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1. For 0 ≤ x ≤ 2, let

f(x) =

{

0 if 0 ≤ x < 1,

x− 1 if 1 ≤ x ≤ 2,
and g(x) = 2− x.

Carefully sketch the following functions, for at least 3 periods. Be sure to include and label
your axes, and pay careful attention to the values at any points of discontinuity.

a. The cosine series of f(x).

b. The sine series of f(x).

c. The cosine series of g(x).

d. The sine series of g(x).



2. Let f denote the 2π-periodic function satisfying f(x) = |x| for −π ≤ x ≤ π. One can
show that

f(x) =
π

2
−

4

π

∞
∑

k=0

cos((2k + 1)x)

(2k + 1)2
.

a. Let g(x) = f
(

x+ π
2

)

− π
2
. Use the given Fourier series of f and the identity cos(A+B) =

cosA cosB − sinA sinB to obtain

g(x) =
4

π

∞
∑

k=0

(−1)k sin((2k + 1)x)

(2k + 1)2
.

b. Solve the heat problem

ut = 2uxx, 0 < x < π, t > 0,

u(0, t) = u(π, t) = 0, t > 0,

u(x, 0) =

{

200

π
x if 0 ≤ x ≤ π

2
,

200

π
(π − x) if π

2
≤ x ≤ π.

[Suggestion: Determine how u(x, 0) is related to g(x).]



3. Use separation of variables to reduce the PDE

∂2u

∂ρ2
+

1

ρ

∂u

∂ρ
+

∂2u

∂z2
=

1

c2
∂2u

∂t2
+ k

∂u

∂t

to a system of three ODEs. Do not attempt to solve this system.



4. Show that the solution to the ODE boundary value problem

X ′′ − kX = 0,

X(0)−X ′(0) = 0,

X(1) = 0,

is given by X = µ cos(µx) + sin(µx), where µ satisfies tanµ = −µ.



5. In the vibrating rectangular membrane problem, suppose that a = 1, b = 2, c = 1/π and

f(x, y) = − sin(πx) sin(2πy),

g(x, y) = 3 sin(2πx) sin(πy)− 4 sin(3πx) sin(2πy).

Find an explicit expression for u(x, y, t) without any integral computations. [Suggestion:
Plug t = 0 into u and ut and compare the resulting expressions with f and g, respectively.]



6. Consider the following Dirichlet problem on a semicircle of radius a:

urr +
1

r
ur +

1

r2
uθθ = 0, 0 < r < a, 0 < θ < π,

u(r, 0) = u(r, π) = 0, 0 ≤ r < a,

u(a, θ) = f(θ), 0 ≤ θ ≤ π.

a. Provide a physical interpretation of this problem. What does u(r, θ) represent? What
do the boundary conditions represent?

b. Find the separated solutions of the PDE that satisfy the homogeneous boundary con-
ditions. [Remark: You should recognize one of the separated ODE boundary value
problems. Feel free to simply cite its solution.]



b. (continued)

c. Use the principle of superposition to find the general solution to the entire Dirichlet
problem. Give explicit formulas for any unknown coefficients in your solution.
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PDEs, Exam 2 Some Useful Results

• The solution of the boundary value problem

ut = c2uxx, 0 < x < L, t > 0,

u(0, t) = u(L, t) = 0, t > 0,

u(x, 0) = f(x), 0 < x < L,

is u(x, t) =
∑

∞

n=1
bne

−λ2
n
t sin (µnx) , where µn = nπ

L
, λn = cµn and

bn =
2

L

∫ L

0

f(x) sin(µnx) dx.

• The solution of the boundary value problem

utt = c2uxx, 0 < x < L, t > 0,

u(0, t) = u(L, t) = 0, t > 0,

u(x, 0) = f(x), ut(x, 0) = g(x), 0 < x < L,

is u(x, t) =
∑

∞

n=1
(bn cos(λnt) + b∗n sin(λnt)) sin (µnx) , where µn = nπ

L
, λn = cµn and

bn =
2

L

∫ L

0

f(x) sin(µnx) dx, b∗n =
2

Lλn

∫ L

0

g(x) sin(µnx) dx.

• The solution of the boundary value problem

ut = c2(uxx + uyy), 0 < x < a, 0 < y < b, t > 0,

u(0, y, t) = u(a, y, t) = 0, 0 ≤ y ≤ b, t ≥ 0,

u(x, 0, t) = u(x, b, t) = 0, 0 ≤ x ≤ a, t ≥ 0,

u(x, y, 0) = f(x, y), 0 < x < a, 0 < y < b,

is u(x, y, t) =
∑

∞

m=1

∑

∞

n=1
Amn sin(µmx) sin(νny)e

−λ2
mn

t, where µm = mπ
a
, νn = nπ

b
,

λmn = c
√

µ2
m + ν2

n, and

Amn =
4

ab

∫ b

0

∫ a

0

f(x, y) sin(µmx) sin(νny) dx dy.

• The solution of the boundary value problem

utt = c2(uxx + uyy), 0 < x < a, 0 < y < b, t > 0,

u(0, y, t) = u(a, y, t) = 0, 0 ≤ y ≤ b, t ≥ 0,

u(x, 0, t) = u(x, b, t) = 0, 0 ≤ x ≤ a, t ≥ 0,

u(x, y, 0) = f(x, y), ut(x, y, 0) = g(x, y), 0 < x < a, 0 < y < b,

is u(x, y, t) =
∑

∞

n=1

∑

∞

m=1
(Bmn cos (λmnt) +B∗

mn sin (λmnt)) sin(µmx) sin(νny), where

µm = mπ
a
, νn = nπ

b
, λmn = c

√

µ2
m + ν2

n, and

Bmn =
4

ab

∫ b

0

∫ a

0

f(x, y) sin(µmx) sin(νny) dx dy,

B∗

mn =
4

abλmn

∫ b

0

∫ a

0

g(x, y) sin(µmx) sin(νny) dx dy.



• The solution of the boundary value problem

uxx + uyy = 0, 0 < x < a, 0 < y < b, t > 0,

u(x, 0) = f1(x), u(x, b) = f2(x), 0 ≤ x ≤ a,

u(0, y) = g1(y), u(a, y) = g2(y), 0 ≤ x ≤ b,

is

u(x, y) =

∞
∑

n=1

An sin(µnx) sinh(µn(b− y)) +

∞
∑

n=1

Bn sin(µnx) sinh(µny)

+
∞
∑

n=1

Cn sinh(νn(a− x)) sin(νny) +
∞
∑

n=1

Dn sinh(νnx) sinh(νny),

where µn = nπ
a
, νn = nπ

b
and

An =
2

a sinhµnb

∫ a

0

f1(x) sin(µnx) dx, Bn =
2

a sinhµnb

∫ a

0

f2(x) sin(µnx) dx,

Cn =
2

b sinh νna

∫ b

0

g1(y) sin(νny) dy, Dn =
2

b sinh νna

∫ b

0

g2(y) sin(νny) dy.

• The general solution of the boundary value problem

urr +
1

r
ur +

1

r2
uθθ = 0, 0 < r < a, 0 < θ < 2π,

u(a, θ) = f(θ), 0 ≤ θ ≤ 2π,

is u(r, θ) = a0+
∑

∞

n=1

(

r
a

)n
(an cos(nθ) + bn sin(nθ)), where a0, an and bn are the Fourier

coefficients of the 2π-periodic function f(θ).

• The general solution to the ODE x2y′′ + αxy′ + βy = 0 is

y =

{

c1x
ρ1 + c2x

ρ2 if ρ1 6= ρ2,

c1x
ρ1 + c2x

ρ1 ln x if ρ1 = ρ2,

where ρ1 and ρ2 are the roots of ρ2 + (α− 1)ρ+ β = 0.


