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Normal modes of the vibrating circular membrane

Recall that for m € Ny, n € N these have the form
Im (Amnr) (Acos (m8) + Bsin(m@)) (C cos (cAmnt) + Dsin (cAmnt)),
where A\, = @mn/a, @ > 0 is the radius of the membrane, and
Om1 < Omp < am3z < -+
are the positive zeros of J,(x). For convenience we set

Umn(r, 0,t) = Im(Amnr) (amn cos(mB) + by, sin(mb)) cos(cAmnt),
urn(r,0,t) = Jn(Amnr) (ay,, cos(m@) + by, sin(mb)) sin(cAmnt),

and use superposition to construct the general solution

u(r,0,8) = > > uma(r,0,8)+ > > un,(r,0,t).

m=0 n=1 m=0 n=1
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Superposition and orthogonality

Imposing the initial conditions

In order to completely determine the shape of the membrane at
any time we must specify the initial conditions

u(r,0,0) =f(r,0), 0<r<a, 0<60<2r (shape),
ur(r,0,0) = g(r,0), 0<r<a, 0<6 <27 (velocity).

Setting t = 0 in the general solution, we find that this requires

(r,0) = Z ZJ Amnt) (amn cos(mB) + by sin(mé))

m=0 n=1

(r,0) = Z Z cAmndm(Amnr) (a5, cos(mb) + by, sin(mf))

m=0 n=1

which are called Fourier-Bessel expansions.
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Superposition and orthogonality

Othogonality of Bessel functions

We will see later that the functions Rmn(r) = Jm (Amnr) are
orthogonal relative to the weighted inner product

a
(F.g) = /0 F(r)g(r)r dr.
That is,
a
Ry Rk} = / InOmnr) ImOmir) rdr =0 if n # k.
0

In addition, it can also be shown that

a a2
(Rm,,,Rm,,>:/0 J,%,(Amnr)rdr:?J,znﬂ(amn).
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Superposition and orthogonality

Using the orthogonality relations for Bessel and trigonometric
functions, one obtains:

Theorem

The functions

Gmn(r,0) = Im(Amnr) cos(mb),
Ymn(r,0) = Im(Amnr) sin(mb),

(m € Ng, n € N) form a (complete) orthogonal set of functions
relative to the inner product

2w pra
<f,g>=/0 /0 f(r,0)g(r,0)rdrdo.

That is, (pmn, Djk) = (¥mn, Yjk) = 0 for (m, n) # (j, k) and
(Gmn, jk) = 0 for all (m, n) and (j, k).

o
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Coefficient formulae

Since our initial membrane shape condition is

f(l’, 9) = Z Z 3mn¢mn r 9) + bmnwmn(r ‘9))

m=0 n=1

the usual orthogonality argument gives

27 ra
L (Frbmn) / / f(r,0)Im(Amnr) cos(mé) r dr do
e <¢mna¢mn> B o

/ L2 (Amnr) cos?(mB) r dr df

27
(f, Ymn) / / ry0)Im(Amnr) sin(mé) r dr do
<¢mn>1/}mn> / J,2n( mnr) Sinz(mQ)rdrdH

0 0

9

bmn =

i

form>0,n>1.
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Coefficient formulae

The integrals in the denominators can be evaluated explicitly:

2
/ / (Amnr) cos®(mé) r dr db
2T a
= / cos?(m#) db / L2 (Amnr) rdr
0 0

ma?J2(con) if m=0,

e J2 cai(amn)  ifm>1,

and likewise
27 pra
/ L2 (Amnr) sin®(mé) r dr df = J2 2 c1(mn),
0 0
for m > 1.
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Coefficient formulae
Integral formulae for a,,, and b,

We conclude that

1 27
= —————— f(r,0) Jo(Aon dr df,
ao 7T32J12(a0n)/0 /O (r,0) Jo(Xonr) rdr
2 27
Amn = W/O /0 f(r,0) Jm(Amnr) cos(mb) rdr do,

2 2m ra
bmn:—/ / £(r.0) Jm(Amnr) sin(md) r dr 6,
o o 0 ) sint)

for m, n € N. Finally, recall the initial velocity condition

oo 0

(r0) =D (CAmnaimn@mn(r,0) + cAmnbintomn(r,0))

m=0 n=1
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Coefficient formulae

* *
Integral formulae for a* = and b},

The same line of reasoning as above yields

1 /*2#/‘3
Qp, = ———5——~ g(r,0) Jo(Aonr) rdrdo,
0 7"'COZOnale(O‘On) 0 Jo ( ) 0( 0 )

2 2 pra
* 7(9 Jm )\mn 0 rd d@,
Amn WcamnaJrzn-i-l(amn) A /(; g(r ) ( r) COS(m )r r

2 21 pra
brmn = ,0) J(Amnr) si 0) r dr do,
mn Wcamnajr%,+1(amn) /O /O g(r ) ( I’) sm(m )r r

for m,n e N.

This (essentially) completes the statement of the general solution
to the vibrating circular membrane problem
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Coefficient formulae

Remark

Since cos0 =1 and sin0 = 0 we have

Z Z Im(Amnr) (amn cos(mB) + by, sin(mb)) cos(cAmnt)
m=0 n=1

= Z aonJdo(Aonr) cos(cAont) + Z Z as above)

m=1 n=1

m=0
@ Note that there are really no by, coefficients.

@ This is the “true form” of the first series in the solution.

Analogous comments hold for the second series.
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Coefficient formulae

Remark

If f(r,0)=f(r) (i.e. fis radially symmetric), then for m # 0

21 ra
amn = ()/0 /0 f(r) Im(Amnr) cos(m@) r dr df

:(...)/Oa...dr/o%cos(me)de -0,
o

0
and b, = 0, too. That is, there are only ag, terms.

Likewise, if g is radially symmetric, then for m £ 0
a;knn = b;knn =0,
and there are only aj, terms.
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Examples

Solve the vibrating membrane problem with a = c = 1 and initial
conditions

f(r,0)=1—r*  g(r,0)=0.

Because g(r,0) = 0, we immediately find that a,, = b}, = 0 for
all mand n.

Because f is radially symmetric, we only need to compute ag,.
Since a=1, A\pp = @mp, SO

1 2r rl
aon = W/ / f(r)Jo(ao,,r)r drdf

= J ar)rd
OéOn)/ o(cwonr)rdr

substitute x=ag,r
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= Jo(x)x dx
aOnJl Oéon) / ( aOn) 0( )

2 /QOn 1 Qon 5
= > xJoxdx—— x> Jo(x) dx
aOnJ2(a0") 0 ( ) On 0 ( )
A B
According to earlier results
Qon Qon
A= / XJo(X) dx = XJ1(X) = OZOnJl(OZOn)y
0 0

Qon

Qon
B = / X% Jo(x) dx = x®J1(x) — 4x* Jo(x) + 8x3 J3(x)
0 0

= OzgnJl(aon) — 4-(13".]2(0[0,7) + 8048,,.]3(0(0,7).
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Examples

It follows that

2 < 1 > _ 8(aont2(aon) — 2J3(con))

- (A-—B
Oé%an(Oéon) agn Oégn./%(aon)

don = )

so that finally

Jo(aonr) cos(agnt).

u(r,0,t) = i 8 (aonJ2(on) — 2J3(gn))

n—1 Oégan(Oéon)

Remark: This solution can easily be implemented in Maple, since
the command
BesselJZeros (m,n)

will compute oy, numerically.
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Examples

A non-symmetric example

Solve the vibrating membrane problem with a = c = 1 and initial
conditions

f(r,0) =r(1 —r*) cos6, g(r,0)=0.

Since g =0, a},, = b}, = 0 for all m, n. We also have
2 2m prl .
bmn = 7/ / r(1—r") cos 0Jp(ctmnr)sin(mO)r drd6
2 (am) Jo o ( ) (@mnr) sin(md)

2 27!' 1
- - cos O sin(mf d9/ r(1 = r*) Jp(amnr)r dr
7TJ,2T,+1(amn) /(; ( ) 0 ( ) ( )

0

=0 forall m,n.
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Examples

Additionally,
1 27 .
aon = r(1 —r*) cos 8 Jo(conr)r drd@
nJ? (ao,,
1 27r
/ cos § do / r(1 — r*YJo(aonr)rdr
7TJ 7J2(agn) 0
0
=0,
and
2 27 rl
Amn = 27/ / r(1 — r*) cos 0 Jm(cmnr) cos(mb)r drdf
o1 (Qmn 0
2 2w 1
= 27/ cos 6 cos(mf) df / r(1 — rYYJm(amnr)r dr.
7er+1(amn) 0 0
A
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Examples

The integral A is zero unless m = 1, in which case it's equal to 7.

In this case

2 /1 .
alg, = —5—— r(1 — r*)Ji(aipr)rdr
J22(Oé]_n) 0 ( ) ( )

2 ! 2 ! 6
___c Ji(ainr)dr — | Ou(aiar)dr) .
J22(041n) </0 reJi(ainr) dr /0 r°Ji(ainr) r>

Substituting x = a1,r and proceeding as before one can show

1
J n
/ r2Jl(a1nr) dr = 2(a1 )7
0 Q1p
1
n 4 n .,
[ gy ar = 2lcin)  Alean)  Bhlons)
0 O1p as, ol
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Examples

Assembling these formulae gives

2 <4J3(061n) B 8J4(041n)> _ 8 (cipS3(0u1n) — 2J4(051n)).

J22(Oé]_n) a%n ai’n Oéan2 (Oé]_n)

din =

Since all the other coefficients are zero,

u(r.0,t) = cosez 8 (aunS3(01n) — 2Ja(a1n))

J1i(aqpr) cos(aqpt).
aan2(a1n) 1{a1nr) cos(annt)

Remark: In general, one should not expect the solution to reduce
to a single series.
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Examples

A “complicated” example

Solve the vibrating membrane problem with a=2, c =1 and
initial conditions

f(r,0) =0, g(r,0)=r?2—r)sin® <g> :

Since f =0, amp =0, byn = 0. We also have

brp = (- ')/02(- - )dr /027r sin® (g) sin(m@) df =0,

odd, 2m-periodic

1 27 8 0 2
S in (=) do 2(2 = r)Jo(Agnr)r dr,
agp 7T040n2J12(0é0n)/o sin (2) /o re( r)Jo(Aonr)r dr

357/64 (Maple) ?
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Examples

and

a, 2 /27;'n8 <9> cos(m@) do
= I —
mn 7Tam,,2J37+1(amn) 0 2

0 if m>5 (Maple)

2
-/r2(2 — 1)Im(Amnr)rdr.
0

?

The solution therefore can be written

4 o)
(r,0,t) Z ZafnnJm(/\m,,r) cos(mé) sin(Amnt),

m=0 n=1

although the (?) integrals are not amenable to evaluation by hand.

[BETI[LEY Solution of the Wave Equation on a Disk



	Superposition and orthogonality
	Coefficient formulae
	Examples

