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Exercise 1. Let V be a vector space and let H C V be a subspace. Show that if u and v
are two vectors in H, then Span{u, v} is contained in H. Can you generalize this statement?

Exercise 2. Let V be a vector space and let H, K C V be subspaces. The intersection
of H and K, denoted H N K, is the collection of all vectors that belong to both H and K
simultaneously. In set notation

HNK ={v: visinboth H and K}.
Show that H N K is a subspace of V.

Exercise 3. Let V be a vector space and let H, K C V be subspaces. The sum of H and K,
denoted H + K, is the collection of all vectors of the form u + v where u € H and v € K.
In set notation

H+K={w:w=u+v,ueH ve K}

Show that H 4+ K is a subspace of V.

Exercise 4. Let V and W be vector spaces and let T': V' — W be a linear transformation.
Let H be a subspace of W and let T7'(H) denote the set of all vectors v € V so that
T(v) € H. In set notation

T'(H)y={veV:T(v)e H}.
Show that T~!(H) is a subspace of V.1

Exercise 5. Let V and W be vector spaces, T': V' — W be a linear transformation and
S = {vi,va,...,v,} be a subset of V. Show that if T'(S) = {T'(v1),T(v2),...,T(vp)} is
linearly independent then S is also linearly independent.

Exercise 6. Let H and K be subspaces of a vector space V', and suppose that

H = Span {V17V27-~~7Vp}7
K = Span {Wl,WQ,...,Wq}.

Show that H + K = Span {v1,Va,...,V,, Wi, Wa, ..., W,}.

IThe notation T~1(H) is purely symbolic. It does not mean that T is in invertible.



Exercise 7. Let £ denote the standard basis for R". Consider the linear transformation
Id : R" — R" given by Id(x) = x. Find [Id]§. Do you recognize this matrix?

Exercise 8. Let V be a vector space and let C = {vy,va,...,v,} be aset of vectors in V with
the following property: given any vector w € V', the vector equation x,vi+zove+- - -+2,v, =
w has at most one solution. Show that C must be a linearly independent set.

Exercise 9. Let
a—+c
_ a+b .
H = a4+ 4b — 3¢ ca,b,ceR

a+3b—2¢

a. Show that H is a subspace of R*.
b. Find a basis for H.

Exercise 10. Let B = {1,t —1,(t — 1)?} and let C = {1,t,*}

a. Show that B is a basis for Ps.
c. Let p(t) = =3t + t2. Compute [p(t)]s.

Exercise 11. Let T': V — W be a linear transformation between two vector spaces. Let
T (V') denote the range of T, which is a subspace of W. If B = {by, bs,...,b,} is a basis for
V', show that {T'(by),T'(bs),...,T(b,)} spans T'(V).

Exercise 12. Let
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a. Find bases for Col A and Nul A.

b. Use your results from part (a) to determine if the map x — Ax is one-to-one or onto.

Exercise 13. Suppose that
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and that A can be row reduced to

10 2
01 -3
U= 00 O
00 O

a. How are b, ¢, d, e related to the other entries in A?
b. What value(s) can a have?

c. Find a basis for Nul A.

Exercise 14. Show that the matrix

1 a b+ec
1 b c+a
1 ¢ a+bd
is not invertible.
Exercise 15. Show that
a 0 c
N = 0 b 0 a,b,ceR
c 0 a

is a subspace of Msys3.

Exercise 16. Let B = {1,¢,#3} and let C = {5,2 —t,1> — 7t + 18}. Show that B and C span
the same subspace of Ps.



