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Recall

The shape of a vibrating circular membrane of radius a is given by

u(r , θ, t) =
∞∑

n=1

a0nJ0(λ0nr) cos(cλ0nt)

+

∞∑

m=1

∞∑

n=1

Jm(λmnr) (amn cos(mθ) + bmn sin(mθ)) cos(cλmnt)

+
∞∑

n=1

a∗0nJ0(λ0nr) sin(cλ0nt)

+

∞∑

m=1

∞∑

n=1

Jm(λmnr) (a
∗
mn cos(mθ) + b∗mn sin(mθ)) sin(cλmnt)

where...
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Recall (continued)

λmn =
αmn

a
and αmn is the nth positive zero of Jm(x).

amn, bmn (resp. a∗mn, b
∗
mn) are given by integrals involving the

initial shape (resp. initial velocity), e.g. when m 6= 0

amn =

1 when m=0
︷︸︸︷

2

πa2
︸︷︷︸

πcαmna for ∗

J2m+1(αmn)

∫ 2π

0

∫ a

0

g(r ,θ) for ∗
︷ ︸︸ ︷

f (r , θ) cos(mθ)
︸ ︷︷ ︸

sine for bmn

Jm(λmnr)r dr dθ.

amn = bmn = 0 (resp. a∗mn = b∗mn = 0) for m 6= 0 when f

(resp. g) is radially symmetric, i.e. f (r , θ) = f (r).

Daileda Circular membrane examples



The general solution Example 1 Example 2

A non-symmetric example

Example

Solve the vibrating membrane problem with a = c = 1 and initial

conditions

f (r , θ) = r(1− r4) cos θ, g(r , θ) = 0.

Since g ≡ 0, a∗mn = b∗mn = 0 for all m, n. We also have

bmn =
2

πJ2m+1(αmn)

∫ 2π

0

∫ 1

0
r(1− r4) cos θJm(αmnr) sin(mθ)r drdθ

=
2

πJ2m+1(αmn)

∫ 2π

0
cos θ sin(mθ) dθ

︸ ︷︷ ︸

0

∫ 1

0
r(1− r4) Jm(αmnr)r dr

= 0 for all m, n.
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Additionally,

a0n =
1

πJ21 (α0n)

∫ 2π

0

∫ 1

0
r(1− r4) cos θJ0(α0nr)r drdθ

=
1

πJ21 (α0n)

∫ 2π

0
cos θ dθ

︸ ︷︷ ︸

0

∫ 1

0
r(1− r4)J0(α0nr)r dr

= 0,

and

amn =
2

πJ2m+1(αmn)

∫ 2π

0

∫ 1

0
r(1− r4) cos θJm(αmnr) cos(mθ)r drdθ

=
2

πJ2m+1(αmn)

∫ 2π

0
cos θ cos(mθ) dθ

︸ ︷︷ ︸

A

∫ 1

0
r(1− r4)Jm(αmnr)r dr .
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The integral A is zero unless m = 1, in which case it’s equal to π.
In this case

a1n =
2

J22 (α1n)

∫ 1

0
r(1− r4)J1(α1nr)r dr

=
2

J22 (α1n)

(∫ 1

0
r2J1(α1nr) dr −

∫ 1

0
r6J1(α1nr) dr

)

.

Substituting x = α1nr and proceeding as before one can show

∫ 1

0
r2J1(α1nr) dr =

J2(α1n)

α1n
,

∫ 1

0
r6J1(α1nr) dr =

J2(α1n)

α1n
−

4J3(α1n)

α2
1n

+
8J4(α1n)

α3
1n

.
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Assembling these formulae gives

a1n =
2

J22 (α1n)

(
4J3(α1n)

α2
1n

−
8J4(α1n)

α3
1n

)

=
8 (α1nJ3(α1n)− 2J4(α1n))

α3
1nJ

2
2 (α1n)

.

Since all the other coefficients are zero,

u(r , θ, t) = cos θ

∞∑

n=1

8 (α1nJ3(α1n)− 2J4(α1n))

α3
1nJ

2
2 (α1n)

J1(α1nr) cos(α1nt).

Remark: In general, one should not expect the solution to reduce
to a single series.
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A “complicated” example

Example

Solve the vibrating membrane problem with a = 2, c = 1 and

initial conditions

f (r , θ) = 0, g(r , θ) = r2(2− r) sin8
(
θ

2

)

.

Since f ≡ 0, amn = 0, bmn = 0. We also have

b∗mn = (· · · )

∫ 2

0
(· · · ) dr

∫ 2π

0
sin8

(
θ

2

)

sin(mθ)

︸ ︷︷ ︸

odd, 2π-periodic

dθ = 0,

a∗0n =
1

πα0n2J21 (α0n)

∫ 2π

0
sin8

(
θ

2

)

dθ

︸ ︷︷ ︸

35π/64 (Maple)

∫ 2

0
r2(2− r)J0(λ0nr)r dr

︸ ︷︷ ︸

?

,
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and

a∗mn =
2

παmn2J
2
m+1(αmn)

∫ 2π

0
sin8

(
θ

2

)

cos(mθ) dθ

︸ ︷︷ ︸

0 if m≥5 (Maple)

∫ 2

0
r2(2− r)Jm(λmnr)r dr

︸ ︷︷ ︸

?

.

The solution therefore can be written

u(r , θ, t) =
4∑

m=0

∞∑

n=1

a∗mnJm(λmnr) cos(mθ) sin(λmnt),

although the (?) integrals are not amenable to evaluation by hand.
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