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Partial Differential Equations
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The Honor Code requires that you neither give nor receive any aid on this exam.

Please indicate that you have read and understood these guidelines by signing your name in
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1. Solve the initial value problem

2
∂u

∂x
+

∂u

∂y
= x,

u(x, 0) = x+ 2.



2. Solve the initial value problem

∂u

∂x
− x

∂u

∂y
= u,

u(0, y) =
1

y2 + 1
.

3. Consider the PDE
uxx + 3uxy + 2uyy = 0. (1)

a. If F and G are twice differentiable functions, show that u(x, y) = F (2x− y)+G(x− y)
is a solution to (1).



b. Use part a to find the solution to (1) that satisfies the initial conditions

u(x, 0) =
x

x2 + 1
and uy(x, 0) = 0 for all x.



4. Consider an ideal string with L = 2 and c = 3. Let f and g denote the functions whose
graphs are shown below.

f g

a. Once it begins moving, how long will it take for the string to return to its initial shape?

b. Carefully sketch the graphs of the 4-periodic odd extensions f ∗ and g∗, as well as an
antiderivative G of g∗. Draw at least 2 periods of each.

f ∗ x

u

g∗ x

u

G x

u



c. Suppose the string is stretched to have initial shape given by f and is released with
zero initial velocity. Carefully sketch the shape of the string at t = 1/6.

u

x

d. Suppose the string is left in its rest position and is imparted with the initial velocity
given by g. Carefully sketch the shape of the string at t = 1/2.

u

x

5. Determine the order of each of the following PDEs and state whether or not they are
linear. If an equation is linear, state whether or not it is homogeneous.

a. uxx + (x2 + y)uyy = 0

b. uxuy + uz = −uxyz

c. (uxx + ux)tt + ex+yuy = 0

d.
∂2u

∂x1∂x2

+
∂2u

∂x2∂x3

+
∂2u

∂x1∂x3

= u+ x1x2x3



6. Show that the functions

sin(x), sin(3x), sin(5x), sin(7x), . . .

form an orthogonal set on the interval 0 ≤ x ≤ π/2. [Remark: You might find it useful to
know that cos(A− B)− cos(A+B) = 2 sinA sinB.]



7. Complete the following statement of the Fourier convergence theorem.

Theorem. Suppose that f is a 2p-periodic function.

The Fourier series of f is given by

a0 +
∞
∑

n=1
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where

a0 =

and

an = bn =

for n ≥ 1. The Fourier series converges to

for all x.

8. Consider the 2-periodic function satisfying

f(x) =

{

1 if − 1 ≤ x < 0,

x if 0 ≤ x < 1.

a. Carefully sketch the graph of the Fourier series of f (for at least two periods).

x

u



b. Find the Fourier series of f .
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