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Reduction through superposition

Goal:

Solve the general (inhomogeneous) Dirichlet problem

V2u =0, 0 < x<a, 0<y<b,
u(x,0) = fi(x), u(x,b)="fh(x), 0<x<a,

U(O,y):g]_(_)/), u(a,y):gz(y), OS)/Sb
Picture:
u(x,b)=r(x)
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u(x,0)=f(x)
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Reduction through superposition

Strategy:

Reduce to four simpler problems and use superposition.

u(x,b)=h(x)

u(x,0)=f(x)

u(x,b)=0
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u(x,0)=f,(x)
u(x,b)=0
3
=Y £
Il Q
3 i
o
\3— (@

u(x,0)=0

u(x,b)=5(x)

=0

u(0,y)

u(x,0)=0
u(x,b)=0
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u(x,0)=0

Daileda Dirichlet’s problem on a rectangle



Reduction through superposition

Strategy:

Reduce to four simpler problems and use superposition.

u(x,b)=h(x)

u(x,0)=f(x)

u(x,b)=0

o
I £
3 2
(=) ~
= Il
(@)
u(x,0)=f(x)
u(x,b)=0
3
=Y £
Il Q
3 i
o
\3— (@

u(x,0)=0

u(x,b)=5(x)

=0

u(0,y)

u(x,0)=0
u(x,b)=0
(e
Il
R
<
3

u(x,0)=0

Daileda Dirichlet’s problem on a rectangle



Reduction through superposition

Strategy:

Reduce to four simpler problems and use superposition.

u(x,b)=h(x)

u(x,0)=f(x)

u(x,b)=0

o
I £
3 2
(=) ~
= Il
(@)
u(x,0)=f(x)
u(x,b)=0
3
=Y £
Il Q
3 i
o
\3— (@

u(x,0)=0

u(x,b)=5(x)

=0

u(0,y)

u(x,0)=0
u(x,b)=0
(e
Il
R
<
3

u(x,0)=0

Daileda Dirichlet’s problem on a rectangle



Reduction through superposition

Strategy:

Reduce to four simpler problems and use superposition.

u(x,b)=h(x)

u(x,0)=f(x)

u(x,b)=0

o
I £
3 2
(=) ~
= Il
(@)
u(x,0)=f(x)
u(x,b)=0
3
=Y £
Il Q
3 i
o
\3— (@

u(x,0)=0

u(x,b)=5(x)

=0

u(0,y)

u(x,0)=0
u(x,b)=0
(e
Il
R
<
3

u(x,0)=0

Daileda Dirichlet’s problem on a rectangle



Reduction through superposition

Strategy:

Reduce to four simpler problems and use superposition.

u(x,b)=h(x)

u(x,0)=f(x)

u(x,b)=0

o
I £
3 2
(=) ~
= Il
(@)
u(x,0)=f(x)
u(x,b)=0
3
=Y £
Il Q
3 i
o
\3— (@

u(x,0)=0

u(x,b)=5(x)

=0

u(0,y)

u(x,0)=0
u(x,b)=0
(e
Il
R
<
3

u(x,0)=0

Daileda Dirichlet’s problem on a rectangle



Reduction through superposition

Strategy:

Reduce to four simpler problems and use superposition.

u(x,b)=h(x)

u(x,0)=f(x)

u(x,b)=0

o
I £
3 2
(=) ~
= Il
(@)
u(x,0)=f(x)
u(x,b)=0
3
=Y £
Il Q
3 i
o
\3— (@

u(x,0)=0

u(x,b)=5(x)

=0

u(0,y)

u(x,0)=0
u(x,b)=0
(e
Il
R
<
3

u(x,0)=0

Daileda Dirichlet’s problem on a rectangle



Reduction through superposition

Remarks:

o Explicitly, if u1, up, us and uy solve the Dirichlet problems
(A), (B), (C) and (D) (respectively), then the general solution
to (x) is

U= uy+ up+ uz+ uy.
@ Note that the boundary conditions in each of (A) - (D) are

homogeneous, with the exception of a single side of the
rectangle.

@ Problems with more general inhomogeneous boundary
conditions (e.g. Neumann or Robin conditions) can be
reduced in a similar manner.
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Solving the (almost) homogeneous problems

Solution to (A) and (B)

We have already seen that the solution to (B) is given by
ZB sm— sinh — n7ry

where

B, = Py me / fo( x)sm—dx

We can likewise use separat|on of variables to show that the
solution to (A) is

o b—
u(x,y) = ZA,, sin n7;x sinh ault p y),

where

A, = Py me / f( x)sm—dx
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Solving the (almost) homogeneous problems

Solution to (C) and (D)

In the same manner we obtain the solution to (C):

X,y) = Z Cpsinh n7r(ab— x) sin m;y,

with .
2 . nmy
S — —d
bsinh nga /O gl(y)sm b Y,

as well as the solution to (D):

nmx
D, h— i
Z sin sm b )

where

2 g . nmy
_m/o gz(y)sde%
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Solving the (almost) homogeneous problems

Remarks:

@ In each case, the coefficients of the solution are just multiples
of the Fourier sine coefficients of the function giving the
nonzero boundary condition, e.g.

1
Dp=——— (nth sine coefficient of g» on [0, b])
sinh 5

@ The coefficients for each boundary condition are independent

of the others.

@ If any of the boundary conditions is zero, we may omit that
term from the solution. E.g. if gg = 0, then we don’t need to
include us.
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Example

Example

Solve the Dirichlet problem on [0, 1] x [0, 2] with the following
boundary conditions.

u=0

(2-y) 72

We have a =1, b= 2 and

f0=2 A=0. ak =23 mp=2-y.
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It follows that B, = 0 for all n, and the remaining coefficients we
need are

4+ (-
A 2sin M gy = =T\ )
" 1 sinh 27 "”2 / sm nmsinh2nm

c /2y)2.n7ryd 4(222+2(1))
2sinh ””1 n373 sinh 2Z o

2 )sn my A
i = .
2smh y n7rsinh"2—7r
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The complete solution is thus

o
4_ 1 n+1
Z )"") sin nmx sinh n(2 — y)
p n7TS|nh 2nm
o
4(n’m? —2+2(— 1)) 7T(].—X) . nmy
+n2::1 n37r3smh e 2 L

o0

4 ., hmx . nmy
E h .
+ = nm sinh 2% S s
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Example

Graphically:
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