MATH 3362-1 Modern Algebra I Spring 2014

Handout on The Fundamental Theorem of Finite Abelian Groups

Theorem 0.1 (Fundamental Theorem of Finite Abelian Groups). FEwvery finite
Abelian group is a direct product of cyclic groups of prime power order. Moreover,
the number of terms in the product and the orders of the cyclic groups are uniquely
determined by the group.

Example 0.2. Suppose we know that G is an Abelian group of order 200 = 23 -52.
Then G is isomorphic to one of the following groups:

Zig X Los, Ly X Ly X Lios, Lo X Lo X Ly X ZLos,
ZgXZ5XZ5, Z4XZQXZ5XZ5, ZQXZ2><Z2><Z5XZ5.

Definition 0.3. Let G be a group and suppose H, K < G. We say that G is
an internal direct product of H and K, written as G = H @ K if G = HK and
HnNK ={e}.

Remark 0.4. If G = H ® K, then it turns out that H, K <«G. Moreover, hk = kh
for every h € H and k € K, even though the elements of H (and similarly, K) may
not commute with each other.

Remark 0.5. We have essentially made G from two of its subgroups. Moreover, if
G = H ® K, then the previous theorem give that G/H and G/K are both groups.
Unsurprisingly, we can show that G/H = K and G/K = H, that is, the algebra
we want to happen does happen in this scenario.

Theorem 0.6. Suppose G = (a) @ (b) is a group such that |a| = m and |b] = n.
Then G =2 Zyy X Lo, .



Lemma 1: Let G be a finite Abelian group of order p™m, where n € N, p is prime,
and ged(p,m) = 1. Then G = H, ® K, where H, = {x € G | 27" = ¢} and
K ={z € G| 2™ = e}. Moreover, |H,| =p".

How Does Lemma 1 Help? Suppose G is an Abelian group such that
|G| = p{*ps? -+ ~p?j. Then we know that
G = le ® K, where ‘Hp1| :ptlll and ‘K| :pgz o 'p;'bj
= le ® H;Dz ® K/a where |Hp1‘ :pclllv |HP2| ZPSQ, and ‘K| = P§3 e 'p?

= H, ® Hy,® --® Hp,, where |H, |=py" for1<m <j.

Lemma 2: Let G be an Abelian group of order p”, where n € N and p is prime. If
a € G has maximal order, then G = (a) ® K for some K < G.

How Does Lemma 2 Help? This tells us how to further break up our groups of
prime power orders. It also allows us to prove Lemma 3.

Lemma 3: Any Abelian group of prime power order is an internal direct product
of cyclic groups.

How Does Lemma 3 Help? Once we have that G = H), ® Hp, ®---® H),, from
Lemma 1, we then know that each Hy, = (as,) ® (as,) ® - {ag,)-

Lemma 4: Let G be an Abelian Group and define G™ = {2 | * € G}. Then
G™ < G. Moreover, if p is a prime such that p||G|, then G? # G.

How Does Lemma 4 Help? We use this in the proof of Lemma 5.

Lemma 5: Suppose that G is an Abelian group of order p™, where n € N and p is
prime. If G = H),, ® H,,®---®@H,, and G = K, ® K, ®---® K, where each H,,
and K, is a non-trivial, cyclic subgroup of G such that |H,, | > |Hp,| > --- > |H,,
and |K,, | > |Kp,| > - > | K. |, thenw = z and |H,, | = |K,, | for every 1 < r < w.

How Does Lemma 5 Help? This gives us the “uniquely determined” part of the
theorem.




