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The infectious agent of many neurodegenerative disorders is thought to be aggregates of
prion protein, which are transmitted between cells. Recent work in yeast supports this
hypothesis but also suggests that only aggregates below a critical size are transmitted
efficiently. The total number of transmissible aggregates in a typical cell is a key determi-
nant of strain infectivity.

In a discrete-time branching process model of a yeast colony with prions, prion aggre-
gates increase in size according to a Poisson process and only aggregates below a threshold
size are transmitted during cell division. The total number of cells with aggregates in a
growing population of yeast is expressed.

Keywords: branching process; curing curves; Poisson process; prion; yeast

1. INTRODUCTION

Transmission of an observable trait, or phenotype, need not involve changes to
DNA. Heritable phenotypes are also passed on by a special class of proteins called
prions. In mammals, the prion protein PrP has been implicated in a variety of
neurodegenerative disorders such as mad-cow disecase (Bovine Spongiform
Encephalopathy or BSE) and Creutzfeldt-Jakob Disease (Griffith, 1967; Prusiner,
1982; Collinge, 1999). In the yeast S. cerevisiae, prion proteins such as Sup35 and
Ure2 create heritable phenotypes, but unlike their mammalian counterparts these
prions do not alter the viability of the organism (Tuite and Cox, 2009; Fowler
and Kelly, 2009; Sindi and Serio, 2009).

According to the prion hypothesis, new phenotypes arise when abnormally
folded versions of a protein appear (Figure 1a) and are joined together in aggregates.
These aggregates are complexes of multiple abnormal proteins and range in size from
tens to hundreds of proteins. The abnormal (prion) state is infectious and can spread
to normal proteins within the cell by converting their conformation to the prion state.

“Communicated by Peter Jagers and Christine Jacob.
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Figure 1. Yeast Prion Cycle. (a) A prion protein is capable of existing in either a normal or abnormal
(prion) state. (b) Proteins in the prion state form aggregates which then induce conversion of the normal
protein to the prion state. The resulting protein is incorporated into the existing aggregate. (c) Within a
growing yeast culture, four steps are essential for the persistence of the prion state: synthesis of normal
protein, conversion of normal protein by aggregates, fragmentation of aggregates into smaller complexes,
and transmission of prion aggregates from mother to daughter cell. (Color figure available online.)

During this process, the newly modified protein joins the complex and the aggregate
increases in size (Figure 1b).

Because cell divisions result in an exponentially growing total number of
cells, in order for the prion proteins to be present throughout a colony, the total
number of aggregates must increase. Four biochemical processes maintain the prion
phenotype in a growing yeast culture (Figure 1c): (1) synthesis of new normal
protein, (2) conversion of normal protein to the prion state by existing aggregates,
(3) creation of new prion aggregates through fragmentation of existing aggregates
into smaller complexes, and (4) transmission of a subset of prion aggregates through
cell division.

Inducing loss of the prion phenotype by perturbing one of the steps in the prion
cycle is a common method for experimental analysis of the prion process. For
example, loss of the prion state has been used to investigate the total number of
prion aggregates in a yeast cell. For the yeast prion protein Sup35, sufficiently high
concentrations of guanidine hydrochloride (GdnHCI) have been shown to halt the
fragmentation process (Byrne et al., 2007). Although synthesis and conversion con-
tinue normally, because no new prion aggregates are created, the existing aggregates
are gradually diluted through cell division and the population is eventually cured of
the prion state because the fraction of cells with prion aggregates decreases to zero.

Morgan et al. (2003) developed a novel way to estimate the total number of
prion aggregates by studying cultures grown with the addition of GdnHCI. The
authors estimated the total number of initial aggregates, n, in a cell by analyzing
the rate of loss of the prion state as the population grows in the presence of GdnHCI.
Morgan et al. (2003) modelled cell division as a binary fission process; that is, during
cell division, prion aggregates are equally likely to end up in either resulting cell.

Cole et al. (2004) improved on Morgan et al. (2003) by incorporating two bio-
logically relevant asymmetries in yeast cell division. First, a newly born daughter takes
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longer to divide the first time than in subsequent divisions. Second, the volume differ-
ence between mature (mother) and newly born (daughter) cells suggests that daughter
cells will inherit fewer than 50% of the aggregates. Cole et al. (2004) and Byrne et al.
(2009) fixed parameters related to cell growth and estimated the total number of aggre-
gates no and the proportion n transmitted to daughter cells from curing experiments.

Both Morgan et al. (2003) and Cole et al. (2004) assume all prion aggregates
are equally transmissible. However Ghaemmaghami et al. (2007), Sindi and Serio
(2009), Calvez et al. (2009), and Derdowski et al. (2010) suggest that only a subset
of the aggregate population is capable of transmission. Derdowski et al. (2010)
observed that for the yeast prion protein Sup35, only aggregates below a threshold
size, about 20 monomers, can be efficiently transmitted during cell division. How-
ever, because aggregates may increase or decrease in size over time, the set of trans-
missible aggregates changes over time.

As the addition of GdnHCI at sufficiently high concentrations stops only the
fragmentation process, aggregates will continue to grow through converting normal
protein (Ness et al., 2002; Satpute-Krishnan et al., 2007). Over time, some aggregates
become too large to transmit and remain in the mother cell. Cox et al. (2003) found
that in the presence of GdnHCI, transmission of aggregates is biased toward reten-
tion in the mother cell and this bias increases over time; Palmer et al. (2011) attribute
this bias to continued conversion. Without size-dependent transmission of prion
aggregates, Cole et al. (2004) and Byrne et al. (2009) underestimate the total number
of transmissible aggregates in the founding cell.

We develop a branching process to model loss of the prion state in a growing
culture of yeast cells with continued aggregate growth and size-dependent aggregate
transmission. Palmer et al. (2011) model size-based transmissibility but do not quan-
tify loss of the prion state formally. Using a discrete-time model of cell division, we
express the fraction of cells containing prion aggregates in a growing population. We
use simulations to show that while prior models assuming equal transmissibility of
aggregates describe loss of the prion state in time accurately, these models underesti-
mate the total number of aggregates.

2. BRANCHING PROCESS MODEL

We model curing, loss of prion aggregates, in a population arising from a single
cell with some initial total number of prion aggregates each with an associated size.
In the discrete-time model, the population grows through nonoverlapping genera-
tions during which each individual cell divides, doubling the population at each iter-
ate. Although we neglect asynchronous effects due to individual lifetime variation,
the model is still a useful approximation, especially if the variability in individual
lifetimes is low. We shall also point out the effect on estimation of the initial total
number of prion aggregates when conversion is taken into account.

A given cell can be either a mother, M, if it has previously reproduced, or a
daughter, D, if it has not reproduced yet. After each reproduction event, we consider
the two resulting cells to be newborn, even though one of them actually is the
mother. A mother gives birth to a mother and a daughter, and a daughter gives birth
to a mother and a daughter as well. The importance of distinguishing between
mothers and daughters comes from prion conversion.



Downloaded by [Trinity University Library], [Peter Olofsson] at 13:06 28 January 2013

4 S. S. SINDI AND P. OLOFSSON

We model conversion by having each prion aggregate independently growing in size,
one unit at a time, according to a Poisson process with rate f§ (Figure 1). We take the gen-
eration time to be unity, and therefore f is the expected number of conversion events per
aggregate per generation. Once a prion aggregate has grown to a critical size, it can no
longer be transmitted to the daughter and is retained in the mother cell during division.
When cells divide, aggregates smaller than the transmission threshold 7" are transmitted
to newly created daughter cells according to a binomial distribution with success prob-
ability p. Aggregates with size greater than or equal to 7 remain in the mother cell.

In any given generation there will be cells with and without prion aggregates. Our
goal is to get an expression for the expected proportion of cells with prions at a given time
t, which is the type of data that can be assessed in curing experiments. We do not consider
cell death. As a typical yeast cell survives for roughly 25 generations (Sinclair et al., 1998)
and a curing experiment typically lasts less than 30 hours, or 20 generations, loss of the
prion state due to cell death is negligible (Morgan et al., 2003; Cole et al., 2004).

2.1. Uniform Initial Aggregate Size

Z, 1s the total number of cells with prions in generation n, starting from an
ancestor with N; prion aggregates which are i units from reaching the critical size,
at which point transmission to a daughter cell is no longer possible. The expected
proportion of cells with prions in generation n conditioned on N; is:

E(Z,|N;
pp) = EIND (1

and the unconditional expected proportion:

E(Z,)
2, )

First, we find an expression for the conditional expectation E(Z,|N;). Each cell in the
nth generation is described by a sequence of mothers and daughters. Once a prion
aggregate reaches critical size, it cannot be transmitted to the daughter but must stay
in the mother; thus, we divide the set of the 2" possible sequences of mothers and daugh-
ters into subsets S,,;; of sequences where the last daughter is in position / and where there
are a total of d daughters. For example, the sequence DDMMM is in Ss,,, the sequences
DMDMM and MDDMM are both in Ss3,, and so on. Let n;; be the total number of

sequences in S,,;; then njy = (1 : ) for/=0,...,nandd=0,..., I, where (:}) -

Pn:

d—1
1 and (l_ 11 > = 0 for /> 1. The total number r;, does not depend on n because after

the final daughter there are no further choices. For fixed 7, the n;,; sum to 2",

A, is the event that a cell has prions in the nth generation and P,d denotes the
probability measure for a sequence in S,,;; given that the initial total number of prion
aggregates is r. We have

E(Z,INy) ZZ( )P, ()

=0 d=0



Downloaded by [Trinity University Library], [Peter Olofsson] at 13:06 28 January 2013

YEAST PRION CURING CURVES 5

Because aggregates are transmitted independently of each other, we get:
N,
N, 1 i
P () = 1= (1= P (40) ", (4)

where 1 — P;{:,)(An) is the probability that a given prion aggregate in the ancestor
does not appear in the nth generation, in the given sequence. If N, has probability
generating function (pgf) ¢, given by

o(s) = E(s¥), (5)

the unconditional probability is:
. Ni
Pu(A,) = E(P7(4,)) =1 - E<<1 - P (40)) > =1-¢(1-P(4)) (©)

so that

n !
E<Zn>—ZZ(f,_ll)(l—w(l—PEﬁR(An)))- )
=0 d=0

To obtain an expression for P;?(An), we condition on the critical generation G,
which is the generation in which the aggregate reaches its critical size and is no longer
transmissible to daughters. What is important here is that / is the position for the final
daughter, so from /4 1 on, the sequence consists of only mother cells. If G </, the
aggregate cannot be present in the sequence because it cannot be passed on to the final
daughter cell; hence, the probability is positive only for G > /. Specifically, if G=j
where / <j < n, the prion aggregate must successfully reach generation j by chance, after
which it stays in the mother cell. Let p be the probability that the aggregate is passed on
to the daughter so that 1 — p is the probability it stays in the mother. We then get:

P (4,)G = j) = p*(1 = py ™ (8)
for /=0,...,nand d=0,..., [ which gives:

n—1

P (4n) =Y p (1= p) Pi(G =)+ p*(1 = p)" PG > m). 9)
=

Before the first generation, n=0 which implies /=d=0 and gives P(%) (o) =1 as
expected. The notation P; indicates that the distribution of G depends on 7, the remain-
ing number of conversion events until the critical size is reached. The expression (2) for
the expected fraction of cells with prions in generation 7 is given by:

Proposition 1.

, =2-"<I" l (421)(=o(1 —P§;’<An>))>, (10)

=0 d=0

where ¢ is the pgf of the initial total number of prion aggregates, N;, and the PE;)(AH)
are given by Eq. (9).
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Because prion conversion is a Poisson process with rate f3, the times between
successive conversion events are independent random variables having the exponen-
tial distribution with rate  (mean 1/f). Denoting their common distribution func-
tion by H, the probabilities P{G =) appearing in Eq. (9), are given by:

Pi(G=))=H"(j+ 1)~ H"()), (11)

where + denotes convolution. H*' is the distribution function for the gamma distri-
bution with parameters i and 5. For j=0 we get:

PG =0) = H(1), (12)

the probability that there are at least i conversion events before the ancestor divides.
In the special case N;~ Poi(n;), a Poisson distribution with mean 7;, we have
@(s) =exp(n{s — 1)) which gives

ro=2 33 (570) (1 ew(-mrl ) (13)

1=0 d=0

2.2. Many Initial Aggregate Sizes

We generalize the model by introducing m different initial aggregate sizes. The
initial cell contains N; prion aggregates which are i units away from the critical size

fori=1, 2,..., m. In a slight generalization from the previous section, Pfflv‘

the probability measure for a sequence in S, given these initial conditions, and P;;,"')
is the probability measure for a sequence in S;, for one initial prion aggregate i units
away from the critical size. The analog of Eq. (4) is:

m

) N;
P () = 1= T (1= P () (14)
i=1

which gives the unconditional probability

PuAy) = 1= (1= P (4), 1= PP (4, 1= P (4)), (19)

where ¢ now denotes the joint pgf of the random vector (Ny, N», ..., N,,). With this
adjustment, the expression for P, given in Proposition 1 remains the same. Although
in practice the initial aggregate distribution is likely to be tightly controlled by
parameters governing the full prion pathway (Masel et al., 1999; Greer et al.,
2000), if the N; are independent, the pgf factors into the product of the individual
pefs. In particular, if the N; are independent with N;~ Poi(n;), we get:

Pu(A,) =1—exp (- anPﬁi’i)(An)>, (16)
=1
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which corresponds to

n / m
n /-1 i
P, =2 (d B 1) (1 — exp ( § P} )(A,,)>). (17)
1=0 d=0 i=1

The Pﬁtll’i) are computed as in Eq. (9), substituting P;;’i) for P;{ll)

on i of the distribution of G.

, using the dependence

3. SIMULATIONS

We simulate yeast populations founded by a single cell with some initial comp-
lement of aggregates under synchronous cell division. We show that models of prion
curing neglecting continued conversion and size-dependent transmission produce
curing curves which closely match those from our model but which underestimate
the total number of prion aggregates in the initial cell. We give some insight into
practical limitations in estimating model parameters from the curing data directly.
Similar difficulties in parameter estimation were previously reported by Palmer
et al. (2011).

3.1. Uniform Initial Aggregate Size

All aggregates in the founder cell at generation n =0 have the same size, 7 units
away from the transmission threshold. During a cell’s lifetime, prion aggregates
grow according to a Poisson process with rate 5. Cells divide synchronously at each
unit time, during division aggregates smaller than the transmission threshold are
retained in the mother cell, while other aggregates are transmitted to the daughter
with probability p =0.40. We fix p=0.40, the value established by Morgan et al.
(2003), Cole et al. (2004), and Palmer et al. (2011).

In Figure 2, we compare our theoretical result, Eq. (13), to simulations of cur-
ing for three different regimes of f: fast, medium, and slow prion growth. In each
simulation, the population begins with a single cell with a Poisson distributed total
number of initial aggregates, with mean ny =200 and i=20. All aggregates are 20
conversions away from the transmission threshold. We plot our theoretical curing
curve along with the 5th and 95th percentiles from 100 independent simulations.
Our theoretical curves agree with the simulations over all rates of conversion.

Depending on the rate of aggregate growth, loss of prion aggregates in the
population is caused by distinct mechanisms. When conversion is much faster than
cell division, with high probability all aggregates reach critical size before the initial
cell divides. The rate of curing is simply the rate of exponential population growth
(Figure 2a). When conversion is much slower than cell division, aggregates remain
transmissible for longer and the rate of loss is dominated by dilution of aggregates
in cell division. The rate of loss of the prion state in Figure 2(c) is slower than
that in Figures 2(a) and 2(b). For intermediate rates of growth, Figure 2(b), loss
of the prion state becomes a combination of dilution of aggregates due to exponen-
tial population growth and eventually the transmission deficiency from larger
aggregates.
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Figure 2. Our derived results agree with simulations for three distinct regimes of prion growth:
fast, medium, and slow. In addition to our theoretical distribution (dotted curve) we plot the 5th and
95th percentiles (dashed curves) from 100 independent simulations.

3.2. Many Initial Aggregate Sizes

To study the effect of loss when the founder cell has aggregates of multiple
initial sizes, we simulate populations where the founder cell has two sizes of initial
aggregates, 7; and i, units away from the transmission threshold. The initial total
number of aggregates of each size is independently drawn from a Poisson distri-
bution with the same mean n,.

When the variance in aggregate sizes is small, Eq. (13) describes loss. However,
when the variance of initial aggregate sizes is large, the generalized Eq. (17) is needed
to depict the curing process. In Figure 3, we show the 5th and 95th percentiles from
100 simulations where the founding cell has an average of 100 aggregates that are 10
conversions away from 7T (i; = 10, ny=100) and 100 aggregates that are 40 conver-
sions from T (i» =40, ny=100) all with the same rate of conversion f=0.21.

As shown in Figure 3(a), our theoretical curve, Eq. (17), matches the
simulations. In contrast, considering only the average initial aggregate size,
Eq. (13), results in deviations from the simulations (Figure 3b). By considering only
the average aggregate size we underestimate carly loss, because aggregates become
too large to transmit sooner than predicted by the average size, and overestimate
later loss, because aggregates remain transmissible longer than predicted by the
average size.
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Figure 3. Accuracy of our mode of prion loss when the founding cell has aggregates with two different
initial sizes, i, = 10, i, =40, with f=0.21, and ny= 100 for both sizes. Eq. (17) with multiple initial aggre-
gate sizes (a) describes the data more accurately than Eq. (13) where the average initial aggregate size is
used (b).

3.3. Neglecting Conversion and Size-Dependent Transmission
Underestimates the Total Number of Prion Aggregates

Morgan et al. (2003) and Cole et al. (2004) assumed all aggregates to be equally
transmissible at all times and that the appearance of loss during a curing experiment
comes only from dilution of aggregates by cell division, with no effect from retention
of larger aggregates in mother cells. When the rate of aggregate conversion is much
slower than the rate of cell division, loss is not affected by conversion and, as such,
estimating the total number of prion aggregates using these models should closely
match the true number. However, when aggregates become too large to transmit
before the population grows large enough fully to dilute the aggregates, such models
will underestimate the total number of initial aggregates.

When aggregates of all sizes are transmissible, the probability of having
aggregates in a cell at generation n is purely a function of the binomial probability
of transmission. Eq. (9) greatly simplifies because we need not distinguish between
different sequences in S,

Py (4,) = p(1 = p)?. (18)

Applying Proposition 1 and simplifying yields the expected fraction of cells with
prion aggregates in generation n:

P,=1-2"exp(—ny) Z(Z) exp(p?(1 — p)"9). (19)

d=0

Figure 4 shows theoretical curing curves from our model, f=0.37, i=20 and
p=0.40, (dotted curve) along with estimated curing curves assuming aggregates of
all sizes are transmissible (dashed curve with squares). We estimate the parameter
ny by minimizing the least-squared error between Eq. (19) and (13) with f=0.37
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Figure 4. Models of prion curing curves neglecting conversion and size-dependent transmission underesti-
mate the initial number of aggregates, and this deviation increases with increasing n, for a fixed conversion
rate . In (a) and (b) we plot curves from the fixed-size model (Eq. (13)) (dotted curve) and their least-squared
approximations from an analogous model assuming all aggregates are equally transmissible (Eq. (19))
(dashed curve with squares). Although a model neglecting size-dependent transmission can produce very
similar curing curves, the total number of aggregates is underestimated by 25% in (a) and 40% in (b).

and i=20. Although the model without conversion (Eq. (19)) produces similar
curing curves to those produced by our model (least squared error <0.09), the model
without conversion underestimates the total number of aggregates by 25% when
ny = 200(rp = 147.89) and 40% when ny = 400(7y = 235.06).

For a fixed conversion rate f5, we expect the deviation in estimating ng with
Eq. (19) to increase with the true total number of initial aggregates. The increased
deviation arises from the fact that as the total number of aggregates increases, the
minimum observed critical generation decreases. The more aggregates present, the
more likely that some aggregates will become too large to transmit by a given gen-
eration n. The deviation between the true ny and the estimate for ny obtained from
Eq. (19) also increases with increasing conversion rate f§ and decreasing i as both fac-
tors decrease the number of generations in which an aggregate remains transmissible.

3.4. Complications in Estimating Parameters From Curing Experiments

Although Eq. (13) models loss of the prion state more accurately than previous
models neglecting the effects of conversion, difficulties arise when attempting to esti-
mate parameters from data. Because aggregates larger than the threshold size cannot
be transmitted, many aggregates growing quickly can look like fewer aggregates
growing more slowly. Prior knowledge of parameters is likely to be essential when
analyzing experimental data.

To illustrate the similarity between solutions of Eq. (13), Figure 5 shows two
solutions corresponding to very different numbers of initial aggregates, ny=200
and ny=2372. The similarity between these solutions comes from the relationship
between conversion rate and initial aggregate size. In the case with fewer aggregates,
the conversion rate is lower (f=0.37 compared to f=1) and the initial aggregate
size is farther from the transmission threshold (20 units versus 6 units). Two hundred
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Figure 5. Similarity in curing curves for different parameters: (a) two theoretical curing curves and (b)
their absolute differences. In (a) we show curing curves for different parameter values, (dots alone)
p=0.37, no=200, and i =20 with (dashed curve) f=1, ny=372, and i=6. The two curing curves are
similar, with least squares difference of ~ 0.01.

aggregates with the slower growth rate dilute through the population in a nearly
identical fashion to the 372 aggregates with a faster growth rate.

The correlation among n,, 5, and the initial aggregate size is reflected by the
log-least-squares deviation between three simulated curing curves, generated with

()i=15

15
1.0

1 ': " ! 05
\ - | 0

400

@)i=5 (b)i=10

no 200

0.00 0.37 0.74 0.00 0.37 0.74 0.00 0.37 0.74

400

ng 200

0.00 0.37 0.74 0.00 0.37 0.74 0.00 0.37 0.74
B B B

Figure 6. Log-least-squares error of three simulated curing curves (no=200, f=0.36, and i=20) com-
pared with Eq. (13) for 10°°< £ <0.74, 0 < ny <400, and different initial prion sizes i. The true parameters
used to generate the simulated curing curves lie in the center of Figure 6(d). There is a trade-off between
many aggregates growing slowly and fewer growing faster. Multiple parameter combinations yield highly
similar curing curves. (Color figure available online.)
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no =200, i=20, f=0.37, and solutions to Eq. (13) over a wide range of parameters.
In Figures 6(a)—(f) for a fixed choice of i (5 <i<30) we vary ny and f (0 <ng <400,
107¢ < $<0.74) and plot the log-least-squared difference of Eq. (13) from the simu-
lations. The parameters used to generate the simulations lie in the center of Figure 6d.
These figures illustrate the dependency between 7y and f with respect to the trade-off
between many aggregates growing slowly and fewer aggregates growing quickly. In
particular, for any choice of i, combinations of ny and § have log-least-squares dif-
ference close to optimal.

In addition to the specific example in Figure 6, there are a number of other cases
for which solutions to Eq. (13) are nearly identical. For example, when the expected
time for an aggregate to exceed the transmission threshold is large enough that aggre-
gates are likely to have diluted to a single aggregate per cell, solutions to Eq. (13) with
smaller conversion rate or initial size yield nearly identical curing curves. The simi-
larity of curing curves for distinct parameter combinations means that prior knowl-
edge is important when seeking to estimate parameters from data. In addition,
rather than seeking the unique set of parameters minimizing error between the theor-
etical curing curve and experimental observations, we may constrain the parameters
by fixing the expected critical generation, which depends on the ratio of 7 and f.

4. CONCLUSION

We expressed theoretical curing curves based on the assumption of discrete-
time division and that prion aggregates exceeding a threshold size are no longer
transmissible. We estimated the total number of transmissible aggregates in the
founding cell, when other parameters are known. By neglecting conversion and
transmission deficiencies, previous models underestimate this number. We provide
the first model amenable to estimating the rate of conversion from curing experi-
ments. Previously, estimates of the rate of conversion were based on the analysis
of in vitro experiments (Tanaka et al., 2006; Palmer et al., 2011).

We considered the transmission of prion aggregates to be constrained by a
threshold where aggregates exceeding the threshold are always retained by the
mother cell. However, the true mechanism may be more subtle with a decreasing
probability of transmission as aggregate size increases (Derdowski et al., 2010;
Palmer et al., 2011).
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