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The goal of this note is to provide a constructive proof of the following well-known result.
Lemma 1 (Bézout). Let a,b € Z. There exist r,s € Z so that
ged(a,b) = ra + sb.

Proof. We use the Euclidean algorithm to obtain

b=qa+r, 0<ry <lal,
a = q271 +7"2, 0<T‘2<7"1,
r1 = q3rz + 73, 0<rz <ry,
ri—1 = qj+175 + Tj+1, 0<7‘j+1 <rj,

rN—2 =qNTN-1+tTNn, O0<ry<rn_1,
TN_1=(N+1"N (ie. ryy1=0),

in which 7y = ged(a,b).t For 0 < j < N define

where we set r_1 = b, ro = a. If we write the general relation r;_1 = gj417j + 7j41 as
Tj4l = Tj—1 = qj+17;j

we find that we have the recursive relationship

Xj+1:<(1) 1 )X]70<j<N—1

—qj+1
Setting
0 1
4 = ( 1 —g )

for 1 < j < N we find that

Xy = Ayxn_1 = ANAN_1XN_2 = = ANANn_1 - A1Xo. (1)
Write

* *
ANAN_1~~A1<S r). (2)

Since r_1 = b, 1o = a and ry = ged(a, b), (1) yields

(ot )= (3 7) () = ()

which establishes what we wanted to prove.
O

We have assumed a { b. In the case that a|b we have ged(a,b) = |a| and we can take r = 41, s = 0 to prove the Lemma.




Remarks

e The constructive nature of the preceding proof of Bézout’s Lemma lies in equation (2), expressing
the coeflicients r and s in terms of the quotients g; occurring in the Euclidean algorithm. As these
are provided by the division algorithm, which in turn has a constructive proof, we see that we have
provided a means of computing r and s explicitly.

e The r and s whose existence is assured by Bézout’s Lemma are not unique. Indeed, notice that
ra+ sb= (r —kb)a+ (s + ka)b
for any k € Z.

e The proof we have given here is computationally efficient in that it requires a minimal amount of
variable storage to be implemented by a machine. Indeed, by evaluating the product AyAny_1--- Ay
of equation (2) from right to left, one finds that it is only necessary to keep track of one stage of the
Euclidian algorithm and the corresponding partial product of the A; at a time.

e In the context of modular arithmetic the coefficients appearing in Bézout’s Lemma (specifically r) are
particularly important. For when ged(a,b) = 1 we see that 7a = 1 (mod b), i.e. r = a~! (mod b).



