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Abstract

In this paper, we explore how to use topological tools to compare dimension re-
duction methods. We first make a brief overview of some of the methods often used
dimension reduction such as Isometric Feature Mapping, Laplacian Eigenmaps,
Fast Independent Component Analysis, Kernel Ridge Regression, t-distributed
Stochastic Neighbor Embedding. We then give a brief overview of some topological
notions used in topological data analysis, such as, barcodes, persistent homology,
and Wasserstein distance. Theoretically, these methods applied on a data set can be
interpreted differently. From EEG data embedded into a manifold of high dimen-
sion, we apply these methods and we compare them across persistent homologies
of dimension 0, 1, and 2, that is, across connected components, tunnels and holes,
shells around voids or cavities. We find that from three dimension clouds of points,
it is not clear how distinct from each other the methods are, but Wasserstein and
Bottleneck distances, topological tests of hypothesis, and various methods show
that the methods qualitatively and significantly differ across homologies.

1 Introduction

In topological data analysis, one is interested in understanding high dimensional struc-
tures from low dimensional ones and how discrete structures can be aggregated to form
a global structure. It can be a difficult task to even think or believe that high dimen-
sional object exist beyond three dimensions since we can not visualize objects beyond
a three-dimensional space. However, embedding theorems, for instance Whitney (1936)
and Takens (1981) embedding theorems, clearly show that these high dimension struc-
tures do in fact exist. From a practical point of view, to make inferences on structures
embedded in high dimensional ambient spaces, some kind of dimensional reduction needs
to occur. From a data analysis point of view, dimension reduction amounts to data com-
pression where a certain amount of information may be lost. This dimension reduction
is part of manifold learning, which can be understood as a collection of algorithms for re-
covering low dimension manifolds embedded into high dimensional ambient spaces, while
preserving meaningful information, see Ma and Fu (2012). The algorithms for dimension
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reduction may be classified into linear and nonlinear methods or parametric or nonpara-
metric methods, where the goal is to select or extract coarse features from high dimen-
sional data. Among the pioneering linear methods is the Principal Component Analysis
(PCA) introduced by Hotelling (1933). Its primary goal is to reduce the data to a set
of orthogonal linear projections ordered by decreasing variances. Another linear method
is the multidimensional scaling (MSD) where the data are aggregated using a measure
of proximity, which could be a distance, or a measure of association such as correlation,
or any other method describing how close entities can be. Linear Discriminant Analysis
(LDA) is a linear method similar to PCA consisting of writing a categorical dependent
variable as a linear combination of continuous independent variables. As such, it is oppo-
site to an Analysis of Variance (ANOVA) where the dependent variable is continuous and
the independent variables are categorical. The focus of this paper will be on nonlinear
techniques, which as their linear counterparts, aim to extract or select low dimensional
features while preserving important information. Since there are many such methods,
our focus will be on Isometric Feature Mapping (ISOMAP), Laplacian Eigenmaps, Fast
Independent Component Analysis, (Fast-ICA), T-distributed Stochastic Neighbor Em-
bedding (t-SNE). We will compare them using Persistent homology (PH). PH is one the
many techniques of topological data analysis (TDA) that can be used to identify features
in data that remain persistent over multiple and different scales. This tool can provide
new insights into seemingly known or unknown data and has the potential to uncover
interesting hidden information embedded within data. For instance, PH has been used to
provide new insights on the topology of deep neural networks, see Naizait et al. (2020).
PH has successfully been used to provide new perspectives on viral evolution, see Chan
et al. (2013). The following examples of successful applications can be found in Otter
et al. (2017) including but not limited to better understanding of sensor-network cov-
erage, see de Silva and Ghrist (2007), proteins, see Gameiro et al. (2015); Xia and Wei
(2014), dimensional structure of DNA, see Emmett et al. (2016), see cells development,
Rizvi et al. (2017), robotics, see Bhattacharya et al. (2015); Pokorny et al. (2016); Va-
sudevan et al. (2013), signal processing, see Chung et al. (2009); Guillemard et al. (2013),
spread of contagions, see Taylor et al. (2015), financial networks, see Leibon et al. (2008),
applications in neuroscience, see Giusti et al. (2016); Sizemore et al. (2019), time-series
output of dynamical systems, see Maleti¢ et al. (2016), on EEG Epileply, see Chung et al.
(2023). The approach is the last reference is of particular interest to us. Indeed that
paper, authors considered EEG measured on the healthy person during sleep. They used
the method of false nearest neighbors to estimate the embedding dimension. From there,
persistent barcodes diagrams are obtained and reveal that topological noise persists at
certain dimension and vanish some others. This paper has a similar approach and is
organized as follows: in Section 2, we review theories behind some dimension reduction
methods, then in Section 3, we give an overview of the essentials of persistent homology,
in Section 4, we discuss how to apply persistent homology to data, and compare the
methods on an EEG dataset, using persistent homology. Finally in Section 5, we make
some concluding remarks.



2 Review of a selected dimension reduction methods

Let us note that some of the review methods below are extensively described in Ma and
Fu (2012). To have all of our ideas self-contained, let us re-introduced a few concepts.
In the sequel, ||-|| is the euclidian norm in R?, for some d > 3. In the sequel, topological
spaces .# will considered to be second-countable Hausdorff, that is, (a) Every pair of
distinct points has a corresponding pair of disjoint neighborhoods. (b) Its topology has
a countable basis of open sets. This assumption is satisfied in most topological spaces
and seems reasonable.

2.1 Preliminaries

Definition 1. A topological space A is called a (topological) manifold if locally, it re-
sembles a real n-dimensional Euclidian space, that is, there exists n € N such that for all
x € M, there exists a neighborhood U, of x and a homeomorphism f : U, — R™. The
pair (Ug, f) is referred to as a chart on A and f is called a parametrization at x.

Definition 2. Let .# be a manifold. # is said to be smooth if given x € #, the
parametrization [ at x has smooth or continuous partial derivatives of any order and can
be extended to a smooth function F : # — R" such that F|ij = f.

Definition 3. Let .# and A be differentiable manifolds and consider o : M — N a
function. 1 is said to be an immersion if 1 is a differentiable function and its derivative
is everywhere injective. In other words, 1 : M — N is an immersion if Dy - T M —
Ty@)-NV is an injective function at every point x of M , where T,.# represents the tangent
plane to M at x.

Definition 4. Let .# and A be differentiable manifolds. A function o : M — N s

an embedding if 1 is an injective immersion.

Let us introduce the notion of boundary of topological manifold that will be impor-
tant in the sequel.

Definition 5. Consider a Hausdorff topological manifold .# homeomorphic to an open
subsets of the half-euclidian space R'y. Let the interior Int(.#) of .# be the subspace
of M formed by all points s that have a neighborhood homeomorphic to R™. Then the
boundary of A is defined as complement of Int(A) in M, that is, A \ Int(A), which
is an n — 1-dimensional topological manifold.

2.2 Isomap

Isometric Feature Mapping (Isomap) was introduced by Tenenbaum et al. (2000). The
data are considered to be a finite sample {v;} from a smooth manifold .#. The two key
assumptions are: (a) there exists of an isometric embedding ¢ : .# — 2~ where 2~ = R%,
where the distance on . is the geodesic distance or the shortest curve connecting two
points, (b) the smooth manifold .# is a convex region of R™ where m << d. The
implementation phase has three main steps.



1. For a fixed integer K and real number € > 0, perform an ¢ — K-nearest neighbor
search using the fact that the geodesic distance D (v;,v;) between two points on
A is the same (by isometry) as their euclidian distance ||v; — v;|| in R?. K is the
number of data points selected within a ball of radius e.

2. Having calculated the distance between points as above, the entire data set can be
considered as a weighted graph with vertices v = {v;} and edges e = {e;; }, where
e;; connects v; with v; with a distance w;; = D7 (v;,v;) considered as an associated
weight. The geodesic distance between two data points v; and v; is estimated as
the graph distance between the two edges, that is, the number of edges in a shortest
path connecting them. We observe that this shortest path is found by minimizing
the sum of the weights of its constituent edges.

3. Having calculated the geodesic distances D¢ = {w;;} as above, we observe that
D% is a symmetric matrix, so we can apply the classical Multidimensional Scaling
algorithm (MDS) (see Torgerson (1952)) to D¢ by mapping (embedding) them into
a feature space ¢ of dimension d while preserving the geodesic distance on .#Z. %
is generated by a d X m matrix whose i-th column represents the coordinates of v;

in % .

2.3 Laplacian Eigenmaps

The Laplacian Eigenmaps (LEIM) algorithm was introduced by Belkin and Niyogi (2002).
As above, the data v = {v;} are supposed to be from a smooth manifold .Z. It also has
three main steps:

1. For a fixed integer K and real number ¢ > 0, perform an ¢ — K-nearest neighbor
search on symmetric neighborhoods. Note that given two points v;, v;, their respec-
tive K-neighborhood N/* and N are symmetric if and only v; € NJ <= v; € NJ.

2. For a given real number ¢ > 0 and each pair of points (v;, v;), calculate the weight
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w;; = e 22 ify € NjK and w;; = 0 if v; ¢ N]-K. Obtain the adjacency matrix
W = (wj;). The data now form a weighted graph with vertices v, with edges
e = {e;;}, and weights W = {w;;}, where e;; connects v; with v; with distance w;;.

3. Consider A = {);;} be a diagonal matrix with \;; = Zwij and define the graph
J
Laplacian as L = A — W. Then L is positive definite so let Y be the d x n matrix
that minimizes Zw’j ly; — y;||> = tr(TLYT). Then Y can used to embed .#
2
into a d-dimensional space %', whose i-th column represents the coordinates of v;

in % .

2.4 Fast ICA

The Fast Independent Component Analysis (Fast-ICA) algorithms were introduced by
Hyvérinen (1999). As above, the data v is considered to be from a smooth manifold



A . 1t is assumed that the data v is represented as an n x m matrix (v;;) that can be
flattened into a n x m vector. As in Principal Component Analysis (PCA), in Factor
Analysis, Projection Pursuit, or Independent Component Analysis (ICA), by considering
the data as an n x m-dimensional observed random variable, the goal is to determine a
matrix W such that s = WTw, where s is a n x m-dimensional random variables having
desirable properties such as optimal dimension reduction, or other interesting statistical
properties such as minimal variance. Optimally, the components of s should provide
source separation (the original data source v is assumed corrupted with noise) and feature
extraction and be independent of each other. In a regular ICA, the matrix W' is found
by minimizing the mutual information, a measure of dependence between given random
variables. In fast ICA algorithms, the matrix W is found by using a Newton fixed point
approach, with an objective function taken as the differential entropy given as Jg(W') =
(E[GWTW)] — E[G(z)])Q, where it is assumed that W is such that E[(WTW)?] = 1,
and z is standard normal distribution. G is a function referred to as the contrast function
that include but is not limited to G (u) = o log(cosh(au)), G(u) = —o e 05" G (u) =
0.25u*, where a € [1,2] and 0 ~ 1. From a dynamical system point of view, the fixed
point is locally asymptotically stable with the exception of G/(u) = 0.25u* where stability
becomes global. For simplification purposes, let g(z) = G’(x). The key steps are:

1. Data preparation: it consists of centering the data v with respect to the column
1 m

to obtain v°. That is, v; = vy; — — E vij, for @ =1,2,--- ,n. The centered data
m =

C c

are then whitened, that is, v is linearly transformed into v¢, a matrix of uncor-

related components. This is accomplished through an eigenvalue decomposition
of the covariance matrix C = v¢(v¢)T to obtain two matrices V', E, respectively
of eigenvectors and eigenvalues so that E[C] = VEVT. The whitened data are
found as v¢, = E~'/2VTy¢ and simply referred to again as v for simplicity.

2. Component extraction: Let F(W) = E[vg(WTv)] — BW for a given constant
B = EWZXvg(WTv)], where W, is the optimal weight matrix. Applying the
Newton scheme (x,1 = x, — F(z,)[F'(z,)]™") to the differentiable function Jg,
we have

e Select a random starting vector Wy,

For n > 0, W, = Elvg(W1v)| — El¢(WIv)W,.
Wn+1

Wl

We repeat until a suitable convergence level is reached.

From the last matrix W obtained, we let s = WTw.

We then normalize W, ,; as

2.5 Kernel Ridge Regression

The Kernel Ridge Regression (KRR) is constructed as follows: as above, the data v is
considered to be from a smooth manifold .# of dimension say d. It is assumed that
the data v is represented as an n X m matrix {v;;} that can be flattened into a n x m
vector. Suppose we are in possession of u = (uy,us, -+ ,u,) data corresponding to a
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response variable and covariates given as v = (vy,v2,+++,v,) Where v; = (v;;)" for
j=1,2,--- 'm. With the Least Square method, on can find the best linear model be-

tween the covariates v = (v;) and the response u = (u;), by minimizing the objective
L

1
function L(W) = = u; — WTv,;)?, where W is a 1 x n vector. Least square methods
2

=1
are notorious for overfitting. The Ridge regression is a compromise that uses a penalized

1 A
objective function such as L(W) = — Z(ul -~ WTy,)? + 5 |W . The solution can be

i=1
found as W = ()\I + Z vivf ) (Z ui'vi) . In case the true nature of the relation-

ship between the response and covariates is nonlinear, we can replace v; with ¢(v;) where
@ is a nonlinear function R™ — R. In particular, if the response is qualitative, that is,
say labels, then we have a classification problem and ¢ is referred to as feature map. Note
that when using ¢, the number of dimensions of the problem is considerably high. Put
O = p(v) = (e(v1),o(v2), -, o(vy)). Replacing v; with ¢(v;), the solution above be-

comes W = ()\[ + Z(p(vi)gp(vi)T> (Z u;o(v; ) (M + ®dT)'du”’. Consider

the following identity ABT(C'+ BABT)™' = (A~' + BTC~'B)"'BTC~! for given invert-
ible matrices A, C' and a matrix B. Applying this with A = C = I and B = ® we have
WT = u [T(A] + ®T®) | = w [(A] + @T®)'®T]. Therefore, given a new value v,
the predicted value is y,, = WTCI)('vn) = u(q)Tq> + AT P (v,) = w(K + M) 'k(v,),

where K = K(v;,v;) = 70 = Z o(v;) o(v;) and k(v,) = K(v;,v,). K is referred to

as the kernel, which is the only quantlty needed to be calculated, thereby significantly
reducing the computational time and dimensionality of the problem. In practice, we may
use a linear kernel K (z,y) = 'y, or a Gaussian kernel K (z,y) = e“’”m_y”Q, for some
o > 0, where ||-|| is a norm in R™ and o is given real constant.

2.6 t-SNE

Stochastic Neighbor Embedding (SNE) was proposed by Hinton and Roweis (2002).
t-SNE latter followed and was proposed by van der Maaten and Hinton (2008). t-
distributed stochastic neighbor embedding (t-SNE) is a dimension reduction method
that amounts to assigning data two or three dimensional maps . As above, we consider
the data v = (v;;) = (v) (kK = 1,2,--- ,N with N = n x m) to be from a smooth
manifold .# of high dimension, say d. The main steps of the method are:

e~ Okl _ Jlok—w?
ks e 0kl 20;
represents the dissimilarity between v, and v; and o; is a parameter selected by
the experimenter or by binary search. py; represents the conditional probability
that datapoint v; is the neighborhood of datapoint vy, if neighbors were selected
proportionally to their probability density under a normal distribution centered at
v, and variance o;.

e (Calculate the asymmetrical probabilities py; as py = where 0 =



e Assuming that the low dimensional data are u = (ug), kK = 1,2,--- , N, the cor-
responding dissimilarity probabilities qx; are calculated under constant variance

as qu = ZL%_Z%, where diy = |lur, —wl]® in the case of SNE and as qy =
k£l €
(1 + dkl)_l

for t-SNE.

Dokt (L di) ™Y

e Then, we minimize the Kullback-Leibler divergence between py; and ¢ given as
N N

L = ZZpkl log Pr , using the gradient descent method with a momentum
k=1 I=1 Gkl

oL
term with the scheme w! = w'™! + U +at)(w™t —w'?) fort =2,3,---, T
u

for some given T. Note that w® = (uy, ug, -+ ,uy) ~ N(0,107*I), where I is the
N x N identity matrix, n is a constant representing a learning rate, and «(t) is

oL oL
t-th momentum iteration. We note that — = ( — | for k= 1,2,--- | N where
ou ouy,
oL al
_ -1
Dur 4 E (D1 — qra) (g — wg) (1 + dpy)

=1

T

e Then we use u = w' as the low dimensional representation of v.

3 Persistent Homology

In the sequel, we will introduce the essential ingredients needed to understand and com-
pute persistent homology.
3.1 Simplex complex

Definition 6. A real d-simplex S is a topological manifold of dimension d that represents
the convex hull of d + 1 points. In other words:

d
S:{(to,tl,"',td)ERditizo andZt,zl} . (31)

=1

Example 1. A O-simplex is a point, a 1-simplex is an edge, a 2-simplex is a triangle, a
3-simplex is a tetahedron, a 4-simplex is a pentachoron, etc.



Figure 1: An illustration of 0, 1, 2, 3, and 4-simplices.

Remark 7. We observe that a d-simplex S can also be denoted as

S =[Vo,Vi, -, V4], whereV; = {vertices of V; } ,i=0,1,--- . d.

We also note that the dimension of V; is 1.

Definition 8. Given a simplex S, a face of S is another simplex R such that R C S and
such that the vertices of R also the vertices of S.

Example 2. Given a 3-simplex (a tetrahedron), it has 4 different 2-simplex or 2
dimensional faces, each of them with three 1-simplex or 1-dimensional faces, each with
three 0-simplex or 0-dimensional faces.

Definition 9. A simplicial complex ¥ is a topological space formed by different simplices
not necessarily of the same dimension which have to satisfy the gluing condition, that is:

1. Given S; € 3, its face R; € X..
2. Given S;,S; € 3, either S;NS; =0 or S;NS; = R; = Rj, the faces of S; and S;

respectively.



Figure 2: Example of a simplicial complex. J is O-simplex, A and D are 1-simplices,
B,C,G, and H are 2-simplices, F and F' are 3-simplices, and [ is a 4-simplex. We note
that AN B is a O-simplex. BNC is a 1-simplex and a face of B and C respectively. ENF
is a 2-simplex and a face of £ and F. G N H is a 1-simplex and I N H is 1-simplex.

It is important to observe that a simplicial complex can be defined very abstractly.
Indeed,

Definition 10. A simplicial complex ¥ = {S: S C Q} is a collection of non-empty
subsets of a set €1 such that

1. For allw € ), then {w} € X.

2. For any set U such that S C U for some S € X, then U € X.

Example 3. Let Q = {1,2,3,4}. We can define the following simplicial complexes on
Q

LSy = {{1) {2} (3. {4} {1.2} . {1.3) . {2,3) . {1.2,3}) .
2. Xy = Z(Q) \ {0}, where Z(Q) is the set of all subsets of .

3.2 Homology and persistent homology

Definition 11. Let X be a simplicial complex.
We define the Abelian group generated by the j-simplices of ¥ as C;(X).
We define a boundary operator associated with Cj(X) as a homomorphism

8j : CJ(Z) — Cj71(2> .
We define the chain complex associated with 3 as the collection of pairs
C(¥) ={(C;(%),0;),7 € Z} .

Now we can define a homology group associated with a simplicial complex.



Definition 12. Given a simplicial compler ¥, put A;(X) = kern(9;) and B;(¥) =
Im(0j+1). Then the jth homology group H;(X)of ¥ is defined as quotient group between
A;(X) and B;(X), that is,

What this reveals is the presence of “holes” in a given shape.

< j-dimensional cycles >

Remark 13. It is important to observe that H;(X) = —— : : ,
< j-dimensional boundaries >

where < U > stands for the span of U, and a cycle is simply a shape similar to a loop
but without necessarily a starting point.
Another important remark is that the boundary operator can indeed be defined as

0;(2) = (= 1)F[Vo, -+ Vg, Vil

k=0

where V,k means not counting the vertices of Vi,. This shows that 0;(X) lies in a j — 1-
simplex.
Another remark is that 0;_100; =0 for 0 < j <d.

Now that we know that homology reveals the presence of “holes”, we need to find a
way of determining how to count these “holes”.

Definition 14. Given a simplicial complex 3, the jth Betti number b;(X) is the rank of
H;(X) or
b;(X) = dim(A;(X)) — dim(B;(%)) .

In other words, the smallest cardinality of a generating set of the group H;(X).

In fact since the elements of A;(X) are j-dimensional cycles and that of B;(X) are j-
dimensional boundaries, the Betti number counts the number of independent j-cycles not
representing the boundary of any collection of simplices of X.

Example 4.
1. by is the number of connected components of the complex.
2. by is the number of tunnels and holes.

3. by is the number of shells around cavities or voids.

Definition 15. Let X be simplicial complex and let N be a positive integer. A filtration
of ¥ is a a nested family X% = {%,,0 < p < N} of sub-complezes of 3 such that

Yo C X CXp C--- Ty =2

Now let Fy be the field with two elements and let 0 < p < ¢ < N be two integers.
Since Y, C X, the inclusion map Incl,, : ¥, — X, induces an [Fs-linear map gy, :
H;(%,) — H;(X,). We can now define, for any 0 < j < d, the j-th persistent homology
of a simplicial complex .
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Definition 16. Consider a simplicial complex > with filtration XX, for some positive

integer N. The j-th persistent homology H?ﬁq(E) of ¥ is defined as the pair:

Hﬁ‘)ﬁq(gﬁﬁ‘?) = ({H;(3,),0 <p< N} {gp; 0 S p< g < N}).

In a sense, the j-th persistent homology provides a more refined information than the
homology of the simplicial complex in that it informs us of the changes of features such
as connected components, tunnels and holes, shells around voids through the filtration
process. It can be visualized using a “barcode” or a persistent diagram. The following
definition is borrowed from Ghrist (2008):

Definition 17. Consider a simplicial complex X3, a positive integer N, and two integers
0 < p < q < N. The barcode of the j-th persistent homology ]HI?_"](E,IFQ) of X s a
graphical representation of H?ﬁq(Z,IE}) as a collection of horizontal line segments in a
plane whose horizontal axis corresponds to a parameter and whose vertical axis represents
an arbitrary ordering of homology generators.

We finish this section with the introduction of the Wasserstein and Bottleneck distances,
used for the comparison of persistent diagrams.

Definition 18. Let p > 1 be a real number. Given two persistent diagrams X and Y,
the p-th Wasserstein distance W,(X,Y') between X and Y is defined as

o N P
Wo(X.Y) = inf >z = n(@) .

zeX

where 1 1s a perfect matching between the intervals of X and Y .
The Bottleneck distance is obtained when p = oo, that s, it is given as

Woo(X,Y) := inf sup [lz —n(z)|

0
n:X—=Y pex

4 Applications to Data

In the presence of data, simplicial complexes will be replaced by sets of data indexed by
a parameter, therefore transforming these sets into parametrized topological entities. On
these parametrized topological entities, the notions of persistent homology introduced
above can be computed, especially the Betti number, in the form of “barcode”. To see
how this could be done, let us consider the following definitions:

Definition 19. For a given collection of points {ss} in a manifold # of dimension n,
its Cech complex Cs is a simplicial complex formed by d-simplices obtained from a sub-
collection {5k, 0 < k <d,0 <d <n} of points such that taken pairwise, their ¢/2-ball
neighborhoods have a point in common.

Definition 20. For a given collection of points {ss} in a manifold 4 of dimension n,
its Rips complexr Rgs is a simplicial complex formed by d-simplices obtained from a sub-
collection {z55,0 < k <d,0 <d <n} of points which are pairwise within a distance of
0.
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Remark 21. 1. [t is worth noting that in practice, Rips complexes are easier to com-
pute than Cech complexes, because the exact definition of the distance on .4 may not be
known.

2. More importantly, from a data analysis point of view, Rips complexes are good ap-
proximations (estimators) of Cech complezes. Indeed, a result from de Silva and Ghrist
(2007) shows that given & > 0, there exits a chain of inclusions Rs < Cs vz = Ry
3. Though Rips complexes and barcodes seems like challenging objects to wrap one’s head
around, there is an ever growing list of algorithms from wvarious languages that can be
used for their visualization. All the analysis below has been done using R, in particular

the TDA package in R.
4.1 Randomly generated data

We generated 100 data points sampled randomly in the square [—5, 5] X [—5, 5]. In Figure
3 and Figure 4 below, we illustrate the Rips and barcode changes through a filtration.

S=0.8 S=1.7
<~ —& -.“..’:.. < -

- -

o e

(=1 (=1 (=1
o~ o~ [N
1 1 1
<r <r <r
T [ [
~r ~r ~r
o~ o~ o~
(=1 (=1 (=1
o~ [N o~
1 1 1
<r <r <r
[ [ T

T T T T T
—4 o 2 4a

Figure 3: Example of the evolution of Rips Complexes {Rs} through a filtration with
parameter §. As we move from left to right, it shows how samples points (blue dots),
first form O-simplices, then 1-simplices, and so on. In particular, it shows how connected
components progressively evolve to form different types of holes.
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S=0.8

O.0 0.4 0.8 Oo.0 0.5 1.0 1.5
S=1.8 S=2.2
Hi1 H,
Ho Ho
1 1 1 1 1 1 1 1 1 1 1 1 1
O.0 0.5 1.0 1.5 0.0 1.0 O.0 1.0 2.0

Figure 4: Example of the evolution of barcodes through a filtration with parameter ¢ for
the same data as above. As we move from left to right, from top to bottom, it shows
appearance and disappearance of lines (Hy) and holes (H;) as the parameter § changes.
It shows that certain lines and holes persist through the filtration process.

4.2 EEG epilepsy data
4.2.1 Data Description

The main purpose of the manuscript it to analyze EEG data. We will consider a
publicly available (at http://www.meb.unibonn.de/epileptologie/science/physik/
eegdata.html) epilepsy data set called here EDATA for simplicity. The data consist
of five sets A, B, C, D, and E. Each containing 100 single-channel EEG segments of
23.6 seconds, each of which was selected after visual inspection for artifacts (such as
acoustic and electrical shielding, separation of earth ground for laboratory, interconnec-
tivity of devices on the same phase and ground centrally and locally) and has passed a
weak stationarity criterion. Sets A and B were obtained from surface EEG recordings
of five healthy subjects with eyes open and closed, respectively. Data were obtained in
seizure-free intervals from five patients in the epileptogenic zone for set D and from the
hippocampal formation of the opposite hemisphere of the brain for set C. Set E contains
seizure activity, selected from all recording sites exhibiting ictal activity. Sets A and B
have been recorded extracranially, whereas sets C, D, and E have been recorded intracra-
nially. All EEG signals were recorded with the same 128-channel amplifier system, using
an average common reference omitting electrodes containing pathological activity (C,D,
and E) or strong eye movement artifacts (A and B). After 12 bit analog-to-digital con-
version, the data were written continuously onto the disk of a data acquisition computer
system at a sampling rate of 173.61 Hz. Band-pass filtersettings were 0.53-40 Hz (12
dB/oct.)
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4.2.2 Data analysis

The approach is to first embed the data into a manifold of high dimension. This was
already done in Kwessi and Edwards (2021). The dimension d = 12 was found using the
method of false nearest neighbors. Depending on the set used, the size of the data can
be very large: for example (4097 x 100 x 5 = 2,048,500) making it very challenging to
analyze holistically. In Kwessi and Edwards (2021), we proposed to construct a complex
structure (using all 100 channels for all 5 groups) whose volume changes per group. We
would like to analyze the data further from a persistent homology point of view. This
would mean analyzing 500 different persistent diagrams and making an inference. We
note that simplicial complexes of this data sets are very large (2 Millions+). Fortunately,
we can use the Wasserstein distance to compare persistent diagrams. To clarify, we will
use each of the dimension reduction method introduced earlier, then proceed with con-
struction of persistent diagrams. We will then compare them by method and by sets (A,
B, C, D, and E).

Single-channel Analysis:

Suppose we select at random one channel among the 100 from set D. Figure 5 below
represents a 3 dimensional representation of the embedded data using Takens embedding
method (Tak), plotted using the 3 first three delayed coordinates z = x(t),y = z(t —
p),z = z(t — 2p) where p = 1A¢t, with At = # = 5.76 ms in Figure 5 (a), then the
first three coordinates in the case of Kernel Ridge Regression (KRR;) in Figure 5 (b),
Isomap (iso.i) in Figure 5 (c), Laplacian Eigen Maps (LEIM;) in Figure 5 (d), Fast
Independent Component Analysis (ICA;) in Figure 5 (e), and t-Distributed Stochastic
Neighbor Embedding (t-SNE;) Figure 5 (f). From these three dimensional scatter plots,
we can visually observe that the t-SNE plot (Figure 5 (f)) is relatively different from
the other five since it seems to have more larger voids. How different is difficult to tell
from the naked-eye. Figure 6 represents their corresponding barcodes. It is much clearer
looking at the the persistent diagram for t-SNE (Figure 6 (f)) that it is very different from
the other five, when looking at Hy, H; and H,. Now, a visual comparison is not enough
to really assert a significant difference. Using the Bottleneck distance, we calculate the
distance between the respective persistent diagrams, for Hy and H; in Table 1 (a) and
H, in Table 1 (b) below. We observe from the first table that the Bottleneck distance
at Hy and Hy for t-SNE are almost twice as large as for the other methods. They are
comparable to that of LEIM at H;. The other methods have comparable Bottleneck
distances at Hy, H;, and Hs, confirming what we already suspected visually in Figure 5
and Figure 6.
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Figure 5: Scatterplots for a Takens projection method (a), KRR method (b), Isomap (c),
LEIM (d), ICA (e), and t-SNE (f).
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Figure 6: Barcodes for a Takens projection method(a), KRR method (b), Isomap (c),
LEIM (d), ICA (e), and t-SNE (£).
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(@) (b)

Ho Tak Iso KRR ICA LEIM | TSNE H, /H, Tak Iso KRR ICA LEIM TSNE
Tak Tak 0.0363205 | 0.0301992 | 0.0292631 | 0.0291247 | 0.0551774
Iso 0.0945019 Iso 0.0340282 0.0330687 | 0.0290406 | 0.0236890 | 0.0598517
KRR | 0.0957546 | 0.0200035 KRR | 0.0317261 | 0.0279460 0.0207599 | 0.0212138 | 0.0647935
ICA 0.0982795 | 0.0157002 | 0.0071899 ICA 0.0310771 | 0.0270919 | 0.0208086 0.0242277 | 0.0611090
LEIM | 0.1678820 | 0.1182656 | 0.1247918 | 0.1205499 LEIM | 0.0607389 | 0.0725585 | 0.0702695 | 0.0682761 0.0542615
TSNE | 0.2238167 | 0.1730406 | 0.1817924 | 0.1759454 | 0.1162392 TSNE | 0.0757815 | 0.0959521 | 0.0864587 | 0.0861522 | 0.0785030

Table 1: Bottleneck distance between the persistent diagrams above at Hy (black), at H;
(blue), and at Hy (red) .

The analysis above was done using a single channel, selected at random from the set D.
It seems to suggest that the t-SNE method is different from the other five dimension
reduction methods discussed above. Strictly speaking, non zero Bottleneck distances are
indication of structural topological differences. What they do not say however is, if the
differences observed are significant. To address the issue of significance, we will perform
a pairwise permutation test. Practically, from set j and channel i, we will obtain a
persistent diagram %m ~ PU) where j € {1,2,3,4,5},i € {1,2,---,15}, and 20 is
the true underlying distribution of persistent diagrams, see Mileyko et al. (2011) for the
existence of these distributions. We will conduct a pairwise permutation test with null
hypothesis Hy : 22U = 20" and alternative hypothesis H; : 20) £ 20 We will
use landscape functions (see Berry et al. (2020)) to obtain test statistics. The p.values
obtained were found to be very small, suggesting that the differences above are indeed
all significative across Hy, H;, and H.

Multiple-channel Analysis:
(a) Within set analysis

In each set, we make a random selection of 15 channels, and we compare the Bottleneck
distances obtained. This means having 15 tables of distance such as Table 1 (b) above.
There will be consistency if the cell value k(z, j) in Table k, where k € {1,2,--- 15} and
i,7 € {1,2,3,4,5} is barely different from £'(7, j) of Table k’. Large differences will be
an indication of topological differences between the methods within the sets. In Figure 7
below, the y-axis represents Bottleneck distances and the z-axis represents channels in-
dices. The red color is indicative of the Bottleneck distance between persistent diagrams
on H; and the blue color on H from data generated from each of the methods above. We
see that overall, while there are small fluctuations from channels to channels on Hj, the
largest fluctuations actually occur on Hy. A deeper analysis reveals that in fact, the large
fluctuations are due to large distance between t-SNE and the other five methods. This
confirms the earlier observations (refer to Figure 6 and Table 1 above) that persistent
diagrams are really different on Hs. Topologically, this means that shells around cavities
or voids that persist are not the same when using different dimension reduction methods.
However, the small fluctuations on H; do not mean that tunnels and holes that persist
are the same. Rather, they do indicate is that they may not be all very different.
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Figure 7: Bottleneck distances between the persistent diagrams for 15 channels within
each set A, B, C, D, and E on H; and Hj for each of the methods introduced above.

(b) Between set analysis

To analyze the data of Bottleneck distances between sets, we need a summary statistics
for each set from the data above. It is clear from Figure 7 that the mean would not
be a great summary statistics on Hy, as there seems to be too many outliers. We will
use the median instead and perform a pairwise Wilcoxon-Mann-Whitney test. Table 2
below shows the p.value on H; and and H,. The take-away is that the last row of the
table suggests that set E is statistically topologically different from others on H;, at
significance level 0.05. In a way, this is a confirmation of the results obtained in Kwessi
and Edwards (2021) where set E (seizure) was already shown to be statistically different
from other sets.
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H, /H, A B C D E
A 0.1975936 | 0.3049497 | 0.2467548 | 0.7432987
0.3202554 0.3835209 | 0.5066311 | 0.1707835
C | 0.0832231 | 0.1322987 0.8356690 | 0.7088614
D | 0.2012797 | 0.6292608 | 0.6292608 0.5067258
E | 0.0049325 | 0.0157855 | 0.0157855 | 0.0114901

Table 2: P.values of Wilcoxon-Mann-Whitney tests between sets of median Bottleneck
distances.

5 Concluding remarks

In this paper, we have revisited the mathematical descriptions of six dimension reduction
methods. We have given a brief introduction to the very vast topic of persistent homology.
We discussed how to apply persistent homology to data. In the presence of data (say
in three dimension) obtained either by projecting the data from high dimension into
smaller dimension (as in Takens) or by performing some sort of dimension reduction, it
is not always clear what we see or how different one method is compared to another.
From their mathematical description, they seem to represent different objects. Further,
obtaining theoretically a clear discrimination procedure between these procedures seems
a daunting if not an outright impossible task. Topology may offer a solution by looking
at persistent artifacts through filtration. From Figure 5, it seems clear that the methods
were different but Figure 6 offers a different perspective. In the end, through calculation
of Bottleneck distances and hypothesis tests, we can safely conclude that the methods
are different topologically speaking, in that, the connected components, the tunnels and
holes, the shells around cavities or voids do not match perfectly. Since these methods
are indiscriminately used in many applications, the message is that replication of results
from one method to the next may not be guaranteed in the grand scheme of things. It
does not however render them useless. In fact, our analysis is limited to one data set,
meaning that another data set may yield different conclusions. Further, due to cost in
calculation, we were limited to only a handful of samples. More, Wasserstein distance for
p < oo are extremely costly in time to calculate on a regular computer. Even for p = oo,
the Bottleneck distance is also very costly in time to calculate, especially for Hy. This
explain why at some point, we did not provide the comparison on Hy. We can infer from
this analysis that topological persistent homologies do change dramatically at seizure,
a finding already obtained in previous analyses, see Kwessi and Edwards (2021). This
suggests that looking at changes in homology landscapes could be a predictor of seizure.
Given that some EEG epilepsy data are known to contain some deterministic chaos, it
be might worthwhile to study whether persistent homology can also be used for better
understanding of chaotic data in dynamical systems.
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