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Introduction

Introductory example

Find the general solution to y" — xy’ —y = 0.

This is a second order, linear ODE, but...

it does not have constant coefficients!

Consequently we cannot find the solutions in the usual way (via
the characteristic polynomial).

Instead, we use the Power Series Method. We begin by assuming
the solution is analytic at a =10

o0
y = E apx",
n=0

and attempt to determine the coefficients a,.
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Introduction

Since

[o¢] [o¢] [o¢]
y = E apx", y' = E napx"1, y" = E n(n —1)a,x"2,
n=0 n=1

(o ¢] o o
n(n—1)a,x" 2_ XZ na,x"1 — Z apx" =
n=2 n=1 n=0
m=n—2 distribute x

o o o

Z m—+2)(m+ 1)apo2x™ Z napx" — Z apx" =
m=0 n=1 n=0

n—m

[ee]
2a — ag + Z ((n+2)(n+ 1)apt2 — na, — ap) x" = 0.

x0 coeff. n=1
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Uniqueness of power series coefficients implies that
282 —dg = 0,
(n+2)(n+1)aps2 —(n+1)a, =0, n>1,
or, equivalently,

dn
n+2

dp42 = s n> 0.

Remarks.

@ This is a recursion relation for the coefficients.

@ We are free to choose ag, a;. Then as, a3, ay,... are
completely determined.

@ If possible, we would now like to solve for a, in terms of ag
and a;.
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Notice that
_ _ 2 _ _A#_
RTG T AT T T ®T e T 642
= ay = 40 %
KT 2K (2k —2)(2k —4)---2 2Kkl
and
al as ai as al
B3 =5 T 5.3 T T 753
ai

T BT kT D)2k —1)(2k —3)--3-1
_ (2K)(2k —2)(2k —4)- 221 2Kkla

B (2k +1)! (2k + 1)
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This means that

o o o0
2k 2k+1
y = E apx" = E agx" + E a1
k=1
o0

2k k!
2k 2k+1
Z2"k' +a 12 Qk+1)

y1(x) y2(x)

Remarks
@ The ratio test implies both series have R = co (HW).
@ We have

aa=1a=0 = y=y

=0a=1 = y=y } = y1, y» both solve the ODE.
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Finally, notice that

n(0) =1, »(0) :(1) } = Wy, ) (0) = '
———

0
¥2(0) =0, y5(0) 1

1
0 =1
the Wronskian

so that y; and y» are linearly independent solutions of the ODE.

Conclusion: The general solution to y” — xy’ —y =0'is

o0

o0
2k k!
y=ao)’1+31)/2230§ 2"k' x*K 4 1§ 2k+1)| X
k=

and these series converge for all x.
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Generality of the Method

The following result generalizes the outcome of the previous
example.

Theorem

Suppose that p(x), q(x) and g(x) are analytic at x = a and have
(positive) radii of convergence Ry, Ry and Rs, respectively. Then
every solution of

v+ p(x)y’ + a(x)y = g(x)

is analytic at x = a with radius R > min{Ry, Rz, R3}.

For the equation y” — xy’ — y = 0 we have

p(x) = —x, q(x)=-1, g(x)=0.

These are all analytic at a = 0 with R = oo, so the solutions must
have the same property.
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Generality of the Method

Remarks

o If p(x), q(x), and r(x) are analytic at x = a, we say that
x = ais an ordinary point of y" + p(x)y’ + q(x)y = g(x) .
@ Recall that if y = > ) as(x — a)", then

ap = y(a) and a; =y'(a).

Therefore the pair (ag, a1) will always determine the remaining
coefficients of y. The Method of Power series provides an
explicit recursion for the coefficients.

@ If y1 hasag =1,a1 =0 and y» has ag = 0,a; = 1, then

W(y1, y2)(a) :' yi(a) wy(a) | _

‘ 10
vi(a) ys(a) |

01 ‘:17&0

= y1, y» are linearly independent solutions.
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Generality of the Method

Remarks (cont.)

With the preceding choices of y; and y»:

@ The general solution is y = c1y1 + ¢ y».

@ This general solution has the property that
a0 = y(a) = ayi(a) + coye(a) = c,
a1 =y'(a) = ayi(a) + eys(a) = ..

@ This makes solving the BVP y(a) = A, y'(a) = B extremely
easy. If you've found y;, y», then set

y = Ay1 + Bys.

Otherwise, set ag = A, a; = B and use the recursion relation.
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Examples

Show that a = 0 is an ordinary point of (4 — x?)y" + 2y = 0. Find
two linearly independent solutions that are analytic at a = 0, and
give a lower bound for their radii of convergence.

In standard form, the ODE is

2
"
= 0.
A w4
We have p(x) = 0 and
2 1 1 1 x2n
_ P S N <2
I = 32 =3 1= 2;2% or [

It follows that a = 0 is an ordinary point and that all solutions are
analytic there with R > 2.
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To find the solutions, we set y = Y7 a,x" in the ODE:

o
Zn (n—1)a,x"" 2—|—2z:a,,x =0,
n=2 n=0

o0 o0
Z4n(n —1)ax"? - Z n(n—1)apx" + Z 2apx" =0,
n=2 n=2 n=0

o o0 o
Z4(n +2)(n+ 1)aptox" — Z n(n—1)apx" + Z 2a,x" =0,
n=0 n=2 n=0
8ap + 2ag + (24a3 + 2a1)x
—_— —, ,
n=0 n=1
o
+3 (4(n+2)(n+1)api2 — (n(n — 1) = 2)ay) x" =0
n=2

[BETI[LEY Power Series



Examples

This gives the relations

8ar +2ag =0, 24a3+ 2a; =0,
4(n+2)(n+1)apt2 — (n(n—1) —2)a, =0 for n>2,
—_——

(n—2)(n+1)
or, equivalently
(n—2)a
dp42 = 4-(n7—|—2)n for n > 0.
Thus
_—ao _0'32_ _2'34_
ar = 7 :>a4—4'4—0:>a6—4'6—0:>

= ay, =0 for k > 2.
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And
—31 as —ai 3- ds —dail
BTE3 T BTy s 253 0 T 47 815
= 2 5 =T s gy = —a
°T 7. 9 T 497 KL T 4k (2k + 1)(2k — 1)

for k > 0. Therefore, setting ag = 1, a; = 0 gives the solution
%2
yi(x)=1-— " (note that R = o0)
and setting ag = 0, a; = 1 gives the independent solution

o X2k+1
= how that R = 2).
v2(x) kz_(:) 4k(2k + 1)(2k — 1) (can show tha )

The general solution is y = agy1 + a1y».
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Show that a = 0 is an ordinary point of y" — 2y’ + xy = 0, and find
the recursion relation satisfied by the coefficients of any solution

that is analytic at a = 0. Determine the first few coefficients in two
linearly independent solutions, and state their radii of convergence.

We have p(x) = —2 and g(x) = x, both of which are power series
(at a=0) with R = o0,

Therefore a = 0 is an ordinary point, and every solution is analytic
at a = 0 with R = 0o as well.

Substituting y = >0 ; a,x" and simplifying yields

(e}
2a; — 2a; —1—2 ((n+2)(n+1)apt2 —2(n+ 1)apy1 + ap—1) x" = 0.

n=0 n=1
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Therefore a» = a; and

2(n + 1)a,,+1 — ap—1

a = for n > 1.
2 (n+2)(n+1) =
With ag = 1, a; = 0 this yields
1 1 1 1 1
yi(x) = 1— 23— =X = — x0T

6 12 30 80 2520
whereas with ag = 0, a; = 1 we get

2 1 1 19
_ 2 23 1t L s 1 s 19 7
yo(x) = x + x +3x + 2% +20x 180" ~ 20"
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Example

Show that a =1 is an ordinary point of xy"” + y' + xy =0, and
find the recursion relation satisfied by the coefficients of any
solution that is analytic at a = 1. Determine the first few
coefficients in two linearly independent solutions, and give a lower
bound on their radii of convergence. Express the solution with
initial conditions y(1) =5, y’(1) = —3 in terms of this basis.

In standard form, the ODE is y” + Ly’ + y = 0, which has

q(x) =1 and
—1— ! —OO 1)" n" f 1 1
P(X)—;—m—nz_;(—)(x—) or |x — 1| < 1.

Therefore a = 1 is an ordinary point, and every solution is analytic
ata=1with R > 1.
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We now ‘“recenter” the coefficients in the ODE:

Xy"—l—y'+xy:O
(x=1+1)y"+y' +(x-1+1)y =0,
(x=1y"+y"+y +(x-1)y+y=0.

Plugging in y = >"77 5 an(x — 1)", we eventually obtain

(232 +a; + ao)

+ Z ((n+2)(n+1)apso + (n+1)%ant1 + an + an—1) (x —1)" = 0.
n=1

This gives the relations

_(n + 1)2an+1 —anp —danp-1

. —(ao + 31)
N (n+2)(n+1)

2

and apy0 =

for n > 1.
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With ag = 1, a; = 0 we find that
1 2 1 3_ 1 4
yi(x) =1 2(X 1)° + 6(x 1)° — 12(X 1)
1 13 ] ;
1) - (x— —(x—1
a1 - g 17 210( )+
and with ag = 0, a; = 1 we obtain
1 1 1
Yalx) =(x 1) = 20~ 1P+ g 1) ~ £x — 1
3 1 271

+2—0(X—1)5—§(X—1)6+ﬁ( x=1)"--.

By an earlier remark, the solution with y(1) =5 and y’(1) = =3 is

y =5y1 = 3y»
1 1
=5-3(x—-1)—(x—1?+(x -1+ —=(x —1)*
3 12
11

1 5 1 7
(D = 1 = = 1)
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