the lower augmented part
of B (p(x)).

Using this weighting scheme we set the g-weight of P’ to be

Hm(P7 Q) = H hx<ra q)‘

reP
This type of g-counting in the board B:'(p(z)) can be seen in Figure 4.32,

where the placement shown has ¢-weight

Hy(Pog) = hy(r®Y q) ho(r®2Y,q) hy(r2, q) hy (42 g)
= (9)(@)()(~¢*)

Theorem 4.26. Given z,n € Nand p(x) = ag, 2™ +--- + a,,x* € N[z] with a,, # 0
for every i, let B = (by,bo,...,b,) and A = (ay,as, ..., a,) be two sequences in N".
Then

n n

[Iw(l) + o) = D itk B (), @) [ [(o((2]e) = p([Aj]0)-  (454)

i=1 k=0 j=1
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Proof: Define, for any Q € N (B7(p(x))),

S(B(p(x)),q) = > H,(Q.q).

QENA, , (BA(P())
Then we claim that Theorem 4.26 represents computing S(B2(p(z)),q) in two
different ways.

Suppose we first wish to place rooks in every column of B(p(z)) by starting
with the leftmost column and working to the right. Then in the first column of
BA(p(z)), there are z°* + - - - + x°v cells to place rooks in the z-part, bj* + - - - + b}
cells to place rooks in the B-part, and 2(A* + --- + A7) cells to place rooks
in the augmented parts. Thus, there are p(z) + p(b1) + 2p(A;) ways to place
colored rooks in the first column of B (p(r)), however, the total g-weight of
these placements is p([r],) + p((bi)y) + p([Ai),) — p(Ail,) = p(lely) + p(biy).
When we go to place rooks in the second column, we have two cases.

Case I: If in the first column we placed the rooks in above the high bar, then
the cells from the ay-part of B2 (p(x)) we cancelled in the upper and lower aug-
mented parts of of the second column of BA(p(z)). Thus, the total number of col-
ored rook placements in the second column of BA(p(z)) is p(x) + p(bs) + 2p(A1),
but the total weight of these placements is p([x],) +p([b2],) +P([A1],) —p([A1],) =
p([zlg) + p([beq)-

Case II: If in the first column the rooks were placed below the high bar, then
no cells were cancelled in the second column of B2 (p(z)), and thus there are
p(x)+p(b2)+2p(A,), but these again come with a total weight of p([z],)+p([b2],)+
p([Azlg) = p([A2y) = p([z]g) + p([baly)-

Now suppose that in the first j — 1 columns of our board, we have placed
rooks in s columns of the upper part of B*(p(x)). Then in the j** column of
BA(p(z)), the cells from the aj, ..., a;_,,,-parts gave been cancelled in both the
upper and lower augmented parts of that column. We will then have p(z) +

p(b;)+2p(A,;_,) colored rook placements in the j column of BA(p(z)), but these



will have a total weight of p([a],) + p([b;]a) + p([A;-dJy) — p(A;-],) = p(lal,) +
p((b),), and so,

n

S(B;(p(x)) = [ [(w(l21,) + p([bi],)).

=1

Now suppose that we fix a rook placement P € N4, )

@)(BA(P(J?))). Then

the ¢g-weight of Pis H(IP, ¢), and we now wish to compute

> HJ(Q.0).

QEN, (2) (B# (p(x)))
QNBA(p(x))=P

Each of these ()’s will arise from placing rooks below the high bar in each col-
umn of B:(p(x)) which does not contain a rook of P. There are k such columns,
and we will begin placing the rooks in these columns by starting with the left-
most available column and working to the right. In the first available column,
there will be p(z) + p(A;) colored rook placements possible, the total ¢-weight
of which is p([z],) — p([41],). In fact, in the w'* available column of B(p(z))
below the high bar, we will have p(z) + p(A,) possible placements of colored
rooks, but these will have a total gweight of p([x],) — p([Aw],). By how we define
H,(Q,q) and H(P, q) we have

> Ho(Q,q) = H(P, q)(p([x]g) — p([Aj]q)) - - (([]) — p([Ak]g))-

() B2 (2(2))
QNBA(p(x))=P

Thus,

SBAP@).0) = o Xben, oy @Am@y HE D) T (0((ly) — p([41)

= o Tk BAP()), @) TT)=, (p([2]y) — p([45]0)).
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4.6.2 Type I Q)-Poly-Stirling Numbers

In this section we will study the polynomials defined by the recursions

Sé”(g)(q) =1and Sff,f)(q) =0if k <Oork > nand (4.55)
ShE) o(g) = S25 (@) + p([Rl) S5 (@) i 0 < k < m+ Tand n > 0.

We will call these numbers the type I g-poly Stirling numbers of the second kind.

As before, the inverses of these numbers satisfy the recursion

ngg)(q) — 1 and sff,i’(q) =0ifk <0Oork >nand (4.56)
sni k(@) = $1504(0) = p([nl)shE (@) i 0 < k <t Land n > 0.

We will call these numbers the type I g-poly Stirling numbers of the first kind. 1f

(n—k) ™

we now replace s?, (¢) with (—1) ¢y 1(q), then we have the numbers which

satisfy the recursion
cgfg)(q) =1 and cfl(i)(q) =0ifk <Oork >nand (4.57)
ALila) = 4Rl 0) + ()R (@) O <k <n+Tandn > 0.

and we will call these numbers the signless type I g-poly Stirling numbers of the
first kind.

Theorem 4.27. Let n € Nand p(x) € N[z]. If B = B, then, for every 0 < k <n,

ED(Q) = Fatopto) (Bulp(2)), 0). (4.58)

Proof: We will denote the polyboard associated with B,, and p(x) by B,,(p(x)). If
n,k < 0ork > n,then f, i, (Ba(p(x)),q) = 0, and if n = 0 we will say that
fop) (0, q) = 0. Thus, the initial conditions have been satisfied. Suppose n > 0.
We will now proceed by induction on the number of columns of the board
B,. When n = 1 we have fi ) (Bi(p(z)),q) = p(0) = cg“f(?(q) and also that
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for@ (Bi(p(x)),q) = 1 = 47 (g). So assume n > 1and fo k) (Ba(p(x)), q) =
CZ(Z)(Q) for 0 < k < n. By our definition, f,,1-k () (Bri1(p(2)), ¢) will be equal
to the total g-weight over all colored file placements into n + 1 — £ columns of
B,.11(p(x)). These placements will either have no rooks placed in the last col-
umn of B, 1 (p(x)) or there will be rooks placed in the last column. Those place-
ments which have no rooks in the last column of B,,.1(p(z)) are g-counted by
fot1-kp) (Bn(p(2)), ¢), which is equal to cﬁ(i)_l(q) by our induction hypothesis.
Similarly, if there are rooks placed in the last column of B, (p(z)), then there are
only n —k columns of the first n which contain rooks, and we have assumed that
those are counted by f,,_j () (Bn(p(2)),q) = cffi)(q) Now we need to extend
these placements in B, (p(x)) to placements in the board B, (p(z)). Since none
of the rooks in the first n column of B, ; (p(z)) cancel to their right, there will be
p(n) ways to place colored rooks in rightmost column of B, (p(z)), which will
contribute a ¢g-weight of p([n],) to the total ¢g-count in the poly-staircase board.
Thus,

frs1kp@ (Buy1(P(2)), @) = fari-kp@ (Ba(p(2)), q)
+ p([n]g) fr—rp@) (Bu(p()), @)

= &) + Pl @)

We now have the product formula

n n

[Tl +p(i — 1) = > &2 @) (p(12],))F, (4.59)

i=1 k=0
and if we then replace p([z],) in the above equation with —p([z],) and multiply

both sides by (—1)", then we get
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n n

[Tl = p(li — 1) = > 29 (@) (0([2],)" (4.60)

i=1 k=0
Now, we can apply the Milne Inversion Theorem 4.1 to show that the matrices
||SZ(,f)(q)|| and ||si(z)(q)|| are inverses of one another, which also leads to the

product formula

n

()" =387 @) [T ellal) = p(l = 1)), (461)

k=0 7=1

although this formula arises as a corollary to Theorem 4.28.

Theorem 4.28. Let n € Nand p(x) € N[z]. If B = (0,0,...,0)and A= (0,1,...,1),
then, for every 0 < k < n,

SPD(q) = 1 (BA(D()), 0). (4.62)

Proof Sketch: We need only show that these two polynomials satisfy the same

recursions and initial conditions. 0

4.7 Type II )-Analogues

As we did in Section 3.3.5, we can express the polynomial [p(x)],, called the
type II g-analogue of p(z), in various forms. Recall that for nonnegative integers
x and a with = > a, we have the identity [x + a|, = [z], + ¢*[a],- As an example,
consider the type II g-analogue of the polynomial p(z) = 2 + 2z. We can then
rewrite [p(x)], as

[2® + 22 + 4], = ¢*"[2%], + [22],.

We can see that if we are given a polyboard B(z* + 2x), then for the the

¢**[x?], portion of this g-analogue, we can just cosnider a type II g-weighting in
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Figure 4.33: An example of how we would ¢-count cells to acheive a factor of
2z],.

the board B® with every cell weighted with an extra factor of ¢**. However,
when we look at the [2x], portion of [p(x)],, then we must do something slightly
different. Here , we will need a total g-count of 1 4+ ¢ + - - - + ¢**~!, and we have
x cells to account for that g-weight. Thus, we will weight the cells of BY), from
top to bottom, with the weights 1+q, > +¢%, ..., ¢“ 2+ ¢ '. An example of this
can be seen in Figure 4.33.

In this way, we can now g¢-count both non-attacking and file placements
of rooks in the polyboard in a similar fashion to how we counted type II ¢-
analogues in z™-boards. We see that by appropriately weighting the cells in
each of the boards of B(p(z)) with extra factors of p.(x) (as we did in Chap-
ter 3) or weighting cell with polynomials in ¢ which are not simply powers of
¢, we can generate type II g-poly rook and ¢-poly-file numbers as well as their
corresponding product formulas. Moreover, when the board B = B,,, we can
relate these numbers to type II g-poly-Stirling numbers, which are defined in

the following section.

4.8 Type II )-Poly-Stirling Numbers

Consider the numbers defined by the recursions

50 (q) = 1and 5" (q) = 0if k < 0 or k > n and (4.63)
St = S0 (0) + [p(k)]yS, (0) 10 <k <n+Land n > 0.
We will call these numbers the type II g-poly Stirling numbers of the second kind.

As before, the inverses of these numbers satisfy the recursions
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5 (q) =1and 527 (q) = 0if k < Oor k > nand (4.64)

0 ) =525 (@) — [p()]555) (@) if 0 < k < n+Land n > 0.

We will call these numbers the type II g-poly Stirling numbers of the first kind. If
we now replace 57, (q) with (—1)(""M¢2", (¢), then we have the numbers which

satisfy the recursion

a(g) =1and @) (q) = 0if k < 0 or k > nand (4.65)
_n(ﬁk(Q) = Efl(i)_l(q) + [p(n)], sz(k (q)if0<k<n+1landn >0,

and we will call these numbers the signless type II g-poly Stirling numbers of the
first kind.
By using methods similar to those in previous sections, for the appropriate

method of ¢-counting in B,, ,(p(z)), we can show that

[(p(2)]g + [pi — 1)] Z &9 (g) (Ip(w)])- (4.66)

=1
If we then replace [p(z)], in the above equat10n with —[p(x)], and multiply both
sides by (—1)", then we get

n n

[Tp@)]e = 6 — D) =D 520 (@) (Ip(2)],)" (4.67)

i=1 k=0
Now, we can again apply the Milne Inversion Theorem 4.1 to show that the
matrices H?Z(i)(q)ﬂ and HEZE?(q) || are inverses of one another, which also leads

to the product formula

n

(@) =352 (q) H p(j = D)],). (4.68)

k=0
This formula can also be proved by type I g-counting in the board B(p(z))
when B = (0,0,...,0)and A= (0,1,...,1).
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