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We obtain an atomic decomposition of weighted Lorentz spaces for a class of weights satisfying the A, condition. Consequently,
we study operators such as the multiplication and composition operators and also provide Holder’s-type and duality-Riesz type

inequalities on these weighted Lorentz spaces.

1. Introduction

Weighted spaces are studied in most cases as a generalization
of a special case. The Lorentz spaces, introduced by Lorentz
in [1, 2], are no exception to this. The first version of the
weighted Lorentz spaces was provided by Lorentz himself and
was defined as AP(w) = {f : RN — R : Iflarw) =

(JOOO (f*(x))Pw(x)dx)l/p < oo}, where f* is the decreasing
rearrangement of f and w is a weight function. He proved
that, for p > 1, || - [|zr(y) is @ norm if and only if the weight
w is decreasing. Carro and Soria in [3] proved that | - || ys ()
is a quasi-norm in general provided that W(t) = jos w(s)ds
satisfies the A, condition, that is, W(2t) < CW(t), for
some constant C > 1. In this paper, we study A'(w) that
we denote by Ly, with ©(f) = tw(t), in the sense that
f : [0,27] — R belongs to Lg if and only if ||f||L® =

02 " F@)(@(t)/t)dt < co. Our interest in this special space
stems from the fact that, as demonstrated in [4] with w(t) =
tPl4, this space has some interesting properties that allow
an easy study of operators on L(p,q) via the Interpolation
Theorem. The atomic decomposition of Banach spaces has
been studied by many authors before: the Fourier transform
of a function over the space L*[0,27r] can be thought of as

an atomic decomposition of the space L*[0, 27]. Coifman in
[5] gave the unifying definition of an atom and showed that
Hardy’s spaces H' (D), the spaces of holomorphic functions
on the unit disc D, have an atomic decomposition and he
used the latter result to prove that the dual spaces of these
spaces are equivalent to the spaces of functions of bounded
means oscillations. In [6], Jiao et al. proved that the Lorentz-
Matingales spaces also have an atomic decomposition. In an
attempt to give a different proof of the acclaimed Carleson
Theorem (see e.g., [7]), de Souza [8] showed that the Lorentz
spaces L(p, 1) have an atomic decomposition. In this paper,
we continue the ideas in [8] and show that the weighted
Lorentz spaces also admit an atomic decomposition, for a
certain class of weights.

The remainder of the paper is organized as follows. In
the preliminaries section, we introduce the necessary notions
needed; namely, we define the conditions on our weight
functions, and provide some preliminary definitions and
results. In the second section, we prove that the weighted
Lorentz spaces have an atomic decomposition and in the third
section, we utilize this atomic decomposition to show the
boundedness of some operators on theses weighted spaces.
The last section opens up a discussion about the relevance of
this line of research.
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2. Preliminaries

We begin with some preliminary definitions and results
(proofs can be found in the appendices) that will be helpful
throughout the paper.

Definition 1. Define Cg, as the space of weights @ : [0,00) —
[0, 00) so that,

(1) ®(0) =
(2) @ is increasing,
(3) O(t)/t is decreasing,

(4) there is a positive constant C such that, J: (D()/t) <
CD(x), (Dini’s Condition),

(5) @ satisfies the A, condition; that is, there is a an
constant K > 1 such that ®(2x) < KO(x).

Note that the space Cg, is nonempty since ®(t) = t*, for
a € (0, 1), belongs to Cg,. Hereafter, p will denote a nonatomic

measure defined on [0, 277].

Definition 2. One defines the weighted Lorentz space L, as

L®={f:[0,2n]—>lR;||f||Lo J J0) )dt< }

@
where f* is the decreasing rearrangement of f defined as
fr@®) = inf{y > 0 : u({x : [f(x)] > y}) < th,and pisa

nonatomic measure defined on [0, 277].

Remark 3. For ®(t) = t"/?, L, is identical to the classical
Lorentz space L(p, 1).

Definition 4. One will also consider the following space:

Ag(p) = ‘lf [0,27] — R, f () = ZCnXA,,;
n=1

S lal o (u(a,)) < co}.

where the A,’s are y-measurable sets in [0,27] and y,
represents the characteristic function on the set A.

)

We will show in Theorem 14 that this space is an atomic
decomposition of the space L.

Put ||f||A®(H) = inf Z;“;l c,|P(u(A,)) where the infimum
is taken over all possible representations of f. The next result
is proved in the appendix.

Proposition 5. If one endows A () with || - "Am(ﬂ)’ then

- ”A@(M) is a norm,

2) (Ao (@), I - L4, ) is @ Banach space.
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Definition 6. For 1 < r < 00, define for a measurable function
g:10,27] — R the quantity

191,

sup((Dt )J (g-o@)) _)Uf if 1 <r<oo,

- x>0

sup g (x) D (x)

x>0

if r = 0co.
(3)

The space M,, is the set of measurable functions g for
which ||g]| M, < 00 This space generalizes the space M?

introduced in [4]. In the next theorem and remark, we give
further properties of theses spaces in the weighted case.

Theorem 7. For @ € Cy, one has that
(1) ifl <r < oo, then| - IIMM
(2) Loy = Moy with llgly = gy, .

is a quasi-norm on Mg, ,,

The remark below is stated only for completeness and the
proof can be found in [4].

Remark 8. For @ € Cg and r > 1, we have My, = M

q)l/r”oo)
where 1/r + 1/ = 1.

Definition 9. For @ € Cg, define ¥(¢) = t/O(t),t > 0. For a
measure y defined on [0, 277], consider the following spaces

Ty (1) = {g : [0,27r] — R measurable :
1 L {404 (t)|<oo ,
"9"2 L) = P (M(A))U g u
LY = {g : [0,271] — R measurable :

"g"L?yO = stu%)‘lf(t)g* (t) < 00]»
(4)

The first space was basically introduced by Lorentz in [2]

for d(t) = '/, We will prove in Theorem 10 that these spaces
are norm-equivalent.

Theorem 10. Let ® € Cg and Y(t) = t/O(t), t > 0. For a
measurable function g : [0,2n] — R, one has

19055 0 = N9l (5)

Theorem 11 (Holder’s type inequalities). Let ® € Cg and
Y(t) =t/D(), t > 0.

(1) For f € Ly and g € LY, one has

2
J, F0s0aue| <1flloby ©
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(2) For f € Agp(u) and g € Zé)(y), one has

2n
J, FO90a0|<Ilploby,

3. Atomic Decomposition

We start with this important result on the dual of the spaces
Ly and A g(p).

Theorem 12. Let @ € Cy, and ¥(t) = t/D(¢t), t > 0. Then one
has the following.

(1) (Lg)* = LY; that is, ¢ € (Lg)™ if and only if there is a
unique g € LY so that for all f € L,

2
sb(f)=J0 fOgWdu®  with |¢] = el @

(2) Likewise, one has (Ag(u)" = Xy (w); that is, v €
(Ao ()" if and only if there is a unique g € Xy ()
so that for all f € Ag(u)

2r
vN= | fOg0dn Il =Ll ©

Proof. Let g € L. Define ¢(f) = [." f(H)g(O)du(t). By
Theorem 11, we have

|6 < 171z, lgleg- (10)

Thus, using the linearity of the integral, we conclude that
¢ € (Ly)". On the other hand, let ¢ € (Ly)". For a u-
measurable set A C [0, 27], define A(A) = ¢()4). Then there
is a constant M > 0 such that

A =16 ()] < M xall,,- (11)

Since

21 0} (f) u(A) 10) (t)
”XA”L@ = L Xiouay () Tdt = L — (12)

then using Dini’s condition (4) in Definition 1, we have

Ixall,, < C® (u(a)). (13)

It follows from (11) and (13) that [A(A)] < MCO(u(A))
and condition 1 in Definition 1 yield A <« u. By the Radon-
Nikodym Theorem and the definition of functions in L,
there is an integrable function g on [0, 27] such that, for all

felo,

2
$(1)=] F090du0. (14)

To prove that g € LY, observe that

|| 9®du®] =190l < Mlal.,, < MCO (u(a)).
(15)

Thus taking the supremum over y-measurable sets A such
that u(A) # 0, we have

1
—_— t)du (t
#(szp?eoq’(M(A)) |IAg( Yl )l

1 (16)

< MC, thatis,g € Z (1).
@

The proof is complete using the equivalence in Theo-
rem 10. The proof of the second part is very similar to that
of the first part and uses the second part of Theorem 12. [

The following result is a classical result in function
analysis. (See e.g., [9, page 160], for a proof.)

Theorem 13. Let X andY be two vector normed spaces and let
T € L(X,Y), the space of bounded linear operators from X onto
Y. Let T* be the adjoint operator of T defined by T* f = f o T
forall f € Y", the dual space of Y. Then

@) T* e LY, X") and |T"|| = IT|;
(b) T* is injective if and only if the range of T is dense in Y .

The next result is the most important of the present paper
and gives an equivalent representation of functions in L, as
“linear” combinations of simple functions.

Theorem 14 (atomic decomposition of Ly,). For @ € Cy, one
has

Ly=Ag (M) , with “f”Lm = "ﬂlA“’(‘u)' w7

Proof. Let us show first that A4, () € L. Take f(t) = y,(£).
Then using Dini’s condition (4) in Definition 1, we have

(A)
LAOPAS J” O 4t < co(u(a)).

2m .
ks, = | 022

0 t
(18)
Thus if f(£) = Y2, ¢,xa, (¢) for ¢, € R, then
1A, < 2 leal fxa, ., (19)
n=1
And (18) implies
11z, <€ lal @ (u(A). (20)
n=1

Taking the infimum over all representations of f, we have

”f"Lp S C“f”A@(H)’ thatis, Ag () CLo.  (21)

To prove the other direction, we can use either Theorem
1in [10] or Theorem 13. In this paper, we will use the latter.
Note that we have the following:

A Agp(p) € Ly and IIfIIL(D < M”f”A@(M)’ by inequality
(21).



Ay Ag(p) is dense in L, see [11].

Ay (Ap@)” = (L)
12 (Ly)" =L = Zg () =

since by Theorems 10 and

(Ap(w)™.

Using Theorem 13, we conclude from A, that the inclu-
sionmap i : Ag() — Lg is a bounded linear map and
that [li*|| = [li| where i* is the duality map i* : (Lgy)" —
(Ap(w)". From A,, it follows that duality map i* is injective
and from A, that i* is the identity map. Therefore, we have
that 7 is an isomorphism and thus | f]| Ly = I £l A" [

Remark 15. The space Ag(u) is called an atomic decompo-
sition of L4, in the sense that each function of L4, coincides
with a function of A 4, (¢) and thus can be written as a “linear”
combination of atoms, where the atoms are the “simple”
functions y, .

4. Operators on Weighted Lorentz Spaces

In this section, we study two types of operators: the multipli-
cation and composition operators of weighted Lorentz spaces
Lo.

Theorem 16 (multiplication operator). For @ ¢ CCD and for
f € Lq, define the multiplication operator Ty as Ty f = f - g.
Then T, : Ly — Lg is bounded if and only zfg € Mg,.
Moreover, [Tyl = liglly, -

Proof. If T, is bounded, then there is an absolute constant M
such that

“Tyf"L@ < M||fl|L®’ Vf €Ly (22)

Take f = y, for A C [0,2n]. Then from (22), it follows
that

()

2
L (xa (t)g(t)) dt < MJ X () —= (23)

which after simplification is equivalent to
u(A) w(A)
J g () (DT(t)dt < MJ (I)T(t)dt. (24)
0 0

Using Dini’s condition (4) in Definition 1, we have

(A)
r g @) (DT(t)dt < MCD (u(A)), (25)
0
and hence
1 WA D (L)
Thus,

sup
x>0u(A)=x P (x)

J (1) ﬁdt <K. (27)

This completes the proof that g € Mg,).
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On the other hand, if g € M,;, then for A ¢ [0, 27], we

have
ITgxall,, J (Xa )(t)QD(t)
(A)
:JM (t)d)_(t)
0
_ 1 u(A) (D_(t)
-0 (srayl 05 ).
(28)
Therefore,
IToxall,, <Nl - @ (e (4). (29)

Since from Theorem 14, Ly, = Aq(u); then for f € L,
we have f(t) = Y72 ¢, ®(u(A,)), for some ¢,’s € R. And so,

o <Ny, Yl @ (4
n=1

(30)

7,11, <

Taking the infimum over all representations of f and
using the equivalence between L4, and A ;(u), we have

1Tl < 19l 11, G31)

To prove the second statement of the theorem, observe
that (31) implies that

I7] < llgll, - (32)

If we take f(t) = (1/®(x))x[o(t) for some x > 0, then
||f||L® = 1l and since g*(t) and ©(t)/t are decreasing, we have

1 2 (t)
||Tgf“L® ) L (Xtoa)” () ——
__tr ‘D_(f)
“ow J ") (33)
QM) 4y
(D() ()j dt> g (x).
Consequently, ||Tg||L® > g*(x) and so
sup”f"L@:l”Tgf"Lm > g"(x). Thus
[Tl 29" ). vx>0. (34)

Taking the limit as x — 0, we have

7] = gl (35)

From the inequality (B.4) in the proof of Theorem 7
(Appendix B), it follows that

|75] = Clglly, - (36)

The result then follows by combining (32) and (36). [
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Definition 17. Let h be a nonsingular measurable transforma-
tion on [0, 27], and let ® € Cg,. We define X, () as

Xo () = {h:[0,27] — [0,271] :
(37)
@ (u(h(4)) < MO (u(A)},
where A is a p-measurable set in [0,27]. M is an

absolute real constant and k™' is the inverse image of
the p-measurable subset A of [0,27]. Put ||h||X®(ﬂ) =

SUp ) 20 (P(p(h ™ (A)))/D(u(A))).

Theorem 18 (composition operator). For ® € Cgy, and for f €
Lo, define the composition operator Cy, as C, f = f o h. Then
C,: Ly — Lgisboundedif and only ifh € X o(u). Moreover,
ICKI = llAllx, )

Proof. The technique of this proof mirrors that of Theorem 16.
For, assume that the operator C;, is bounded; that is, there is
some absolute constant M such that

ICu £, = MIFl,- (38)
Taking f = y, for some y-measurable set A < [0, 27],
the inequality (38) implies
21 D (t 2n
[ ooy @0 2t <3 [ g 0 20
(39)

Since (x4 © B)(t) = xp1(4) (1), (39) entails
u(h™'(A)) (A
J (DT(t)dt < MJ q)T(t)dt. (40)
0 0

Using the fact that @(¢)/t is decreasing and Dini’s condi-
tion 4 in Definition 1, respectively, on the LHS and the RHS
of (40), we have

O (u(h"(4))) < MO (u(4)). (41)

This proves that h € X, (u).
On the other hand, suppose that h € Xy (u). Then for a
p-measurable subset A of [0, 277] we have

(42)

u(h(A) @ (1)
R I

Using Dini’s condition (4) and the fact that h € X4 (p),
there is an absolute constant M such that

ICuxall,, < CO(u(h (4))) < CM® (u(4)).  (43)

Now let f € Lg. Then f(t) = Y2, ¢,xa (t) since Ly, =
A o (u). Then, using (43), it follows that

ICuflo. <MCY lo@(@(a)).

n=1

Taking the infimum over all representations of f and
using the equivalence Lq, = A 4 (u) we have

ICh S, <

showing that the operator C,, is bounded on L .

Note that, from (45), we get |C,[| < MC. Without loss
of generality, consider the constant M to be such that M =
inf{K > 0: K > ®(u(h ' (A)))/®(u(A))}. Then

@ (u(r W)
ICu scM <C (ﬁﬂ OW> = ClAlx, -

171, (45)

(46)

Moreover, if we take f(t) = x.(t)/P(u(A)) for a p-
measurable subset A in [0, 27], we have | f|| L, =1 and using
the fact that ®(t)/t is decreasing

o1 w(g ' (A) CD_(t)
el A
(47)
o W)
T O(p)
Hence
) @ (u(h" (4))
I, = S‘jf:lUChf I, = Tom@) (48)

Taking the supremum over A < [0,27] such that

u(A) # 0, we have that
ICu]l = Il - (49)

The proof of the second part is complete by combining
(46) and (49). O

Remark 19. The previous result in part shows that bound-
edness of operators other than the aforementioned ones on
weighted Lorentz spaces L4 (¢) is possible if their action on
characteristic functions can be controlled. In particular, the
centered Hardy-Littlewood Maximal operator, the Hilbert
operator (under Sawyer’s type condition) are bounded on L 4.

5. Discussion

The special atoms spaces A 4,(y) originally introduced by de
Souza in [12] for ®(¢) = t'/? seem to have an interesting role
in analysis with its connection to Lipschitz spaces (see [13])
through Hoélder’s inequality and duality. These spaces allow
for simple characterization of the Bergman-Besov-Lipschitz
spaces (see [11]), that is, spaces of functions f defined on
[0, 277] such that

r” r” |f )= f ()

dxdy < oo,
o b fx-y

p>1 (50



Another interesting use of the special atoms space is the
real characterization of some spaces of analytic functions F
in the unit disc such that

[T Geta-n

where F' represents the derivative of F (see [11, 14]). The
special atom spaces have been generalized in a couple of
different ways: one is the weighted case with its connections
to weighted Lipschitz spaces and other weighted spaces of
analytic functions. The other is that, unlike in the original
definition of special atoms spaces where the atoms were
intervals, the atoms can now be replaced with measurable sets
for general measures. This last generalization has led to the
study of Lorentz spaces L(p, 1), p > 1 and the weak-L , spaces
also known as L(p,00), p > 1. Indeed in [8], we show that
f € L(p,1) for p > 1 if and only if

VP g0dt < o, p>1, (5

F®=)cxa ®, (52)
n=1

where Y% [c,|u(A)""? < oo, the A,s are y-measurable sets
in [0, 27r]. It was also shown in [8] that (52) is equivalent to

F@®=>c[xa ®-xs ®] (53)
n=1

where ¥ |c,|u(A, UB)"? < coand A, N B, = 0 for u-
measurable set A, B, in [0, 277].

What makes (52) and (53) remarkable is that they help
to prove and generalize a result by Weiss and Stein ([15])
which states that a linear operator T : L(p,1) — B is
bounded, where B is a Banach space closed under absolute
value and satisfying || fll; = Il flll5 if ITxallz < Cy(A)l/p, for
an absolute constant C.

Another interesting observation is that the dual of L(p, 1)
can be identified as the set of measurable functions g
[0,27r] — R such that either of the following is satisfied, for
p-measurable subsets A, B of [0, 27],

1
- d )
ﬂ(igzo M(A)I/P UAg(t) ,u(t)’ e 54)

1
P O ” g(t)du(t)—J g(t)d#(t)‘

s v

AnB 0

#(A)=u(B)

(55)

In fact, (54) and (55) provide a natural generalization of
Lipschitz spaces. Indeed in (54), letting g(t) = f "(t) for a
differentiable function f on [0,27], A = [x,x + h], and u
be the Lebesgue measure yields

|f(x+h) f(x)| ‘o

M RIS (56)

Also in (55), letting g(t) = f'(t), A= [x-hx],B =
[x, x + h], and u be the Lebesgue measure yields
|f(x+h)+f(x h) - 2f(x)|
P (2h)"'?

(57)
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In [4], Kwessi et al. use this new representation of L(p, 1)
to study operators such as the multiplication and composition
operators on L(p, q) via interpolation. The key part is to show
that the study of the boundedness of such operators on L(p, q)
and in particular on L(p, p) = L, amounts to the study of the
action of such operators on characteristic functions of sets.
The present paper follows the same idea on weighted Lorentz
spaces L.

Appendices

A. Proof of Proposition 5

(a) We first prove that | - ”Aw(u) is a norm on Ag(u). Let

f € Ag(p) such that f(t) = 32 G,xa (t). Then for e > 0
arbitrary, we have that

(oe)
"f"Ad)(m < 21 |ea| @ (1 (4,)) < "f"Ad)(I/l) te (A1)
=
Thus
(o)
"f”ACD(‘u) = Oimplieso < Z |Cn| @ ([’l (An)) <é& (A.2)
n=1
Since ¢ is arbitrary, it follows that either ¢, = 0 or

D(u(A,)) = 0,Vn € N. Since ©(0) = 0 and ® are increasing
on [0,00), it follows that ®(u(A,)) = 0 is equivalent to
u(A,) = 0,Vn e N. The latter implies that the A,’s are atoms
of u in [0, 27r]. But since y is nonatomic, this is impossible.
Hence || f|l Agw =0 implies that ¢, = 0 which in turn implies
that f = 0. The homogeneity condition follows directly from
the fact that (af)(t) = 2521 occhA”(t). Now let f,g € Ag(u)
such that f(t) = Y72 ¢xa (), g(t) = X2, b,xp, () where
Yoo 1 @A) < Ifll 5, + /2 and 3.2, 16,1 (u(B,)) <
||f||A®(#) + &/2, for some arbitrary & > 0. Put

q - 1on if n is even,
no b(n+1)/2 lf 7 is Odd,
(A.3)
D. - A, if n is even,
" |Bunyp if nis odd.

Note that we can write (f + g)(t) = },2, d,xp, () with

Yoo 1d,u(D,) = Y02 el @(u(A,)) + Y02 16, D(u(B,)).
It follows that

If + QHAQ(M < Z Z b,| @ (1 (B,)) +¢

< “f”Aq)(p.) + "9“144,(#) te
(A4)

Since ¢ is arbitrary, it finishes the proof that || - || Aoy
norm on A 4 (p).

(b) We now prove that (Aq(w), |l - ||A®(H)) is a Banach
space. It suffices to show that, for any sequence (f,,),,,n €

Ao, wehave | 52, flly o < S0 ol o

)isa
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Let then (f,,,),,cn be a sequence of functions in A g (p).
Given ¢ > 0 and an integer m > 1, let ¢, be a real
number and let A, be a p-measurable set in [0 27] such

that f,,(t) = an m Xa,, () with 30 1c,, [@(u(A,, ) <
I fllay o + €27 1t follows that

leicmﬂd)( (Amn)) = Zlnfm”Aq,(y) te (A.5)

Taking the infimum over all possible representations of
fm and since ¢ is arbitrary we get that || Y, | .l Aow) S

Yo fl Aq(w and this completes the proof.

B. Proof of Theorem 7

Forl < r < o0, ||f||M = 0 implies Vx > 0, f*® = 0 on
L' ([0, x], (dt/t)). Therefore since @ is not identically zero, we
have f* = 0, y-a.e. Since we can choose equivalence classes,
it follows that f = 0. Similarly, if r = oo, || f|| Mo = = 0 implies
that f = 0. The homogeneity condition [[af| M = lalll £l Mo,
for « € R follows trivially from the fact that (ocf )= lalf
Finally, consider f,g € Mg,,1 < r < 0o. Since ® € Cg,
we have used the properties of the decreasing rearrangement
that

1f + 3l

l x * th l/r
:sup(q)(x) JO [(f+9) ®O®)] T)

x>0

ssn(ots | 1 G)owa (oo]F)”

(r-/r IR du)"
<2 ilil()) (q) > J-o (f (u) © (2u)) » )
( j s (u)o(zu»’d”> ]
(r=1)/r rdu
<2 Kfﬂ%’[(tb J (f" ) ®w) )

(@t)j( (1) ® ()’ )Ur]

< 2(7—1)/7K ("f"M@r + ||g||MCDr) ’
(B.1)

Likewise, for r = 0o, we have

17+ ll,,., = sup(s + 9)" ()@ (x)

cap( (3) 0 (2))wes

<sup 7 (u) ©(2u) + sup g" () ®(2u)

u>0

<K<supf (u)CD(u)+supg (u)@(u))

u>0

< K (IS, + lglg,..)-
(B.2)

This proves that |- [l

K>1land2" V7> 1.
Now suppose that @ € Cy. If g € L, then g(t) < |Igll,
and g*(t) < llglly,» so

lolhe,, =50 (5 |, 0" 0 %)

is a quasi-norm on My, ., since

(B.3)
< Nolspgs |2t
lleo pd) (x) t
Using (4) in Definition 1, we get
lglxs,, < Clale (B.4)
On the other hand, using (2) and (3) in Definition 1, we
have
AN )
loh, = 5 |, 7 0
) (B.5)
) (oM,
d)(x)J- t dtzg (x).
So
lgls,, = limg” () = gl (B.6)

The result then follows by combining inequalities (B.4)
and (B.6).

C. Proof of Theorem 10

It easy to show that

1 J
1= sup ———— @) du(t). 1
ol = su Sracay 1l Oldw (o8
Let A be p-measurable subset of [0,27]. For a u-

measurable set A € [0,27], we have (see [7, exercise 1.4.5,
page 65])

u(A) .
J |g(t)|d;4 (t) =J g (s)ds. (C.2)
A 0



Therefore using (C.1) and (C.2) we can show easily that

”g"zgp(y) = sup

1
D (u(A) d
uay+0 @ (1 (4)) L lg ()] du (t)

(C.3)

1 (t .,
_Stl>10p®_()J g (s)ds.

n

We only need to prove that

Il
sup,,o(1/P(t)) Iot g (s)ds to conclude.

Suppose that g € LY with ¥(t) = t/®(t), ® € Cg,. Then,
forallt > 0, (t/®(t))g" (t) < l|gll ;. Integrating both sides on
the interval [0, s], we have !

J oW,

J, o @ < Il c

Using Dini’s conditions above and taking the supremum
over s > 0, we have

;o' @drscloly ©9

JEE)

On the other hand, since g is decreasing, for s > 0, we
have

()g() @()Jg(t)dt (C6)
Taking the supremum over s > 0, we have
1
lobiy < swp i [ o7 1. ()

The equivalence follows by combining (C.5) and (C.7).

D. Proof of Theorem 11

First consider f € Lg, and g € LY. Using a result by Hardy
and Littlewood (see e.g., Exercise 1.4.1(b) in [7]), we have

21
L g @ dt

“up(ae )], 0%
gl 171,

2
L FOgwdl<

) (t)

IN

(D)

For the second part, we start with f(t) = y,(¢) for some
p-measurable subset A of [0,277] and g € Z(lb(y). Then

2
[ rogmdu
0 (D.2)

= 0 (u(4)) jAg () dyu (1),

1
D (u(A))
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Thus

2
[ rogwane

0

<®(u(A)) sup o
u(A)+0

= O (u(A) gl

(A)) U (£) du (t)| (D3)

So if f(t) = Y21 G,xa, (), the linearity of the integral

gives us

(8 elo @) ioky,

(D.4)

j FOgOdu)| <

Thus, taking the infimum over all the representations of
f,we have

(D.5)

2
jo FOgOdu®| = flayllss
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