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The general solution

Recall

The shape of a vibrating circular membrane of radius a is given by

u(r,0,t) = Z aonJo(Aonr) cos(cAont)

n=1
+ Z Z Im(Amnr) (amn cos(mB) + by sin(mb)) cos(cAmnt)
m=1 n=1
+ Z ag,Jo(Aonr) sin(cAont)

n=1

+ Z Z Im(Amnr) (a5, cos(mB) + b, sin(mB)) sin(cAmnt)

m=1 n=1

where...
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The general solution

Recall (continued)

@ A\pp = :” and ay,, is the nth positive zero of Jy,(x).

® amn, bmn (resp. al,,, bk.) are given by integrals involving the

initial shape (resp. initial velocity), e.g. when m # 0

1 when m=0

P g(r,0) for x
2 27 ra ——
/ / 701.0) cos(mB) Jm(Amr)r dr do.

sine for bmn

dmn = )
ma J,2n+1(am,,)

mTcamna for *

® amn = bmn =0 (resp. a},, = b}, = 0) for m # 0 when f
(resp. g) is radially symmetric, i.e. f(r,0) = f(r).
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Example 1

A non-symmetric example

Solve the vibrating membrane problem with a = c = 1 and initial
conditions

f(r,0) =r(1 —r*) cos6, g(r,0)=0.

Since g =0, a},, = b}, = 0 for all m, n. We also have
2 2m prl .
bmn = 7/ / r(1—r") cos 0Jp(ctmnr)sin(mO)r drd6
2 (am) Jo o ( ) (@mnr) sin(md)

2 27 1
= cos A sin(mé d9/ r(1 = r*) Im(amnr)r dr
| (m0)d9 | (1= 1) Jn(crmnr)

0

=0 forall m,n.
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Example 1

Additionally,

1 /27r/1 .
aogn = —5—— r(1 —r") cos 0Jo(cxonr)r drd6
0 J(aon) Jo Jo ( ) olaonr)

T
1 27 1
= 27/ C059d9/ r(1 — r*)Jo(aonr)r dr
7TJ1(OéOn) 0 0
0
= O’

and

2 rl
amn = %/ / r(1 — r*) cos 0Jm(ctmnr) cos(mf)r drd6
7TJm+1(amn) 0 Jo

2

2w 1
= 27/ cos ) cos(mb) dH/ r(1 — r*)dm(cmnr)r dr.
7er+1(amn) 0 0

A
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Example 1

The integral A is zero unless m = 1, in which case it's equal to 7.
In this case

2 /1 .
ain=—5—— r(1 — r*)Ji(ainr)rdr
J22(041n) 0 ( ) ( )

2 ! 2 ! 6
_ Ji(aznr) dr — Ji(ainr)dr) .
J22(041n) </0 reJi(ainr) dr /0 r°Ji(anr) r>

Substituting x = a1, and proceeding as before one can show

1
J2(0un
/ r2J1(a1nr) dr = M’
0 d1n
1
n 4 n n
/ r6J1(a1nr) dr = J2(O[1 ) . J3(;11 ) + 8J4(3O[1 )
0 aln aln aln
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Example 1

Assembling these formulae gives

2 <4J3(a1,,) B 8J4(a1,7)> _ 8 (a1nSs(a1n) — 2Ja(01p))
J22(a1,7) i 3 O‘an (a1n) .

din =
Q1p aip

Since all the other coefficients are zero,

8 (a1nJ3(01n) — 2Ja(a1n))
r,0,t) = cosf Ji(a1pr) cos(aqnt).
ur, §j o) (a10r) cos(ant)

Remark: In general, one should not expect the solution to reduce
to a single series.
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Example 2
A “complicated” example

Solve the vibrating membrane problem with a =2, c =1 and
initial conditions

f(r,0) =0, g(r,0)=r*2—r)sin® (g) .

Since f =0, amp =0, byn = 0. We also have

bt o= (...)/02(...)dr/027rsin8 (g) sin(mf) df = 0,

odd, 2m-periodic

1 2 8 9 2
= inf (=) do [ rP(2- Aonr)rd
ag, 7T040n2J12(060n)/0 sin <2> /0 re( r)Jo(Aonr)r dr,

357 /64 (Maple) ?
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Example 2

and

. 2 27r. 8 0 22
an, = sin” { 5 cos(mB) db [ ro(2 — r)dm(Amnr)rdr.
0 0

7Tozm,,2J,2n+1(ozm,,)

0 if m>5 (Maple) ?

The solution therefore can be written

(r,0,t) = Z Zamn Amnt) cos(mB) sin(Amnt),

m=0 n=1

although the (?) integrals are not amenable to evaluation by hand.
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