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Introduction

b
Consider the integral f(x) dx. The substitution x = g(t) has

two effects on the integaral:
o It replaces the differential dx with g’(t) dt.

@ It replaces the interval [a, b] with [g=1(a), g~ 1(b)].

We will see that a change of variables x = x(u,v), y = y(u, v) has

a similar effect on // f(x,y)dA:
R

@ It replaces the differential dA with ‘gxig‘ du dv, where gg)‘:;

is the so-called Jacobian.

@ It replaces the region R in the xy-plane with a certain region
S in the uv-plane.
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Coordinate Transformations

Let R C R?, considered in the xy-plane.
Let S C R2, considered in the uv-plane.

A (two-dimensional) coordinate transformation is a bijective
function T : S = R.

vA ==V =const.
|4
S
v
“u=const.
T X
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If we write T (u,v) = (x(u,v),y(u,v)), we call x(u,v) and y(u,v)
the coordinate functions of T.

The map T represents a change of variables from the uv- to the
xy-coordinate system.

We will say that T is smooth if x(u,v) and y(u, v) have
continuous first order derivatives.
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Example

The polar coordinate transformation is given by

(x,y) = T(r,0) =(rcos@,rsind).

o4 0 =const. y4
| 4
S T
R
“r =const.
r x
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Given a smooth coordinate transformation T : S — R, any
function f(x,y) on R becomes a function F(u,v) on S:

F(u,v) = f(x(u,v),y(u,v)).

We would like to relate the integral of f on R to an integral
involving F on S.

Let [uo, uo + Au] X [vo, vo + Av] be a small subrectangle of S.

Because T is smooth, the coordinate functions x(u, v) and y(u, v)
are differentiable.
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This means that if Au and Av are small enough,

155 155 .
x(u, v) =~ x(ug, vo) + %(u — up) + E(V —vp) = X(u, v),
0 0 N
y(.v) % y(uo, vo) + 5(u — o) + S (v = vo) = §(u, V),

for (u,v) € [ug, up + Au] x [vo, vo + Av].

The linearization T (u,v) = (X(u, v),y(u, v)) carries rectangles to
parallelograms, and maps vertices to corresponding vertices.
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T therefore carries [ug, ug + Au]
parallelogram with vertex (xp, yo) =

?(uo + Au,vp) — ?(uo, vo) = <

?(uo, vo + Av) — ?(uo, vo) = <

v A

A
(Ug,ptAVv)

(Ug, )

X [vo, vo + Av] to the

(uo, vo) and edges

ox dy B Ox Oy

EAU, EAU> = Au <a, a> s

Ox dy B Ox 0Oy

EAV, EAV> = AV <E, E> .
A

g T(uO

x

[BETI[LEY
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So, for small Au, Av:
AA = Area (T ([uo, up + Au] x [vo, vo + Av]))

~ Area (?([uo, up + Au] x [vo, vo + Av]))

Ix  Ox
__||0u  ov
=lay ﬂH AuAv.
ou Ov
The determinant o o
X X
Ax,y) _|ou ov
d(u,v) - % %
u v

is called the Jacobian of T.
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Therefore, if we subdivide S, apply T and form the corresponding
Riemann sum in the xy-plane, we get

sz vaU)AANZZf UU,VU)yuU,vU))' ’y)'AuAv

i=1 j=1 i=1 j=1

As Au, Av — 0, the approximation improves indefinitely, and we
get the equality

//R f(x,y)dxdy = //S f(x(u,v),y(u,v)) ‘ggi:i;
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Example

The polar coordinate transformation T(r,6) = (rcos#, rsin8)
carries the rectangle [a, b] x [c, 8] to an annular sector R in the
xy-plane.

The Jacobian is given by

ox,y) > % _ |cos —rsing|
o(r,0) o 9 " |sinf  rcosf |

We therefore arrive at the polar coordinate change of variables

formula
B b
// f(x,y)dA:/ / f(rcos@,rsin@)rdrdo.
R o Ja
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Example

Evaluate e dA, where R is the region in the first quadrant

R
bounded by xy =1, xy =4, y = x and y = 4x.

Solution. The transformation T(u,v) = (uv, u/v) carries the line
u = k to the points T(k,v) = (kv, k/v) = (x, y), which satisfy
xy = k2.

T also carries the line v = k to the points T(u, k) = (ku, u/k)
= (x,y), which satisfy x/y = k2.

That is, T carries vertical lines to hyperbolas, and horizontal lines
to lines through the origin.
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The region R in the first quadrant bounded by xy =1, xy = 4,
y = x and y = 4x is thus the T-image of the rectangle
S =[1,2] x [1/2,1] in the uv-plane.

0.5
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The Jacobian of T is

oxy) _
A(u,v)

1 2
// eXydA:/ / ew)wv) 24 gy
R 1/2J1 v
1 2
:/ ﬂ/ 2uet” du
12 V J1
1 12
Inv e
1/2 1
O

= In2(e4—e).

2u
-

14 u

/v —u/v?

Thus,




Evaluate 2 — x> — y? dA, where R is the square with vertices

(+1,0), (0 £1).

Solution. The (linear) transformation

T(u,v) = ((u+v)/2,(u=v)/2)
carries the square S = [—1,1] x [—1, 1] bijectively onto R.
Its Jacobian is

>

12 —1/2

a(x,y) ‘1/2 1/2 ‘ 1
a(u, v)
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as computed earlier. O
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Evaluate // x? dA, where R is the region bounded by the ellipse
R
9x2 +4y? = 36.

Solution. Let (x,y) = T(u,v) = (2u,3v). Then

9x° +4y> =36 < 9Qu)®+4(3v) =36 < ¥ +v2=1.

Therefore T carries the unit disk D in the uv-plane onto R.
The Jacobian of T is

20
0 3

2w, v) ‘ =0
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Thus,
//xsz:// 4u® - 6dudv.
R D

The integral over D is most easily computed in polar coordinates:

27 1
24// u2dudv:24/ / r? cos® 0 rdrdf
D 0 0

27
8/ 1+cos29d9
0 2

sin 20
=410

0

21
)=.

O
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