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10.1 INTRODUCTION TO THE METHOD OF CHARACTERISTICS -

The method of characteristics, which we develop now, is quite different from the
methods we have studied so far. The method of characteristics is mathematically
rather simple; in fact, this material could have been covered much earlier. Itinvolves
an interesting logical twist, and to explain it, we introduce the idea of an anchor
point, a concept we find very useful but is not used in other textbooks.

We begin with a simple first-order partial differential equation,

Ou Ou

i - 10.1
5 5, 0, —co<z<o0, t>0, . (10.1)
u(z,0) = fx). T

Notice that no boundary condition is needed, since we are working on the entire real
line. As seen earlier, a solution of a partial differential equation for a function of two
variables, u(=, t), can be uriderstood as a surface over the w¢-plane. ‘To parametrize
this surface, we use characteristic curves, shown in Figure 10.1. We want to find
curves z(t) in the xt-plane such that the PDE can be reduced to an ODE along these
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CHAPTER 17

METHOD OF CHARACTER/ISTICS
PROBLEMS

Solution. The method of characteristics reduces the partial differential equation to a
pair of ordinary differential equations, one of which is solved for the characteristic
curves in the zt-plane along which the solutions to the other equation are easily
found.

Partial Differential Equations: Theory and Completely Solved Problems, First Edition. By T. Hillen, 597
L B. Leonard, H. van Roessel
Copyright (©) 2012 John Wiley & Sons, Inc.
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598 METHOD OF CHARACTERISTICS PROBLEMS

We write the partial differential equation so that the partial differential operat where

resembles a directional deriative or a total derivative. For example, @ = a(t) = kt +z(0),

Ou  Oudz and for this characteristic curve, z(0) is called the anchor point of the characteristic
B Bmdr : through (z, t). Therefore,
e dz u(w,t) = e (2(0)) = e~z — Kt),
= — k. . . o
@ and, since (=, t) was arbitrary, the solution to the initial value problem is given by
The family of curves with differential equation A
) d w(z,t) = etz — kt) (17.4)
z
dat for 0 < © < o0, t > 0. Finally, we note that e"*u(z,t) is constant along the

are the characteristic curves of the partial differential equation (17.1). If z = characteristic curves.

is a characteristic curve of (17.1), then along this curve equation (17.2) becomes
3] dx
t

2 (a0 9) + o ((a(0),8) - 2 = —ruta(e) 1)

that is, g ,
= (u(a(®),9)) = —ru(=(2), 1),

which is an ordinary differential equation for u(z(t),t). Letting v(t) = u(z(t
fort > 0, v satisfies the ordinary differential equation :

dv ‘ .
dt +rv=0, Solution: Let ,
that is, a first-order linear homogeneous ordinary differential equation, and to sol dat

it we multiply by the integrating factor M (¢) = e™, to get

then along the characteristic curve z(t) = 5t + a, the partial differential equation

becomes
mam?i& Hmlwle + ety = et Ale._iév ={ ’ dw _ dw Ow dz = 3t .
A g @t & ot dndt o B
for all ¢ > 0. Therefore, e"v(%) is a constant, so that so that
S wla(t),t) = ¥ + K,
eu(t) = e™v(0) = v(0), ST 3
that is, where K is a constant, and X == w(z(0),0) — .W“ so that
kot
e u(z(t),t) = u(z(0),0) = ¢(z(0)) 1 1 2. 1
2 b - ) 1 H'Hmw D= Bt -t .,
so that . . . w(z(®),}) = wmm“ +w(z(0),0) —~ 3= 3¢ + w(a, 0) 3~ 3¢ +e 3
u(z(t),t) = e $(2(0)) ", Given the mowﬁ (z,t), let & = 5t + a be the unique characteristic curve passing
for all 0 ' through this point; then the anchor point is ¢ = z — 5t and the solution is
orallt > 0.
Given a point (z,%) in the zt-plane with ¢ > 0, there is exactly one characteristic- (1) = 1 T 1 mmw» + e (=—=5)% _ 1
curve that passes through this point, namely, ’ Wi 3 3 3 3

#(t) = kt + z(0), for 00 < & < 00, t > 0.
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so that
2(z(t),t) = —5= — cos 27t + K,

where K is a constant, and

2(z(0),0) = Iwﬂ. 4 K = cos z(0) = cosa = cos(z(t) — 3¢),

so that 1

K = cos(z(t) — 3t) + o .

Given the point (z,%), let z = 3t +a be the unique characteristic curve passing:
through this point; then the anchor uoEﬁ is @ = z — 3t and the solution is

Solution. Let .
dx

dt
then along the characteristic curve z(t) = zpe™?, the partial &mouauﬁ& oep

becomes _
dw Ow Owdx

—_— = I.....l.”Ou

dt Ot Oz dt

w(z(t),t) = .N,

= —Z;
>

.H H
m?“& = s €08 21t + cos(z — 3t) + 5 Gq.&

so that for —o0 < ¢ < oo andt > 0.

As a check, we note that for

where K is a constant, and K = w(z(0),0), so that 1 H
. 2(z,t) = —o cos 27t + cos(z — 3t) +o-
w(z(t), t) = w(z(0),0) = w(zo, 0) = 23 — 1. i :
) o - ) . we have
Given the point (z,t), let 2 = zge™ be the unique characteristic curve pas Oz _ sin 27t + 3sin(z — 3t)
through this point; then zg = zef is the anchor point and the solution is . Bt
w(z,t) =23 — 1 = 2%e% — 1 and . 8z
m{. ] I..MWDAB it w.ﬁvo
for—co <z < o0, £>0. z
so that 2 52
m.| = sin 27¢.
ot oz .
Also, - 1 1
... B 2(z,0) = Isl+8ma+ 5 = COSZ,

and (17.5)-is a solution to the initial value problem.

Solution. Let o
- &I& = 3:
e~ '

then along the characteristic curve z(t) = 3¢t + a, the partial differential equation
becomes .
dz 0z Ozdx
— = 5+ + —— = sin 2,

dt Ot Oz dt
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Solution. Let Given the point (z,t), let ¢ = ct + a be the unique characteristic curve passing

dz _ = 3x; through this point, then the anchor point is a = & — ¢ and the solution is
dt ’
then along the characteristic curve a@ = ae®, the partial differential eq w(z,t) = IHrmma (1- mlmav + fz ~ct)
becomes . . 2c
du Ou  Oudz
— = e e T for~oco <z < coandt > 0.
&0t T hra s
so that

u(z(t),t) =t* + K,
where K is a constant, and X = u(z(0), 0), so that
u(@(t), t) = £ + u(@(0),0) = £ +u(a, 0) = £ + log(1 + a?).

Given the point (z, ), let z = ae3® be the unique characteristic curve passing a..ﬁ 18]
this point; then the anchor point is a = z¢ ™3 and the solution is

u(z,t) = t* +log (1 + n.%mlmJ

m.o_ﬁmob. Let
for—-o <z <coandt > 0.

then along the characteristic curve z(t) = (t2/2) -+ a, the partial differential equation
becomes

so that
’ ‘w(z(t),t) =t + K,

where K is & constant, and K = w(z(0),0), so that

_ w(z(t),t) =t +w(2(0),0) =t+ f(a).

Solution. Let

dr Given the point {z, S letz = @w /2) + a be the unique characteristic curve passing
a G ! through this wo_bﬂ then the anchor point is @ =  — (¢*/2) and the solutionis *
then along the characteristic curve z(t) = ct + a, the partial differential eque N 12
becomes § RS w(z,t)=t+fle——
dw _dw  wds _ apuy _ oge S 2
E-m T wma e AU
. z for —oo < &' < coand t > 0.
so that : :
w(a(t),t) = —etettta | g = L 20 | g
: 2¢ - "2¢ ’

where K is a constant, and K = SA&BV“ 0) — (1/2¢)e®*®), 50 that »

w(z(t), ) = 5@ + f(2(0)) — i%aﬁ

wa

that is,

w(z(t),t) = i.mmaS + F&(t) — ct) — Imm@n@ln&
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Solution. Along the characteristic curve z = z(t) whose differential equationis

dx
i 2u(z(t),t),

the partial differential equation becomes

dz Ou

7

Figure 17.1 Characteristic fan.

9 luta), 0] = Teta), ) + 2 - 20,6 =0,

so that u(z(t),t) = constant = u(z(0),0), and
dx

= = 2u(a(t),?) = 2u(z(0),0),

The characteristics are sketched in Figure 17.1.

so that (b) The solution along the characteristic = 2f (o)t + o is given by

" (e, t) = fzo),

() = 2u(2(0), 0)t + 2(0) = 2f (m(0))t + 2(0)

for ¢ > 0, and the characteristic curves are the, straight lines x = 2 (z¢)t + T

intersect the z-axis at the point zg. .
) o and considering the cases where

20 <0, 0<zg<a, and a < Zg,
have
e . 1, for =<2,
u(z, t) = a+.9u for A<z <4+a,
’ a+2t
. "2 for z>4t+a.

bl

For a fixed m > 0, the solution is sketched in Figure 17.2.

Solution.

(2) Theequations for the characteristics are £ == 2 f{xo)¢+0, where the parami
T is the intersection of the characteristic with the z-axis for —oco < Zo

() Forzg < 0, wehave f(zy) = 1, and the characteristios have the o@.wn
z =2t + zo. -
(i) For0 < 2 < a, we have f(xo) = 1+zo/a, and the characteristics have
the equation z = 2(1 + z¢/a)t + zo.

(iil) Forz > a, we have f(zo) = 2, and the characteristics have the amﬁmmov
x = 4t + 2p.

]
(
1
v
]
H
1
'
'
1
1
i
«
1
0
'
1
I
3

o it+a z

T Figure 17.2  Graph of the solution.
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Solution. Let
a= Az + Bt and B=Cz+ Dt

from the chain rule, we have

du ‘_m\:, du
oz mQ._szm
ou Ou ~ _Ou
%P5V

and the original partial differential equation becomes

Ou Ou
(aB + ?3%@. + (aD + @valm =,

Nowlet B = ~b, A =a, C =0, and D = 1/qa; then the equation becomes

ou
...m..m. U _" Ou
and multiplying this equation by e~#, we have i
p | Ou f
—BYE _ =By =0
e 50 e Py =10
that is,
9 (e7Pu) =0
op ’
and the quantity e~ is Ea@&amﬁ of 3. Therefore, the solution is
u(a, B) = f(a)e?, T

&&wﬂm f is an arbitrary function of . In terms of the original variables, the moFmo
is
w(z,t) = flaz — bt)e/?.

ME T HUD U CHAHAL | ERID TV FRURLENIS v

Solution. Let dz/dt = t, then along the characteristic curve #(t) = (t2/2) + a, the
partial differential equation becomes

dw 0w 0wl _ o\ g,

dt Ot Oz dt

so that
w(z(t),t) =1° — cost + K,

where K is a constant, and K = w(2(0),0) + 1, and

w(z(t),£) =2 — cost +w(z(0),0) + 1 = * —cost +w(a,0) +1

. 2N\ 2
HﬁnIooﬁ,._.gw‘fm._su..h%looﬁ._. AREIWV + 6.

Giveri a point (%, £) in the zt-plane, let = (t2/2) + o be the unique characteristic
curve passing through this point; then the anchor point is a = z — (t*/2) and the
solution is

. _ 212 \
8@:&H%looﬂ\.+pw+onﬁm38mﬁ+ Aa1wv +6 (17.6)
AR .

mQ.l.o,oAaAoov t>0.
" As a check; note that for this function w(z, t) we have

fw  Ow . 2
M;]melgullmﬁi*.mﬁﬁ,vmﬂ mv

3

(—t)+2¢ Aa - MV =2t +sint
and it satisfies the partial differential equation, while
w(z,0) = 2 +5,

and (17.6) is the solution to this problem.
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42t =0 42 =2 z—2t=0 z—2t=2
42t =1 z—2t=1

Figure 17.3

RegionI: 0 < z+2¢ < 1 and z — 2t < 0O; thatis,

<z <i—2 and z < 2%,

and the solution in this region is

1 1
u(z,t) um@+§+8 = w@.fws.

Region I 1 <42 <2andz — 2t <0 that is,

Solution. 1-9%t<z<2—2¢ and T < 2t,

(a) d’Alembert’s solution to the wave equation is given by and the solution in this region is

1 1
1 o+2t =2 (—p—2t+2+0)=-(2—2—2).
u(@t) =5 [f@+2) + fo-2]+7 [ . ule,t) = 5 (-2 -2 +2+0) =5 (a2
Ao .
where ’ : X A
f Region V: 0 <z — 2t < 1 and z + 2t > 2; thatis, R
T+ 2, if 0<z+2t<1
v ’ . 2 92— 2t,
flo+ot)={ —c—2+2, i l<z+2t<2 > pp<z<l+2  ad o>
0, if z4+2t<0 or: " and the solution in this region is
and v 1 1
. :Aﬁ&Hmnalmi.SﬂmAaim&.
-z =2, Cif 0<z—2<, M
fla—)={ -z+2+2, i l<z-2t<2, o
‘ 0, if $-26<0 or z—2 Region VI: 1 < & — 2t < 2 and & + 2¢ > 2; thats,

and g(x) = 0 for —o0 < z < 00. ‘ 1+ A<z <2+2t and z > 2-2t,

and the solution in this region is

1 1
m?i.ytwwwe;m

(b) InFigure 17.3 we sketch the solution by considering 10 Ho%mbm in E,ou_a«
bounded by forward-facing .and backward-facing characteristics. First
that u = 0 in regions I, IV, and VI

- ulz,t) = (2—z+2t).
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U
\Hﬁw
2 0 1 2 3 4 L
U
T=1y
L T R :
U
t =ty
2 -1 0o 1 2 3 4 T
Figure 17.4

(¢) Note that the right-moving signal will reach the point Z = 11 when z+2¢ = 11,
b,mum_ﬁwp.mowﬁwnﬁ@nmmogm.&o?mﬁms&mﬁ&R,Hw.

0 METHOD OF CHARACTERISTICS .
Region VIII: 1 <2 —2t < 2and 1 .
1+2%<z <242 and
and the solution in this region is
T
u(z,t) = mmla+ww+mlalmw+.
WammoaUn 0<z~2t<land0<z+ 2t < 1;thatis,
20<z<14+2 and rwwAaApﬁmﬁ/
and the solution in this region is
1
u(z,t) = mﬁe+mw+alm® =z.
RegionX: 0 <z —2t<land1< Z + 2t < 2; that is,
RA<e<1+2 and 1-2t<z<2-2¢,
and the solutiop in this region is
1 v
u(z,t) = mﬁafwwlalwi.wv =1-2t.
We sketch the solution for
_ 1 11 1
t1 =0, komAl“ ww"N“ MA?AM“
in Figure 17.4.
% J
=1 /
PR o 1 2 3 4
' U 4 .
.w = &.w ¥

Exercise 17.13. XXXX

The following hyperbolic mode] arises as the equation for the moment generating
function A(s, t) of a stochastic birth-death process.

5.0~ (s~ 1) s — o) L9y =0, 7.7
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mor&ob.. We use the method of characteristics to solve for A(s,t)
s = s(t) is a curve in the st-plane such that
ds
2 = —(3-1) (b5 - 6(2),
then from the chain rule, along this curve the @maa& differential @mc.mﬁob

SRR

becomes
d
2 1AGs(8), 9] = 2 (a0),8) +

that is,
A(s(t),t) = constant = A(s(0),0) = s(0)™,
and we need only solve the characteristic equation
ds(t)
= (=1 (bs—4(2)
for the equation of the curve passing through the point (s(0),0

equation (17.9) can be written as
ds .
= (1—3) (s —4(2))

Al

(1~ 8) (=b+bs+b~5()
(1—8)(b=8() —b(1l—s)?

b-8t) _,

1 ds
1-—3s

that is,
(1—s)? &

and letting y(¢) = 1/[1 —~ 5(¢)], we have
%

— (b= a(®))y =-b.

This is a first-order linear differential equation for y = y(

using an integrating factor or the method of variation .of Eamgoﬁo

the integrating factor
1 ) . L
Alt) = exp | - \ (b—&(r)) dr.
o .

we have i p
= [ B()] = —bAE).

Integrating and using the fact that A(0) = 1, we have
t
A@®)y(t) = y(0) — w,\ A(r) dr.
. 0 -

A()

é\ A(7) dr,

A(s

4(s,1) =

es = s(t).

1- m@ 1
e can solve this equation for s(t) and obtain an explicit form for the equation

x_.ﬁ.mo“

v

s can be simplified somewhat by substituting the expression for A(t), and we find
7o

#) =

- m@

Howeyver, since
(17.11)

d w
e characteristic curv
v A(s(t),t) = constant = A(s(0),0) = s(0)"°,

ba& to find the anchor point (s(0), 0). We solve Equation 17.11 for 5(0) to get

o1 . i

MAOV = ] - i ’

SON’ \ A(r)dr .

0 .

1—s(¢)

d the solution is constant along the characteristic s = s(t), so that
) v
. . 1
(s(t),£) = A(s(0),0) = s(0)™ = |1~ NG (17.12)
, A7) d
tm@ +v\ (r)dr
, T
A(t) = exp t\ (b—68(r)) dr ).
. 0
¢ the initial value problem
: ~ -y = ,
 unique solution, given a point A.w t) in the st-plane, there exists a unique
oﬁoﬁmao passing through this point with 5(0) = sg, and .
no
! . (17.13)

0)=s" = |1—
; PE +@\ A(r)dr

A) = exp [ — \o " 5(r) dr ) .

(17.14)

exp \on@lm@d dz
\@LEE& il

1 -
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Solution. In Exercise 17.10 we found the general solution to the partial differential
equation (17.15) using the method of characteristics. Here we present a slightly
different argument, originally given as the solution to Problem A3 in the 2011
Putnam competition (see The American Mathematical Monthly, 118, 8, October

2011, p. 730). -

Suppose that « = u(z, t) is a solution to (17.15) and there is a constant M > 0 such
that

[u(z, )| < M (17.16)
forall z, € R. Let z¢ and p be fixed real numbers, and let
2z =20+ bs and t=1tg +as,
and define .
h(s).-= u(zo + bs,‘to +as) ~

-

forseR. . - -
From the chain rule and the partial differential equation (17.15), we have
¥

ou dt = Ou dz -
! —_— b R .
K (s) 5 (wo + bs, to + as) R + o (o + bs.,'to + aj) N
15} . Ou
= a—a?; (zo + bs, to + as) + b_ax (zq + bs, to + as)

= u(zg + bs, o + as)
= h(s)
for s € R. Thus, & satisfies the first-order differeﬁdal equation
B (s) = h(s), “
with solution A(s) = h(0) e*, and from (17.16), we have *
[h(0)T= |h(s)|e™* < Me™*

»

for all s € R. Therefore, .
' h(0) = u(zo,t0) =0,

and since (zo,tp) € R? was arbitrary, u(z,t) = 0,‘ and the partial differential
equation (17.15) has no nontrivial bounded solutions.




