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ABSTRACT

We provide an estimate of the score function for rank regression using compactly sup-

ported wavelets. This estimate is then used to find a rank-based asymptotically efficient

estimator for the slope parameter of a linear model. We also provide a consistent esti-

mator of the asymptotic variance of the rank estimator. For related mixed models, the

asymptotic relative efficiency is also discussed

1 Introduction

Consider the linear model

yi = µ+ xTi β + εi , i = 1, · · · , n , (1.1)

1Corresponding author
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where ε1, · · · , εn are independent random variables with distribution function F and

density f . Consider the estimator β̂F of β ∈ Rp that minimizes the dispersion function∑n
i=1 a(R(yi − xTi β))(yi − xTi β), where R(yi − xTi β) is the rank of yi − xTi β among

y1 − xT1 β, · · · , yn − xTnβ and a(1) ≤ · · · ≤ a(n) are scores. The scores are usually chosen

as a(j) = h(j/(n + 1)), where h : (0, 1) → R+ is a nondecreasing score function. If the

scores are chosen so that a(j) = hF (j/(n+ 1)), where

hF (u) = −f
′(F−1(u))

f(F−1(u))
, (1.2)

then the estimator β̂F of β is asymptotically efficient (Hettmansperger and McKean,

1998).

If the Fisher information I(f) =
∫∞
−∞ (f ′(x)/f(x))2 f(x)dx is finite, then hF ∈ L2(0, 1).

Therefore, under I(f) <∞, there exist coefficients Cjk, such that

hF (t) =
∞∑

j=−∞

∑
k∈Z

Cjkψjk(t) ,

where {ψjk}j,k∈Z, is an orthonormal system in L2(0, 1) with

ψjk(t) = 2j/2ψ(2j/2t− k) (1.3)

for some function ψ and

Cjk =

∫ 1

0

hF (s)ψjk(s)ds . (1.4)

An asymptotically efficient estimate of the coefficients Cjk will yield an asymptotically

efficient estimate of hF .

A common approach is to fix the score function apriori on the basis of robustness

or simplicity considerations. However, for efficient results, a good approximation of hF
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based on an approximate knowledge of F from a sample is of some value. To that end,

Van Eeden (1970) proposed an asymptotically efficient estimate of location parameters

using an estimate of hF based on a subset of the data. Dionne (1981) used a similar

subset-based technique to develop estimators of linear model parameters. Beran (1974),

for the location model, and Naranjo and McKean (1997), for the linear model, provided

Fourier series estimators of hF based on the whole sample. A different approach to

aforementioned methods that uses density estimation and based on quantiles regression

was proposed by Koenker and Basset (1978).

The estimator proposed in this paper also uses the whole sample to estimate hF . Our

approach differs from that of Naranjo and McKean (1997) in that:

1. we develop estimates of hF that provide asymptotically efficient estimators β̂F

based on a large class of orthonormal basis in L2(0, 1),

2. we develop estimates based on second order approximations (Beran (1974) and

Naranjo and McKean (1997) used first order approximations),

3. we eliminate restrictive assumptions on the data such as those in assumption (A6)

of Naranjo and McKean (1997) by using second order approximations, and

4. we provide a consistent, wavelet-based, estimator of the asymptotic variance of the

estimator β̂F .

Zygmund (1945) pointed out that second differences of functions are much more useful

than first differences in estimating smooth functions. This motivates our use of second

order approximations. Also, the use of the second derivative gives us expressions of

coefficients that are easier to manipulate than the ones in Naranjo and McKean (1997).

This allows us to avoid making restrictive distributional assumptions such as assumption

(A6) of Naranjo and McKean (1997) that asserts the first derivative of (φ(F ))′F−1 be
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bounded, where φ(t) = exp(−2πikt) and k is an integer. This excludes a wide range of

distributions such as the normal and the logistic.

This paper is organized as follows. Section 2 contains preliminary results needed for

the estimation of the score function. In Section 3, we provide our estimate of the score

function which will be used in Section 4 to find an asymptotically efficient rank estimate

of the slope parameter in the linear model.

2 Preliminaries

We will assume without loss of generality that µ = 0, β = 0, and xi are centered to have

mean 0 in (1.1). Moreover, we assume the following conditions:

(H1) ψ has compact support in (0, 1) and is three times differentiable with bounded

derivatives.

(H2)
1√
n

max
1≤i≤n

‖xi‖ = o(1).

(H3)
1
n

∑n
i=1 ‖xi‖2 = O(1).

(H4) f is absolutely continuous with I(f) <∞ with f ′/f monotone.

(H5) There exists a sequence {β̂n} in Rp such that
√
nβ̂n = Op(1).

Remark 2.1. Assumption (H1) implies that ψ
(l)
jk = O(22j) for all k ∈ N and l = 0, 1, 2, 3.

Assumption (H4) implies that f ∈ L2(R), uniformly continuous, and uniformly bounded.

The quantity β̂n in (H5) will be used as the initial estimator of β in (1.1). There are a

number of estimators that satisfy assumption (H5) including the least squares estimator

and the general rank estimator with a specified score function h (Jureckova, 1971; Jaeckel,

1972).
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The following lemma contains an alternative representation of the orthonormal basis

coefficients Cjk in the expansion of hF .

Lemma 2.2. Assume (H1) and (H4).Then

∫ 1

0

hF (t)ψ(t)dt = −
∫ ∞
−∞

d2

dz2

{
ψ
[
F (z)

]}
F (z)dz . (2.1)

Proof. Eq. (5) of Naranjo and McKean (1997) gives

∫ 1

0

hF (t)ψ(t)dt =

∫ ∞
−∞

d

dz
{ψ[F (z)]} dF (z) . (2.2)

Integrating by parts the right-hand side of equation (2.2), we have

∫ ∞
−∞

d

dz
{ψ[F (z)]} dF (z) =

[
F (z)

d

dz
{ψ [F (z)]}

]∞
−∞
−
∫ ∞
−∞

d2

dz2
{ψ[F (z)]}F (z)dz .

We can write

[
F (z)

d

dz
{ψ [F (z)]}

]∞
−∞

= lim
z→∞

[F (z)f(z)ψ′[F (z)]− F (−z)f(−z)ψ′[F (−z)] .

But limz→∞ F (z) = 1, limz→−∞ F (z) = 0, limz→∞ ψ
′(F (z)) = ψ′(1) = 0 = limz→−∞ ψ

′(F (z)) =

ψ′(0) since ψ is compactly supported. The Lemma follows.

Remark 2.3. If we replace assumption (H1) in Lemma 2.2 by the assumption that f

is absolutely continuous and
∫∞
−∞ |f

′(x)|dx < ∞, then (2.1) still holds. In fact, these

two conditions insure that both limz→−∞ f(z) and limz→∞ f(z) exist and are both equal

to zero. They are restrictive though since they require a well behaved source for the

sample data. In comparison, we have numerous functions ψ satisfying (H1) such as the
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Daubechies base functions, Symlets and coiflets.

In the remainder of the article, for α ∈ Rp, we will let Fn(·;α) represent the empirical

distribution function of y1−xT1α, . . . , yn−xTnα; that is, Fn(z;α) = n−1
∑n

i=1 I(yi−xTi α ≤

z). The following lemma is a combination of Lemma 1 and Lemma 2 of Naranjo and

McKean (1997) and gives the asymptotic linearity of Fn(w;αn) for αn converging to 0

at a suitable rate. The proof follows from Section 2.3 of Koul (1992) and will not be

given here for the sake of brevity.

Lemma 2.4. Assume (H1)− (H5). Then

sup
z∈R

√
n|Fn(z; β̂n)− F (z)| = Op(1) .

We now discuss some basic results on wavelets. For more details, including the defi-

nition of Besov spaces Bsq
p (R), the reader may refer to Härdle et al. (1998).

Definition 2.5. A function ϕ ∈ L2(R) such that {ϕ(x − k), k ∈ Z} is an othonormal

system (ONS) is called a scaling function or “father wavelet”.

Note that the Cjk in (1.4) and ψ in (1.3) can be written as Cjk = 2j/2
∫
ψ(2jx− k)f(x)dx

and ψ(x) =
√

2
∑

k λkϕ(2x− k), respectively, for some coefficients λk, where ψ(·) is the

complex conjugate of ψ(·). Moreover, if the scaling function ϕ is compactly supported,

then the number of coefficients λk is finite. The function ψ is referred to in the literature

as the “mother wavelet”.

Characterizations of ONS of L2(0, 1) can be found in Meyer (1991), Cohen et al.

(1993) and Andersson et al. (1994). If ϕ satisfies conditions given in Theorem 9.6 of

Härdle et al. (1998) (for example certain Daubechies wavelets), then hF belongs to the

Besov Space Bsq
2 (R). Besov spaces can be characterized using wavelet coefficients; thus,

they are the natural spaces for wavelet estimation of functions. Moreover, in some Besov
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spaces, wavelet coefficients decay faster than Fourier coefficients. For instance, it is shown

in Zygmund (2002) that if a function belongs to the Zygmund space B1∞
∞ (0, 1), then its

Fourier coefficients Cn are O(n−1). It was proved in Meyer (1990) that the wavelet

coefficients Wn of such a function are O(2−3n/2).

3 Estimation of Score Function

Let {θn}n∈N and {Mn}n∈N be sequences of real numbers such that Mn = O(nα), 0 <

α < 1/4 and Mn√
nθ2n
→ 0,Mnθ

2
n → 0 as n → ∞. This means that θn = O(nλ) where

λ = α/2− 1/4− γ and α− 1/4 < γ < 0. Given a scaling function ϕ with corresponding

“mother wavelet” ψ and a
√
n-consistent estimator β̂n of β, equation (2.1) in Lemma 2.2

suggests an estimator

Ĉn
jk :=

1

θ2n

∫ ∞
−∞

{
2ψjk

[
Fn(z; β̂n)

]
−ψjk

[
Fn(z+θn; β̂n)

]
−ψjk

[
Fn(z−θn; β̂n)

]}
Fn(z; β̂n)dz

of Cjk =
∫ 1

0
hF (s)ψjk(s)ds. Note that Ĉn

jk can be computed from the data as

Ĉn
jk =

2

nθn

n∑
i=1

i ·
{

2φ
[
Fn(ei; β̂n)

]
− φ
[
Fn(ei + θn; β̂n)

]
− φ
[
Fn(ei − θn; β̂n)

]}
, (3.1)

where ei = yi − xTi β̂n. In fact, let W (z) =

∫ z

η

F (s)ds, where η a zero of W . Then

−
∫ ∞
−∞

d2

dz2

{
φ[F (z)]

}
F (z)dz = −

n∑
i=1

∫ ei+θn

ei−θn

d2

dz2

{
φ[Fn(z; β̂n)]

}
dW (z) . (3.2)

For θn small enough so that there is only one ej between ei − θn and ei + θn, namely ei,

an approximation of the opposite of the integral on the right-hand side of equation (3.2)
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is

{
φ[Fn(ei + θn; β̂n)]− 2φ[Fn(ei; β̂n)] + φ[Fn(ei − θn; β̂n)]

θ2n

}[
W (ei + θn)−W (ei − θn)

]
=

{
φ[Fn(ei + θn; β̂n)]− 2φ[Fn(ei; β̂n)] + φ[Fn(ei − θn; β̂n)]

θ2n

}[∫ ei+θn

ei−θn
Fn(z; β̂n)dz

]

=
2

nθn

{
φ[Fn(ei + θn; β̂n)]− 2φ[Fn(ei; β̂n)] + φ[Fn(ei − θn; β̂n)]

}[ n∑
j=1

I(ej ≤ ξi)

]
,

where ξi ∈ [ei−θn, ei+θn]. Note that we can replace ei by their order statistics; therefore,

the form of Ĉn
jk proposed in equation (3.1) follows.

The following lemma establishes the consistency of Ĉn
jk.

Lemma 3.1. Suppose that (H1)− (H5) are satisfied. Then |Mn(Ĉn
jk − Cjk)| = op(1)

Proof. Define C̃n
jk = −

∫∞
−∞

d2

dz2

{
ψjk
[
F (z)

]}
Fn(z; β̂n)dz. Now

C̃n
jk =

1

θ2n

∫ ∞
−∞
{2ψjk [F (z)]− ψjk [F (z + θn)]− ψjk [F (z − θn)]}Fn(z; β̂n)dz + O(Mnθ

2
n) .

Taking the difference Ĉn
jk − C̃n

jk and expanding ψjk(Fn) about ψjk(F ), we have

Mn(Ĉn
jk − C̃n

jk) =
2Mn

θ2n
√
n

∫ ∞
−∞

{√
n[Fn(z; β̂n)− F (z)]

}
ψ′jk(ξ1,n(z))Fn(z; β̂n)dz

− Mn

θ2n
√
n

∫ ∞
−∞

{√
n[Fn(z + θn; β̂n)− F (z + θn)]

}
ψ′jk(ξ2,n(z))Fn(z; β̂n)dz

− Mn

θ2n
√
n

∫ ∞
−∞

{√
n[Fn(z − θn; β̂n)− F (z − θn)]

}
ψ′jk(ξ3,n(z))Fn(z; β̂n)dz

+ O(Mnθ
2
n) ,

where ξ1,n(z) is between Fn(z; β̂n) and F (z), ξ2,n(z) is between Fn(z+ θn; β̂n) and F (z+

θn), ξ3,n(z) is between Fn(z− θn; β̂n) and F (z− θn). Since ψ′jk and Fn are bounded with
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respect to n and sup
z
|
√
n(Fn(z; β̂n)− F (z))| = Op(1), we have

|Mn(Ĉn
jk − C̃n

jk)| = Op(Mn/θ
2
n

√
n) +O(Mnθ

2
n). (3.3)

On the other hand,

Mn(Cn
jk − C̃n

jk) = −Mn

θ2n

∫ ∞
−∞

(−θ2n)[ψjk(F )]′′(z)Fn(z; β̂n)dz −
∫ ∞
−∞

[ψjk(F )]′′(z)F (z)dz

− Mn

θ2n

∫ ∞
−∞

(
−θ

3
n

6

)
{[ψjk(F )]′′′[κ1(z)] + [ψjk(F )]′′′[κ2(z)]}Fn(z; β̂n)dz

+ O(Mnθ
2
n)

= Mn

∫ ∞
−∞

[
Fn(z; β̂n)− F (z)

]
[ψjk(F )]′′ (z)dz +Op(Mnθn) +O(Mnθ

2
n); ,

where κ1(z) ∈ (z − θn, z) and κ2(z) ∈ (z, z + θn).

Thus we have

Mn(Cn
jk−C̃n

jk) =
Mn√
n

∫ ∞
−∞

{√
n
[
Fn(z; β̂n)− F (z)

]}
[ψjk(F )]′′ (z)dz +Op(Mnθn) +O(Mnθ

2
n) .

But ∫ ∞
−∞

[ψjk(F )]′′(z)dz =

∫ ∞
−∞

f ′(z)ψ′′jk[F (z)]dz +

∫ ∞
−∞

f 2(z)ψ′jk[F (z)]dz) .

The two integrals on the right are bounded since f is absolutely continuous, f ∈ L2(R),

and ψjk has bounded derivatives. Therefore we have

|Mn(Cn
jk − C̃n

jk)| = Op(Mn/
√
n) +Op(Mnθn) +O(Mnθ

2
n). (3.4)

Equations (3.3) and (3.4) imply that

|Mn(Cn
jk − Ĉn

jk)| = Op(Mn/θ
2
n

√
n) +Op(Mn/

√
n) +O(Mnθ

2
n) = op(1) . (3.5)
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Remark 3.2. In view of Remark 2.1, this means that there is a constant L > 0 such

that

|Ĉn
jk − Cjk| ≤ L

22j

Mn

, for all k ∈ N .

Now define the wavelet estimator of hF as

ĥnF (t) =

j1∑
j=0

∑
k

Ĉn
jkψjk(t) ,

where j1 is some chosen resolution level in N∪{0}. Note that since we are using compactly

supported wavelets, the sum over k contains only a finite number of terms for a given

value of t (see Remark 10.1 on p. 127 of Härdle et al. (1998)).

Theorem 3.3. Under (H1)− (H5), we have E‖hF − ĥnF‖22 = o(1).

Proof. Let

hF (t) =

j1∑
j=0

∑
k

Ĉjkψjk(t) +
∑
j>j1

∑
k

Cjkψjk(t) ,

where the convergence is absolute in L2(0, 1). Thus

E‖hF−ĥnF‖
2
2 ≤ 2E

∫ 1

0

∣∣∣∣∣
j1∑
j=0

∑
k

(Cjk − Ĉn
jk)ψjk(t)

∣∣∣∣∣
2

dt

+2E

∫ 1

0

∣∣∣∣∣∑
j>j1

∑
k

Cjkψjk(t)

∣∣∣∣∣
2

dt

 .

The second term on the right is o(1) by absolute convergence in L2(0, 1).

For the first term, we have

∫ 1

0

∣∣∣∣∣
j1∑
j=0

∑
k

(Cjk − Ĉn
jk)ψjk(t)

∣∣∣∣∣
2

dt ≤
∫ 1

0

j1∑
j=0

(j1 + 1)

(∑
k

|Cjk − Ĉn
jk| |ψjk(t)|

)2

dt .
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But there is a positive constant L such that |Cjk − Ĉn
jk| ≤ L 22j

Mn
(see Remark 3.2). Thus

∫ 1

0

∣∣∣∣∣
j1∑
j=0

∑
k

(Cjk − Ĉn
jk)ψjk(t)

∣∣∣∣∣
2

dt ≤ L2(j1 + 1)

j1∑
j=0

24j

M2
n

∫ 1

0

(∑
k

|ψjk(t)|

)2

dt .

Since, by Proposition 8.3 of Härdle et al. (1998), the integral on the right hand side

is uniformly bounded in j, there is a constant C > 0 such that

∫ 1

0

∣∣∣∣∣
j1∑
j=0

∑
k

(Cjk − Ĉn
jk)ψjk(t)

∣∣∣∣∣
2

dt ≤ C

M2
n

(j1 + 1)

j1∑
j=0

24j ≤ L

M2
n

(j1 + 1)24j1+1

Choosing j1 such that (j1 + 1)24j1+1 < M2
n completes the proof.

4 Estimation of Slope Parameter

Define

Un(β) =
1√
n

n∑
i=1

xihF

[
R(yi − x′iβ)

n+ 1

]
.

Let Ûn(β) denote the same expression with hF replaced by ĥnF . Let X be the n × p

matrix with x′i as its ith row. Without loss of generality, we will assume that the design

matrix X is centered; i.e,
∑n

i=1 xi = 0.

Theorem 4.1. Under (H1) - (H5),

Ûn(0) ∼ AN(0,Σ) ,

where Σ = limn→∞(1/n)X′X.

Proof. Heiler and Willers (1988) have shown that Un(0) ∼ AN(0,Σ). We will have

Ûn(0) ∼ AN(0,Σ), if it can be shown that Ûn(0) − Un(0) = op(1). Our approach
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follows that of Naranjo and McKean (1997) closely with minor modifications to suit

wavelets.

It is enough to show that Ûn(0) − Un(0) = op(1) elementwise; so, assume that

Un ≡ Un is scalar. Suppose j1 is such that 24j1+1 < Mn. Note that 24j1+1 < Mn implies

that (j1 + 1)24j1+1 < M2
n as required by Theorem 3.3. Let t be a threshold such that

Cjk = CjkI(max
k
|Cjk| < t). We have

Ûn(0)− Un(0) =
1√
n

n∑
i=1

xi

{
ĥnF

[
R(yi)

n+ 1

]
− hF

[
R(yi)

n+ 1

)}

=

j1∑
j=0

∑
k

(Cjk − Ĉn
jk)

1

n

n∑
i=1

xi√
n
ψjk

[
R(yi)

n+ 1

]

Since |Cjk − Ĉn
jk| = op(2

2j/Mn), it suffices to show that

n∑
i=1

xi√
n

∑
k

ψjk

[
R(yi)

n+ 1

]
= Op(2

2j) .

This follows from Chebychev’s inequality if

E

{
n∑
i=1

xi√
n

∑
k

ψjk

[
R(yi)

n+ 1

]}2

= O(24j) .

To that end, letting Kij =
∑
k

ψjk

[
R(yi)

n+ 1

]
, we have

E

{
n∑
i=1

xi√
n

∑
k

ψjk

[
R(yi)

n+ 1

]}2

=
∑
i

(x2i /n)E(K2
ij) +

∑
r 6=s

(xrxs/n)E(KrjKsj) .

But by Theorem 9.6 of Härdle et al. (1998), we have Kij = O(22j) and because (
∑

i xi)
2 =

0, we have by (H3) that
∑

i(x
2
i /n) =

∑
r 6=s(xrxs/n) = O(1). The proof is complete.
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Given an initial estimator β̂n, define the one-step estimator as

β̂
∗
F = β̂n + τ

√
n(X′X)−1Û(β̂n) , (4.1)

where τ−1 =
∫ 1

0
|hF (t)|2dt. The estimators β̂

∗
F and β̂F have the same asymptotic distri-

bution as given in the following theorem. The proof is direct and will not be given here

for the sake of brevity.

Theorem 4.2. If (H1)- (H5) are satisfied, then β̂
∗
F ∼ AN(0, τ 2Σ−1).

For practical applications of Theorem 4.2, one needs a consistent estimator of τ−1.

Koul et al. (1987) have given a consistent estimator of τ−1 for the case where the score

function is known. Their estimator is based on a kernel density estimator of the density of

the errors based on the residuals of the model. The following theorem gives a consistent

estimator of τ−1 for the case of estimated scores.

Theorem 4.3. Define (τ̂nF )−1 =
∫ 1

0
|ĥnF (t)|2dt. Then, under (H1) - (H5),

(τ̂nF )−1 − τ−1 P−→ 0 .

Proof. Note that

∣∣∣∣∫ 1

0

|ĥnF (t)|2 − |hF (t)|2dt
∣∣∣∣ ≤ ∫ 1

0

∣∣∣|ĥnF (t)|2 − |hF (t)|2
∣∣∣ dt ≤ ∫ 1

0

∣∣∣ĥnF (t)− hF (t)
∣∣∣2 dt .

Thus

P
(∣∣∣(τ̂nF )−1 − τ−1

∣∣∣ > ε
)
≤ P

(∫ 1

0

∣∣∣ĥnF (t)− hF (t)
∣∣∣2 dt > ε

)
,

which is bounded by ε−1E‖hF − ĥnF‖22 by Markov’s inequality. The desired result follows

from Theorem 3.3.
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One may estimate (τ̂nF )−1 using numerical integration methods (such as Gaussian

quadrature) using some grid on (0, 1) since the ĥnF (t) can be computed for any given

t ∈ (0, 1).

As one application, consider testing the general linear hypothesis

H0 : Mβ = 0 versus H1 : Mβ 6= 0 ,

where M is a q × p matrix of full row rank forming linear constraints. Under H0, the

quantity

BM =

(
Mβ̂

∗
F

)′
[M(X′X)−1M′]

−1
(
Mβ̂

∗
F

)
q(τ̂nF )2

.

is asymptotically χ2(q) by Theorem 4.2, Theorem 4.3, and Slutsky’s Lemma. Thus a

level-α Wald test rejects H0 if BM exceeds the (1−α) quantile of the χ2(q) distribution.

5 Discussion

In this paper, we developed an asymptotically efficient rank estimator based on score

functions estimated using wavelets. A consistent estimator for τ is given for the asymp-

totic variance of the rank estimator. This can be used in constructing Wald tests of

general linear hypotheses.

In our treatment we assumed that the errors are independent and identically dis-

tributed with cdf F that has pdf f . Estimating the score function to maximize efficiency

is generally a very difficult problem for dependent error models. In simple dependent

data problems, however, this may be tractable using some of the methodology developed

in this paper. For example, consider the model given in (1.1) with ε1, . . . , εn exchangeable

and having the same marginal distribution G. Assuming x is centered, the asymptotic

14



relative efficiency of the rank estimator versus the least squares estimator is given by

ARE =
σ2(1− ρ)

τ 2ϕ(1− ρϕ)
,

where ρ = Corr(ε1, ε2), σ
2 = Var(ε1), ρϕ = Corr[ϕ(G(ε1)), ϕ(G(ε2))], and τ−1ϕ =∫ 1

0
ϕ(u)

{
−f ′(F−1(u))

f(F−1(u))

}
du. We would like to find ϕ that maximizes the ARE. This amounts

to minimizing τϕ and maximizing ρϕ. However, the function that minimizes τϕ does not

necessarily maximize ρϕ. Analytically finding ϕ that would simultaneously do both is a

difficult problem in calculus of variations. The wavelet method developed in this paper

provides an approximation the minimizer of τϕ. The maximizer of ρϕ can also be found

using the techniques in this paper since the wavelet basis of L2(R2) can be given as a

product of wavelet basis in L2(R). Thus we have two approximations of ϕ. The compro-

mise is to use the estimated score in one in the estimation of the other. This could be

iterated until the difference between the two approximations is below a specified level of

tolerance. Either one or the average of the two approximations can be taken as the final

approximation of ϕ.

References

Andersson, L., Hall, N., Jawerth, B., and Peters, G. (1994). Wavelets on closed subsets

of the real line. In Recent advances in wavelet analysis, volume 3 of Wavelet Anal.

Appl., pages 1–61. Academic Press, Boston, MA.

Beran, R. (1974). Asymptotically efficient adaptive rank estimates in location models.

Ann. Statist., 2:63–74.

Cohen, A., Daubechies, I., and Vial, P. (1993). Wavelets on the interval and fast wavelet

transforms. Appl. Comput. Harmon. Anal., 1(1):54–81.

15



Dionne, L. (1981). Efficient nonparametric estimators of parameters in the general linear

hypothesis. Ann. Statist., 9(2):457–464.
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