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Introduction

Shortening of telomeres is one of the supposed mechanisms of cellular aging
and death. The hypothesis is that each time a cell divides it loses pieces of its
chromosome ends. These ends are called telomeres and consist of repeated
sequences of nucleotides, telomere units. When a critical number of telomere
units is lost, the cell stops dividing. There is an extensive biological literature on the subject; a good reference for the basic facts and an intuitively
appealing explanation of the deletion process is Levy et al. (1992). This
also seems to be the first paper to formulate the problem mathematically
and its essentially deterministic model serves as the basis for all subsequent
mathematical models in the literature.
Telomeres are assumed to consist of telomere units, repeated sequences of
nucleotides. When a chromosome replicates, each newly synthesized strand
loses one telomere unit at one of its ends. This means that the pair of
daughter chromosomes each has one old, unchanged strand and one new,
one unit shorter. Once a critical number of telomere units are lost, a so
called Hayflick checkpoint is reached and the cell stops dividing. Under this
assumption, only the length of the shortest telomere will matter and thus a
chromosome is said to be of type j if its shortest telomere has j remaining
units. This leads to a model where a type j chromosome gets two offspring,
one of type j and one of type j − 1. Cells of type 0 do not divide.
In this chapter, the attempts to model and analyze this process with
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mathematical methods are reviewed. The emphasis is put on multi-type
branching process models where the main features turn out to be reducibility
and polynomial growth.
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Branching Process Model

We now describe the telomere loss process as a multi-type branching process.
For generalities of such processes, see for instance Mode (1971). The type
of a chromosome is, as described above, the number of remaining telomere
units on its shortest end. Fix one particular chromosome and let the type
of the cell be the type of that chromosome. A cell of type j divides into
two daughter cells of types j and j − 1 if j ≥ 1; a cell of type 0 does not
divide but stays in the population forever (is immortal). Dividing cells have
life-lengths that are i.i.d. random variables. Start with one cell of type k and
let Mj (t) denote the expected number of cells of type j at time t. The main
feature of the resulting multi-type branching process is reducibility, meaning
that types do not communicate. As a result of this, the asymptotics are
polynomial rather than exponential. The main results of Arino, Kimmel and
Webb (1995) are

Theorem 2.1 Assume that life-lengths are i.i.d. exponential with mean 1/α.
Then
Mj (t) =

(αt)k−j
(k − j)!

for j = 0, 1, ..., k

and

Theorem 2.2 Assume that life-lengths are bounded and continuous i.i.d.
random variables with mean µ. Then as t → ∞,
Mj (t) ∼

tk−j
.
(k − j)!µk−j
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for j = 0, 1, ..., k.

In Olofsson and Kimmel (1999) and Olofsson (2000), probabilistic methods
were used to prove these and more general results which are presented in the
next section.
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Incorporating Cell Death

In Olofsson and Kimmel (1999), new probabilistic methods of proof are introduced. The model is the same as above but the methods of proof are
simpler, clearer and easier to generalize. Let the ancestor be of type k
throughout. The basic idea is to relate the real-time process to the process counted generation-wise. Recall Mj (t), the expected number of j-type
(n)
cells at time t and let mj be the expected number of j-type cells in the nth
generation. The two relate in the following way:
Mj (t) =

∞
X

(n)

mj (G∗n (t) − G∗(n+1) (t)),

n=k−j

where G is the distribution function of the life-length and G∗n its n-fold
convolution, the distribution of the sum of n i.i.d. life-lengths. To understand
this formula, note that at time t, cells from any generation may be present.
(n)
Since there are mj individuals in the nth generation and each of these is
alive at time t with probability G∗n (t) − G∗(n+1) (t) (born before t but not yet
dead at t), the expected number of cells from the nth generation present at
(n)
time t is simply mj (G∗n (t) − G∗(n+1) (t)). Summing over all the generations
then gives us Mj (t). The identity may be formally derived as the unique
solution to a certain renewal equation, for a more general version of this, see
Jagers (1989).
In particular, if life-lengths are exponential(α), it is well known that
G∗n (t) = e−αt

n−1
X
i=0

(αt)i
,
i!

a gamma distribution with parameter n and α and hence

3

∞
X

Mj (t) = e−αt

n
(n) (αt)

mj

n=k−j
(n)

If there is no cell death, mj
−αt

Mj (t) = e

∞
X
n=k−j

=



n
k−j



n!

.

(3.1)

and hence

∞
n
(αt)n
(αt)n−(k−j)
(αt)k−j −αt X
(αt)k−j
=
e
=
k − j n!
(k − j)!
(k − j)!
n=k−j (n − (k − j))!

!

which is Theorem 2.1.
The first generalization is to introduce possible cell death. As before, let
life-lengths of proliferating cells be i.i.d. exponential random variables with
mean 1/α. Suppose that cells of type 0 live for a time that is exponential
with mean 1/τ where τ ≤ α. Another way of thinking of this is that 0-cells
live for a time that is exponential with mean 1/α just like all other cells and
then ’tries to divide’ and either dies or lives on. If the probability of survival
is p, we have the relation τ = α(1 − p).
The formula for Mj (t) remains unchanged for 1 ≤ j ≤ k and for j = 0
we get the following asymptotic result:
Theorem 3.1 As t → ∞,
M0 (t) ∼

1 (αt)k
.
1 − p k!

In the model with immortal cells, the 0-cells dominate since their growth
rate is the fastest. In the model with cell death, the 1-cells have the same
growth rate so asymptotically they dominate together with the 0-cells in the
proportions 1 to 1/(1 − p). This is already a qualitative difference between
the two models.
Next, we introduce possible death also for the non-zero cells. Thus, let p be
the probability of survival for a 0 cells and q the corresponding probability
for non-zero cells. The asymptotics now depend on the relation between p
and q as the following result shows.
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Theorem 3.2 For 1 ≤ j ≤ k,
Mj (t) =

(αqt)k−j −α(1−q)t
e
.
(k − j)!

For j = 0 there are three cases. If p = q, then
M0 (t) =

(αqt)k −α(1−q)t
e
.
k!

If p < q then
M0 (t) ∼

q (αqt)k−1 −α(1−q)t
e
.
q − p (k − 1)!

Finally, if p > q, then
M0 (t) ∼

q
q−p

!k

e−α(1−p)t .

Note that the polynomial growth is now asymptotically killed by an exponential decay factor, determined by the larger of the two survival probabilities
p and q.
A second important generalization of the model and results from Arino,
Kimmel and Webb (1995) is to relax the exponential assumption and let the
life-length distribution be arbitrary. The next section is devoted to this.
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General Life-length Distributions

In Olofsson and Kimmel (1999), the results from Arino, Kimmel and Webb
(1995), were also extended to general life-length distributions. We state the
theorem with proof.

Theorem 4.1 Suppose the life-lengths are i.i.d. with common distribution
function G and common mean µ. Then, as t → ∞,
Mj (t) ∼

tk−j
µk−j (k − j)!
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for 0 ≤ j ≤ k.

The proof is based on the following so called Tauberian theorem (Feller
(1971)).
Theorem 4.2 Let H be aR non-decreasing function such that the Laplacec
Stieltjes transform H(s)
= 0∞ e−su H(du) < ∞ for s > 0. Then
c
H(s)
∼

A
as s → 0
sr

if and only if
H(t) ∼

Atr
as t → ∞.
Γ(r + 1)

Proof of Theorem 4.1. First let k = 1. Then
∞
X

M1 (t) =

n(1 − G) ∗ G∗n (t)

n=1

=

∞
X

n(G∗n (t) − G∗(n+1) (t))

n=1

=

∞ X
n
X

(G∗n (t) − G∗(n+1) (t))

n=1 j=1

=

∞ X
∞
X

(G∗n (t) − G∗(n+1) (t))

j=1 n=j

=

∞
X

G∗j (t) ∼

j=1

t
µ

as t → ∞, by the renewal theorem, Asmussen (1987). That this theorem
applies can be realized directly: the k-type cells split according to a renewal
process and at each renewal an infinite line of (k − 1)-type cells is initiated
since there is no death. Hence the number of (k − 1)-type cells at time t is

6

exactly the number of such renewals up to time t.
In the absence of cell death, clearly M1 (t) is non-decreasing and
c
M

1 (s)

=

Z ∞

−su

e

0

=

∞
X

M1 (du) =

∞ Z ∞
X

e−su G∗n (du)

n=1 0

b
G(s)
<∞
b
1 − G(s)

n
b
G(s)
=

n=1

for s > 0 unless G(0) = 1. Hence, Theorem 4.2 above applies and
c (s) ∼
M
1

1
µs

as s → 0.
Now, consider Mk (t) for an arbitrary k. We obtain
c (s) =
M
k

=

∞
X
n=k

=

Z ∞
0

e−su Mk (du)

!
n Z ∞ −su
e (1 − G) ∗ G∗n (du)
k 0
b
(1 − G(s))

∞
X
n=k

b
= (1 − G(s))

!

n b n
G(s)
k

k
b
G(s)
c (s)k .
=M
1
b
k+1
(1 − G(s))

Hence
d (s) ∼
M
k

1
µk s k

as s → 0 and applying Theorem 4.2 again yields
Mk (t) ∼
as t → ∞.
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tk
µk k!

Note that Theorem 2.2 follows as a special case.
The models and main results in Arino, Sanchez and Webb (1998) and Olofsson (2000) are essentially the same and extend the previous model by allowing
for loss of a random number of telomere units in each division. The methods
in the first paper are deterministic, mainly using differential equations. The
second paper uses variants of the probabilistic methods introduced above
and involves standard results from renewal theory. We state the main result
from Olofsson (2000).

Theorem 4.3 Assume that a cell of type j gives birth to a cell of type j and
a cell of type i with probability pj,i for i = 0, ..., j − 1. Let a cell of type j
have life-length distribution function Gj . Start from a cell of type k and let
(a)
Mj (t) be the expected number of j-type cells of age less than a at time t.
Then, as t → ∞,
(a)

Mj (t) ∼

Ck,j Z a
tk−j
(1 − Gj (y))dy ·
µj 0
(k − j)!

for 1 ≤ j ≤ k. For j = 0 we have, as t → ∞,
(a)

M0 ∼ Ck,0 · a ·

tk−1
.
(k − 1)!

The constant Ck,j is
Ck,j =

5

k
Y

pi,i−1
.
i=j+1 µi

Discussion

As was pointed out, the type of a cell is the length of the telomere of one
single chromosome. This may be reasonable if there is one particular chromosome that is responsible for stopping cell division (or if there only is one
chromosome such as is the case for the protozoan Tetrahymena thermophila;
see Larson et al. (1987). If however cell division is stopped whenever any
of several chromosomes reaches the critical telomere length, the situation is
8

different. We then consider a minimum of several processes and the dynamics
are not the same.
For a simple illustration of this, assume a cell has two chromosomes and
that the type of the cell is (j, k) where these are the remaining numbers of
telomere units on the respective chromosomes. As soon as one of the chromosomes hit 0, the cell stops dividing. Now suppose the cell is of type (1, 1).
Then the two type 1 chromosomes each produce two daughter chromosomes,
one of type 0 and one of type 1. If chromosomes are randomly allocated to
daughter cells, the two daughter cells may thus either be of types (0, 0) and
(1, 1) or of types (0, 1) and (1, 0) with equal probabilities. In the second case,
both cells stop dividing, in the first case the (1, 1)-type continues to divide.
Clearly there will only be a finite number of divisions in this model (the total
number of cells is a geometric random variable) and the population no longer
exhibits polynomial growth.
In humans, it could theoretically be any number between 1 and 46 chromosomes that are involved in stopping cell division. There are so far three
papers that address these problems, two of which use computer simulation
approaches.
In Arino, Kimmel and Webb (1995), the number of chromosomes involved
is taken to be 40 and the model is compared to the data from Levy et el.
(1992). The 40 chromosomes are assumed to evolve according to independent
branching processes, an assumption which simplifies analysis and gives a good
fit, but does not address the problems mentioned above with observing the
minimum.
In Tan (1999), it is investigated what number of chromosomes best fit the
data of Jones et al. (1985). The model allows for random lengths of the deletions and it is concluded that only a few, most likely only two, chromosomes
are responsible for sending the initial signal to stop cell division.
In contrast, Rubelj and Vondraček (1999), find a good fit to the same data
using all 46 chromosomes and a model which includes what they call ”abrupt
telomere shortening”. This means that the telomeres decrease in unit steps
but once they have reached a certain length n0 , they may lose anything from
1 to n0 number of units according to some specified probability distribution
on {1, 2, ..., n0 }.
A comparison of the simulations shows that Tan (1999) mimics the cloning
of the laboratory by letting cells reproduce to a certain number, then harvesting half the cells at random, letting the reproduce again and so on until all
9

cells have stopped dividing. The procedure in Rubelj and Vondraček (1999)
is to start from one cell, choose one of the two daughter cells at random and
continue in this fashion a specified number D0 of times. This gives a good
fit to the bimodal distributions observed in the experiments of Jones et al.
(1985).
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