MATH 3357 SPRING 2015

PARTIAL DIFFERENTIAL EQUATIONS

SECOND MIDTERM EXAM

TUESDAY, MARCH 31

YOUR NAME (PLEASE PRINT):

Instructions: This is a closed book, closed notes exam. You may use a calculator, but
the use of other electronic devices such as cell phones, mp3 players, etc. is not
permitted. Unless indicated otherwise, you must justify all of your answers to receive credit.
Unjustified answers and/or disorganized or otherwise illegible work will receive partial credit
at best. Notation is important, and points will be deducted for incorrect use. Please do all
of your work on the paper provided.

The Honor Code requires that you neither give nor receive any aid on this exam.

Please indicate that you have read and understood these guidelines by signing your name in
the space provided:

Pledged:

Do not write below this line

Problem 1 2 3 4 5 6
Points 16 15 20 15 16 18

Score

Total:




1. For 0 < x <3 let
f(zr)=2—1 and g(:c)z{

2—2 f0<z<2,
0 if2 <2 <3.

Carefully sketch the following functions, for at least 3 periods. Be sure to include and label
your axes, and pay careful attention to the values at any points of discontinuity.

a. The cosine series of f(x).

b. The sine series of f(z).

c. The cosine series of g(z).

d. The sine series of g(z).




2. Use separation of variables to reduce the PDE

@+2@+l @+ t9@+ 29@ =0
a2 ror 2 \age " ag T Va2 ) T

to a system of three ODEs. Do not attempt to solve this system.



3. Consider the ODE boundary value problem

X"+kX =0, 0<z<1, )
X'(0) =0, X'(1) = X(1).

a. Show that if £ = 0, the only solution to (1) is X = 0.

b. Show that if & = —u? < 0, then (up to scalar multiples) the only solutions to (1) are
p+1

X = e 4 e where e = :
w—1

c. Show that if k = u? > 0, then (up to scalar multiples) the only solutions to (1) are
X = cos(ux), where tan = —1/p.



4. Consider the PDE boundary value problem

Up = gy, t>0, 0<zx<lL,
u(0,t) =0, u,(L,t)=0, t>0, (2)
u(z,0) = f(z), 0 <z <L.

One can show that the separated solutions of (the homogeneous portion of) (2) are given by

(2n + 1)#3:) o~ (Enthen

2
n t) = si 2L )t N
U (z, 1) sm( 5T , n € Ny,

and that the functions X, (z) = sin <%), n € Ny, are pairwise orthogonal on [0, L].

a. Use the Principal of Superposition to express the general solution to (2) as a series.

b. Compute the inner product (on [0,L]) of X, (z) with itself . [Suggestion: Use the
identity 2sin® A = 1 — cos(2A4).]

c. Express the coefficients in your answer to a in the form (constant)- (integral involving f).



5. If a constant (vertical) gravitational acceleration g > 0 is included in the derivation of
the vibrating string problem, one is led to the PDE boundary value problem

Pu 0%

— =Cc==—g¢g, t>0, 0<z <L
oz~ Cop2 P TT USSR (3)
u(0,t) =u(L,t) =0, t >0,

for the displacement u(z,t) of the string from the z-axis at time t.

a. Determine the steady state shape of the string (i.e. when u; = 0).

b. If the string is initially given the shape of the function f(z) = 0 and released with no
initial velocity, determine its shape at any later time. [Suggestions: “Homogenize” the
PDE boundary value problem in question using your answer to part a. You can avoid
all integral computations by making use of the given table of Fourier series.]



b. (continued)

6. Solve the Dirichlet problem described by the diagram. [Suggestion: You can avoid all
integral computations by making use of the given table of Fourier series.]




u=100sin(my/4)

u=100(1-x)
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PDESs, ExAam 2 SOME USEFUL RESULTS
e The solution of the boundary value problem
Up = gy, O<zx<L, t>0,
u(0,t) =u(L,t) =0, t>0,
u(z,0) = f(z), 0<x<L,

nm

is u(x,t) = 3. bye b sin (u,x) , where i, = 5T, Ap = cit, and

L
b, = %/0 f(z)sin(p,x) dz.

e The solution of the boundary value problem
Uy = CPUgy, 0<ax <L, t>0,
u(0,t) =u(L,t) =0, t>0,
u(z,0) = f(x), w(z,0)=g9(r), 0<z<L,
is u(z,t) = > " (by cos(Ant) + b sin(Apt)) sin (pnx) , where p, = 5, X, = cpup, and

2 [* 2 [*
b":Z/O f(z)sin(ppx) dx, b = L)\n/o g(x) sin(p,z) dz.

e The solution of the boundary value problem
U = (Ugy +Uuyy), 0<z<a, 0<y<b, t>0,
w(0,y,t) = u(a,y,t) =0, 0<y<b, t>0,
)

u(z,0,t) =u(z,b,t) =0, 0<z<a, t>0,
w(z,y,0) = f(z,y), 0<z<a, 0<y<b,
is w(z,y,t) = > 00 >0 Ay sin(p, ) sin(yny)e*)‘%wt, where f,, = 2%, v, = L,

)\mn = Cy/ lugn + V72u and
4 b a
A= [ [ () sinlina)sinfo) s dy.
ab 0 0

e The solution of the boundary value problem
Uy = A (Uge +Uyy), 0<z<a, 0<y<b t>0,
uw(0,y,t) = u(a,y,t) =0, 0<y<b, t>0,
w(z,0,t) =u(z,b,t) =0, 0<z<a, t>0,
u(z,y,0) = f(x,y), w(z,y,0)=g(z,y), 0<zx<a, 0<y<b,
is u(z,y,t) = > 00 > (Bmn €08 (Amnt) + By, sin (Apnt)) sin(p,x) sin(v,y), where

_ mzm _nzm — /
/Lm_Ta Vn_Tu )\mn_c /L%L—FV%, and

4 b a
B = —/ / f(z,y) sin( ) sin(v,y) dx dy,
ab 0 0

4

b ra
B = ab/\mn/o /0 g(x,y) sin(p,z) sin(v,y) d dy.




e The solution of the boundary value problem

Upe T Uy =0, 0<x<a, 0<y<b, t>0,
u(z,0) = fi(z), u(z,b) = fo(x), 0<x<aq,
U(O,y) = gl(y)a u(a,y) = g?(y)a 0 S X S ba
is

u(z,y) = Z A, sin(p,x) sinh(pn, (b —y)) + Z By, sin(p,x) sinh(p,y)

n=1 n=1
+ Z C, sinh(v,(a — x)) sin(v,y) + Z D,, sinh(v,,z) sinh(v,y),
n=1 n=1

where p, = "%, v, = 5% and

2 @ 9 a
An = — : N d ’ Bn - . . d ’
asinh(pmb) /0 fi(@) sin(pnz) do o simb(jb) /0 fa(x) sin(pnx) dx
2 b 2 b
bsinh(v,a) /0 91 (y) sin(vny) dy bsinh(vy) /0 92(y) sin(vny) dy
e The general solution of the boundary value problem

1 1
urr+—uT+—2u@9:0, O<r<a, 0<6<2m,
r r

u(a,0) = f(0), 0<6<2m,

is u(r,0) = ag+ > or, (£)" (a, cos(nb) + b, sin(nf)), where

a, = ;/o Trf(@) cos(nf)df (n > 0),

S
S
Il
x| =

/0 Wf(@) sin(nf)df (n > 0).
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2p-PERIODIC FOURIER SERIES

Function

Fourier Series

if 0 <x <p,
if —p<z<0

f(z)

T

4 1 ((2/€—|—1)7rx)
- sm| —
T 2k +1 D

(=

. 2 = (=)™ [nrx
flx)=xi pP>=x<p - ngl - sin »
2 7 ntl
2 . p*  4p —1) nwT
flx) =21 plxT<p 3 2 521 e coS < p )

fl@)=p—laif —p<wz<p

P 4p 1 (2k + D)7z
0 T2l 2k + 12 " D

it0<xz<p,
if —p<z<0

/()

_ b=
R P

1
1 if x| < B 1 2 sin (&) nmx
f(x)—{o if|$|2§ §+%; - coSs »
1 ifo<az<? N
2 1 —cos (&
flz) =< -1 if 22 <2 <0, —Z (2)sin <n7rm)
T n p
0 if |£L‘| > n=1
: 8P — 1 (2k 4 1)z
= — f —p<z<
f(r)=a(p—|al) if —p<z<p ENC ( .
2 P11 2k
F@) = lel(p—la) it —p<a<p %—ﬁ—k—( ;)
lz| if 2] < 8, 3p  2p~=cos () — 1 nrx
— e i
f(x) {g if || > 2 s T 2 3 coS p
v if |z < L, o .
- 2sin (&) 4 (=1)"tng
fla)y=<2 ifz>2L %Z (%) 2( ) sin<mm>
—p p ™ — n p
5 if x < n=
x| if |z <8 P D = 2cos (Z) +sin (L) nr — 2 nwx
f('r) = {O if |l‘| - Q ] T2 ; n2 CcoS »
Jx if |z <8, P o= 2sin (%) —cos (&) nm . [nnzx
f(x) = {O if |£L’| > g 2 ; n2 sin »
2 4N 1
f(x) sin(Z—i) it —p<a<p ———;4n2_1cos(ngx)
fa)=sin (M) it —p<a< Z( D™ o (77
r)=S1m,\| — I — X — mn| ——
2p b= P 4n? — 1 D




