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Exercise 1. Verify that both u = log(z?+y?) and v = arctan(y/z) are solutions of Laplace’s
equation g, + uy, = 0.

If u = log(z? + y?), then by the chain rule
2z N (2 +9%)(2) — (22)(2x)  2y* — 227
= 5 . 5 Ugey = = )
22 + 42 (22 + 42)2 (22 + 42)2

Uy

and by the symmetry of v in x and y,
- 202 — 29?
Uyy = (x2 +y2)2.
Clearly then w,, + u,, = 0 in this case.

If u = arctan(y/z), then by the chain rule again

L1 (—_y) o, @O0 - (@) 2y
A N (%)2 72 22 4 12 i (22 +y2)2 (22 + y2)2
Likewise
v = 1 <1) _ oz @) 0) —(@)(2y) 2wy
L (%)2 T x2 + 32 vy (22 + y2)2 (22 +y2)2

so that once again we have ug, + u,, = 0.

Exercise 2. Solve the boundary value problem.

a.r—+——=e¢e" (zr,y) € Rx(0,00), u(z,0)= f(z)

Because the coefficients of the derivatives are constants (r and 1), we perform the linear
change of variables

a = ax + by, (1)
B = cx+dy, (2)
ad — be # 0. (3)
The usual application of the chain rule yields
ou ou ou
g = 4= 4
9z~ “8a "85 @)
Ju Ju ou

dy  Oa op



so that the original PDE becomes

ou ou g,
(m—l—b)g—a—ir(rc—i—d)%—e :

Taking a =0, b =1, c= —1 and d = r, and noting that in this case (1) and (2) imply
ra — 8 = x, we obtain

0
_u — 63(7'0:76)‘
O
Integration with respect to a gives
1 ro— 1 x
u= =" 4 g(B) = =¥ + g(—a +ry). (6)

3r 3r

We now impose the initial condition to solve for g. Setting y = 0 we find that

F@) = u(@,0) = —e% 1 g(—a).

3r
Solving for g and replacing x with —z tells us that
1 —3z
g(x) = —3,€ + f(==).

Substituting this into the general solution (6) we finally arrive at

_ 1 3z 1 3(z—ry)
u(z,y) = 3r€ 3Te + f(z —ry).

. % —3yg—z =0, (z,y) € (0,00) xR, u(0,y) =y* -2
Because this PDE has the form

ou ou

we may appeal to the naive method of characteristics. The characteristic curves are
given by

d
= -3y = y=Ce™ = (C=ye".
dx

The general solution therefore has the form

u(z,y) = f(ye™).

As for the initial condition, we simply set y = 0:

yt—2=u(0,y) = f(ye") = f(y).

Hence

u(z,y) = y'e'® — 2.




ou ou
c. — —2u— =0, (z,y) € (0,00) xR, u(0,y) =
o 2y (z,y) € (0,00) 0,9) =y
This is a quasilinear PDE, but because of the coefficient —2u multiplying the y deriva-
tive, the naive method of characteristics is out. So we begin by parametrizing the initial

curve, essentially taking y as the parameter:
IO(CL) = 07 yO(a> =a, ZO(a> = a.

The characteristic ODEs are therefore

dx_l @_

ds 7 ds—_QZ’ ds:O’

z(0) =0, y(0)=a, 2(0)=a.

The first immediately yields z = s and the last that z = a. The second the yields

y = —2as + a. Since z = s we can solve the equation for y to obtain a:
1-2s 1-2x
Hence
z=u(x,y) =a= y_
1 -2z
0 0
d. 4ma—z + 8_Z =2y, (7,y) € R x (0,00), u(z,0) = log(8+ %)

This is a quasilinear PDE, and If we first divide through by 42 we can apply the naive
method of characteristics. However, we prefer to use the full strength method. The
initial curve is given by

{Eo(a) = a, yO(a) = Oa ZO(a) = 10g(8 + CLQ),
so that the characteristic ODEs are

dx_ @_1 dz

| — .
ds s ds ’ ds

2y,

z(0) =a, y(0)=0, z(0)=Ilog(8+ a?).

The first equation is an exponential growth equation with solution z = ae**, and the
second is readily integrated to yield ¥y = s. This means the third becomes % = 2s
so that z = s + log(8 + a?). To invert the (z,y) — (a,s) system, simply note that

a=mxe* =xe . Thus

z=u(z,y) = s> +log(8 + a*) = y* +log (8 + z°¢™) .

Exercise 3. Show that the general solution to u,, + u, = 0 has the form u(x,y) = F(y) +
e VG(x). [Suggestion: Notice that uz, + u, = (uy, + u),.]



Since 0 = uyy + u, = (uy + u),, we can integrate at once with respect to x to obtain
uy+u = f(y). This is a first order linear “ODE” in the variable y. Introducing the integrating
factor p = exp (f 1 dy) = €Y, it becomes

Oy
a—y(e u) = e’ f(y).

Integrating with respect to y this time yields

elu = /eyf(y) dy + G(z).

Finally, dividing by eY gives

uleg) = [ () dy + e VGL) = Fly) + e Glo)

where we have replaced the arbitrary function e [ e¥f(y) dy with another we call F' for
convenience.

Exercise 4. Solve the wave equation subject to the initial conditions

1
0) = ze ™ 0)=-——, z€R.
U(Q?, ) xre ) Ut(.fC, ) 1+$27 z

According to Exercise of Assignment 2, the solution of the wave equation in this case is
given by
u(z,t) = Fx +ct) + G(z — ct),

where
2 2
e ” 1 1 e *
F = — dr = — arct
5 +20 15 22 T 5 +2Carc anx,
e~ 1 1 re
G = - — dr = — —arct )
9 2 ) 142™ T g T gt
Hence
1 —(x4-ct)? —(z—ct)? 1
u(z,t) = 3 ((x + ct)e + (x — ct)e > +5 (arctan(z + ct) — arctan(z — ct)) .
c

Exercise 5. Suppose we want to find a solution of the (unbounded) wave equation that
consists of a single traveling wave moving to the right with shape given by the graph of f(x).
What initial conditions are required to cause this to happen?

We want the solution to take the form w(z,t) = f(z — c¢t). This requires w;(z,t) =
—cf'(x — ct). To obtain the initial conditions we simply set ¢t = 0:

u(z,0) = f(x),
ut(z,0) = —cf'(x).




Exercise 6. This problem concerns the partial differential equation

Uz + gy + 3y, = 0. (7)

a. If F and G are twice differentiable functions, show that
u(z,y) = F(3z —y) + G(z —y) (8)

is a solution to (7).
We have

Uze = IF"(Bx — y) + G"(x — y)

. = 3F' 3z — G'(x —

and
u,=—F@Bz—y)—Gx—y) = uy=F'(@Bz—y) +G"(x—y).
Hence
Uy + 2Uzy + Buyy =(9F" (3 —y) + G"(x —y)) + 4(—=3F"(3x —y) — G"(x — y))
+3(F"(Bz —y) + G"(xz —y))

=9—-1243)F'Br—y)+ (1 —443)G"(z — y)
=04+0=0,

as claimed.

b. Use a linear change of variables to show that every solution to (7) has the form (8).

Defining @ and /5 as in (1) and (2), and applying the chain rule six times eventually

leads us to

@ = aQ@ + 2ac O u + 2 O u
0z da? dadf 052’

0*u 0*u 0*u 0%u

900y abw + (ad+bc)aaaﬁ +Cdaﬁ2’
Pu 0% 0*u O*u
i ) .
a2~ oz T 05005 T4 o5

Substituting these into (7) and collecting common terms we arrive at the new PDE

(02 + 4ab+ 32) % 4 (2ac + dad + 4be + 6bd) -2 + (¢ + ded + 303 L — ¢
da? 0adp opr
If we takea =3, b= —1,c=1and d = —1 then ad —bc = -3+ 1 = —2 # 0 and the
new PDE becomes

Tu _y — 2u _y
dadf dadfB

Integration with respect to g gives

—4




for an arbitrary f and integration with respect to a then gives
u=F(a) + G(H),
where [’ is an antiderivative of f. Since a = 3z — y and 8 = x — y, we finally find that
u(z,y) = F(3z —y) + Gz —y),
as desired.

. Find the solution to (7) that satisfies the initial conditions

u(z,0) = Ll and u,(z,0) = 0 for all .

Using the general solution obtained in part b, we find that
uy(z,y) = —F'(3x —y) = G'(x — y).

Hence the initial conditions require that

%—1—1 = u(z,0) = F(3z) + G(x),

0 = uy(z,0) = —F'(3z) — G'(x).

The second equation implies that G'(z) = —F’'(3x) so that G(x) = —F(3z)/3 + C.
Substituting this into the first yields

SFEn)+C= " = Flo)= % -3¢
Thus ] . 5
G(x) = —gF(3x) +C = m + 50.
Hence we finally have
93z —y) y—a

u(x,y) = F<3$ - y) —i—G(l’ _y) = 2((3:C _ y>2 +9) + 2((:6 _y)Z 4 1)'

Exercise 7. Show that the functions

cos x, cos 3x, cos bx,cos Tz, . . .,

/2

are pairwise orthogononal relative to the inner product (f,g) = [ f(x)g(x)dz. [Suggestion:

0

Use the identity cos(A + B) + cos(A — B) = 2cos A cos B.]



If m,n € N are both odd (and distinct), then using the given identity we have

w/2
(cosmx, cosnz) = / cos mx cos nx dx
0

1 w/2
=3 / cos(m + n)x + cos(m — n)z dx
0

1 (sin(m +n)x N sin(m — n)x Wﬂ)
2 m-+n m-n |
1 <sin(m—|—n)7r/2 N sin(m —n)m/2  sin0  sin0 )
2 m-+n m-—n m+n m-—n
1 <Sin(m+n)7r/2 N sin(m — n)7r/2>
2 m+n m-—n

since sin() = 0. Because m and n are both odd, m +n and m — n are both even, so that
M — L and 5% = are both integers. Hence
sin(m 4 n)r/2  sinkn

— =0
m-+n m-+n

and
sin(m —n)r/2  sinfm 0

m-—+n m-—+n

as well, and the integral evaluates to zero, which is what we needed to show.

Exercise 8. Let
) = 1
) = 2z-—1,
r) = 627 —6x+1,
) 202* — 302 + 122 — 1.

a. Verify that the polynomials fi, fo, f3 and f; are pairwise orthogonal relative to the
1

inner product (f, g) = [ f(z)g(z) dz.
0



We have

(f1, f2) :/o Fil@) foz) do = 2% — 2

1
=0,
0

1
=0,
0

1
(f1, fa) = /o fi(z) fa(x) de = 5x* — 102° + 622 — x

1
=0,
0

<f17f3>=/0 fi(z) f3(x) do = 22° — 32° + o

1
=0,
0

(f2, f3) = /01 fo(z) f3(x) dox = 3zt — 62% + 422 — x

1
=0,

1
(fo, fa) = /0 fo(x) fa(x) dox = 8x® — 20t + 1822 — T2 + x
0

1
=0.
0

1
(fs, fa) = / f3(x) fa(z) dov = 202° — 602° + 682* — 362° + 92° — x
0

b. Let p(x) = 2° — 2. Use part a to write p as a linear combination of fi, fo, f3 and f;.
[Suggestion: Recall that since the f; are orthogonal, if

p = aifi + axfo + azfs + asfa,
then a; = (p, f;)/(f;, fi)-]

According to the stated formulae

gy ATOREE
(fi, f1) Offl(ﬂf)fl(ﬂﬁ) dx 4
gy fremee
a Fa { fo(x) fo(w) do 20
) [r@p@ e
(f3, f3) Offz(x)fg(x) dr 4
b Ir@a@e
(fa, f4) Off4(x)f4(iﬁ) dr 20

so that . . . .
p= _Zfl + 2_Of2 + Zf3 + 2—0f37

as is easily verified.



c. Explain why the procedure of part b fails if we take p(z) = 2° — 2z + 1.

Although the coefficients aq, as, az and a4 can still be computed, the linear combination
ay f1+ as fo+ as fs+ aygfy will have degree at most 4 and so cannot equal p, which in this
case has degree 5. The problem is that while the orthogonality of the set {f1, fo, f3, fa}
guarantees its linear independence, it is not a basis for the space of polynomials of
degree at most 5 since it does not have enough vectors, namely 5.

Exercise 9. For each 27-periodic function f given: i. carefully sketch three periods of f
and ii. carefully sketch three periods of the the Fourier series of f.

[L2efm i —ws<a<m
a. f(z) = {f(x +27)  otherwise.

Here’s a sketch of f
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and a sketch of its Fourier series
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b. f(z) = min{ |3z /x|, 1} if —7 <z <,
. N f(x 4+ 2m) otherwise.

Here’s a sketch of f



l — “t= : |
=37 S -~

which is identical with its Fourier series since it is continuous everywhere.

/2 if —1<x<0,
flr) =7 —x/2 ifo<z<m,

f(z+2m) otherwise.
Here’s a sketch of f

37 2T

and a sketch of its Fourier series
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