A Poisson Approximation with
Applications to the Number of

Maxima in a Discrete Sample
Peter Olofsson!
Rice University

Abstract

We present a Poisson approximation with applications to extreme
value theory. Let Xy, Xo,... bei.i.d. and let M}Ll) > 4M7(L2) > L > J\ng)
be the j largest order statistics. Then the asymptotic behavior of the
vector (Mél), - Méj)) is the same as that of (1\4](\})7 - ](\?)) where N
is a random variable which is independent of Xy, X5, ... and has a Pois-
son distribution with mean n. The distribution of (]\4](\})7 - M](\?)) is
easy to obtain since the points Xy, Xo, ..., Xy form a Poisson process
on the real line. The mean measure is nd}F’ where F is the distribution
function of the X;. We apply this to the problem of multiple max-
ima in discrete samples, in particular from the geometric distribution
where it is known that the number of maxima has no limiting distri-
bution.

Keywords: Poisson approximation, maxima in discrete samples, ex-
treme value theory, geometric distribution

1 Introduction

Poisson approximation is a technique with many applications in probability
theory and statistics. The literature on the subject is vast and we mention
only two general references: Aldous (1989) and Barbour, Holst and Janson
(1992). In this paper, we investigate a special case of Poisson approximation
with applications to extreme value theory. This was first described in Nordin
and Olofsson (1989) where the method was used primarily for extreme val-
ues in continuous distributions. In this paper, we will apply the technique to

TRice University, Department of Statistics MS-138, P.O.Box 1892, Houston, Texas
77251



problems of multiple maxima in discrete samples. The idea behind our Pois-
son approximation, originally suggested by Olle Nerman, is to consider not
a fixed number of observations Xi,..., X,, but a random number X,..., Xy
where N has a Poisson distribution with mean n. Then the maxima of these
two sequences will have the same asymptotic behavior as n — oo and the
second sample is nice because it consitutes a Poisson process. This is defi-
nitely part of the "folklore” on Poisson approximation and in the following
sections we make it strict.

2 The Poisson Process

We first show that a Poisson number of i.i.d. random variables gives rise to
a Poisson process. Here and in the sequel, X7, X5, ... will denote a sequence
of 1.i.d. random variables distributed as a generic random variable X with
distribution function F.

Theorem 2.1 Let X1, X5, ... be i.i.d. random wvariables with the common
distribution function I'. Let N be independent of X1, X, ... and have a Pois-
son distribution with mean n and define the random counting measure Sy
through

N
Sv() =22 0x,().
k=1
Then Sy(-) is a nonhomogeneous Poisson process with mean measure ndF'.

Proof. We will use uniqueness of Laplace functionals for random measures.
Let f be a nonnegative bounded function. The Laplace functional of a ran-
dom measure M on R is Wp(f) = Elexp(— [g f(x)dM(x))]. The Laplace
functional uniquely determines the random measure and M is a Poisson pro-
cess with mean measure (¢) if and only if

War(f) = exp (= [ (1= (e )

see for instance Resnick (1992). The Laplace functional of Sy is

B o= 30 1060)] = 32 8 ewp(= 32 00| Py =



. -~ —f(X)1ym —nﬂ
- ’m’Z::O(E[e ]) € m’
= exp(nE[e X)) —n) = exp (— / (1-— e_f(z))ndF(:L’))
R
and the result follows. ]

3 Joint Distributions of the j; Largest Order
Statistics

The next theorem tells us that the Poisson approximation is indeed useful.
Let M(") > M®) > .. > MU be the j largest order statistics and let the
vector M, = (MY, ..., M{1)). Let || - || denote total variation, i.e. if 4 and v
are probability measures, ||u — v|| = sup, |u(A) — v(A)].

Theorem 3.1 Asn — oo,

|1P(M,, € -) = P(My € )| = 0.

Proof. First note that My # M,, & M](\? £ M) for some i < j. Hence

J . '
[P(M, € ) = P(My € )| < S P(MY # M),
=1
We will show that all the terms go to 0 as n — oco. Let (k); = k(k—1)...(k —
i +1). For any fixed k& < n, note that MIEZ) < M) if and only if not all
MW, ..., M) are attained among X, ..., X;. Hence

PMY <« MWDy <1 -

with equality if /' is continuous (clearly the possibility of ties make distinct
maxima less likely). Since P(N =k — 1) = (k);/n' P(N = k) we obtain

PMY < MY = zn: P(M <« MIYP(N = k) < znju _ ng)P(N = k)




< Zn:P(N:k)—zn:(?iP(N:k): an P(N = k) < iP(N =n).

k=0 k=1 k=n—i+1

Finally, note that E[(N);] = n’, and hence

POMY > M) = 3 PO > MOYP(N = E)
S (n)s (k)i

_ (V) _ ST ()i — n' — i =n
_E[(n)i 1] +k§-(1 (n)i)P(N k) < — —14iP(N =n)

by the above calculations. Since n'/(n); — 1 and P(N = n) — 0 as n — oo,
the proof is complete.
|

Hence we can use the Poisson approximation for any event involving the
j largest values for any fixed 7. In the next section we will use this to
investigate the problem of multiple maxima in a discrete sample, especially
for the geometric distribution.

4 Multiple Maxima in a Discrete Sample

In Rade (1991), the following problem is proposed. Toss n coins, probability
p for heads, remove all that fell heads and toss the remaining coins again.
Proceed in this way until all coins show heads. What can be said about
the asymptotic behavior of the number of coins involved in the last toss as
n — oo?

This problem has been solved and extended by several authors; among
these are Baryshnikov, Eisenberg and Stengle (1995), Brands, Steutel and
Wilms (1994) and Eisenberg, Stengle and Strang (1993). We will deduce
some of their results by applying our Poisson approximation which makes
some computations shorter and intuitively appealing.
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First note that, with X; denoting the number of tosses needed for the ith
coin, the number of coins involved in the last toss will equal the number of
X; that need the maximum number of tosses to show heads.

Generally, consider a discrete sample Xy, X3, ... where the X; have fre-
quency function f and denote G(j) = P(X > j). Assume that the X;
are unbounded (otherwise the number of maxima will clearly increase inde-
finetely). Let K, denote the number of maxima. The event {K, = k} is
then the same as the event {M{) = ... = M® > M*+)} and by Theorem
(3.1), the asymptotics of P(K, = k) will be the same as those of P(Ky = k)
where N is Poisson with mean n.

Therefore let N have a Poisson distribution with mean n and fix 5. By
Theorem (2.1), the number of X; that equals j has a Poisson distribution
with mean n f(7) and these numbers for different j are independent. To have
k maxima attained in j thus has probability

P(Ky =k, M) = j) = (nf( )" e~/ (1) g=nG(i+1)

) <nf<j>>k€_ng<j)
k!
since the process must have £ points in 5 and no points from 7 + 1 on and

G(j) = G(j + 1) + f(j). Summing over j yields
Pty = k) = 3 MO i, (4.1)
Of particular interest is the case k = 1, a unique maximum. Note that
P(Ky =1) fj e"GU) = nL(n) (4.2)

where L is the Laplace-Stieltjes transform of the random variable G(X). This
reminds of the techniques in Baryshnikov et al. (1995) where a Tauberian
theorem is used to show that lim P(K, = 1) exists (and must equal one) if

and only if f(k)/G(k) — 0 as k — oc.



5 Subsequential Limits in the Geometric Case

For a geometric distribution with success probability p = 1 — g we have

f(3) = p¢ and G(j) = ¢’,5 = 0,1, ... and hence, by (4.1),

P(iy = k) = 3 L27)

o e (5.1)

[e] Ik

j=1
It is known that P(K, = k) does not converge as n — oo; there are different
subsequential limits along different subsequences. For an intuitively appeal-
ing explanation of this slightly surprising fact, see Baryshnikov, Eisenberg
and Stengle (1995). The following theorem is from Eisenberg, Stengle and
Strang (1993). We prove it by using our Poisson approximation.

Theorem 5.1 Let K,, denote the number of maxima in a sample of size n
from a geometric distribution with success probability p = 1 — q. If n(m) is
any sequence such that n(m)q™ — ¢ as m — oo, then,

as m — 0.

Proof. By (5.1)

6 Logarithmic Summability of P(N, = k)

We will now prove a result from Baryshnikov et al. (1995). A sequence
{a,} is called logarithmically summable to a if (logm)™' Y7  n~ta, — a as
m — oQ.



Theorem 6.1 The probabilities P(K, = k) are logarithmically summable to
p* /k|log q|, that is

1

log m

" P(K, =k K
E (K ) N p
n k|logq|

n=1

fork=1,2.... as m — oo.

Proof. Plugging in the expression for P(K, = k), we obtain

The sum 3.7, nf~1g*e="%" is decreasing in j and hence the sum over j will
differ at most -7, n*~le™" from the corresponding integral

an_lqzke_”qxdx. (6.1)
0 =1

k—1 n m k—le—

Since n*~'e™" is summable, (logm)™' ¥ n " — 0 as m — oo and we

can use the integral instead of the sum. The change of variables y = ¢* yields

00 1
/ que—nq dr = / yk—le—nydy
0 0

as n — 0o. Hence

1
| log q

1 (k—1)!

[loggl n

k 00 k 1
p_ / nk—lqzke—nq do ~ p -
k! Jo k|log gl n

as n — oo and hence

as m — oQ. |
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