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Return of the vibrating circular membrane

Recall the vibrating circular membrane problem:

Separation of variables in polar coordinates led to the ODE
boundary value problem

PR+ R + (\r? — ®) R=0, R(0+) finite, R(a)=0,
©" + 1’0 =0, © 2r-periodic,

T+ PNT =0.
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We have seen that the solutions to the © problem are
©(0) = ©n(0) = Acos(mf) + Bsin(mf), p=m e Ny.

In the HW you were asked to show that A = 0 implies R =0, so
we are faced with solving the parametric Bessel equation

PR+ R +(X°rP—m)R=0 (A>0) (1)
subject to the boundary conditions
R(0+) finite, R(a)=0.
If we let x = Ar, then the chain rule implies

dR dR dx .
R, = — = ——— = R
dr dx dr AR,

dR’ dR dR dx .
,/_7: — — — 2
R_dr )\dr )\dxdr AR,
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Hence (1) becomes
x*R 4 xR+ (x> = m?*)R =0,

which is Bessel's equation of order m.

It follows that
R = c1dm(x) + 2 Ym(x) = cadm(Ar) + 2 Ym(Ar),

where Jpn(x) and Yp(x) are the Bessel functions (of order m) of
the first and second kind (respectively).

Because Jp,(0) is finite while lim |Y,(x)| = oo, we find that
x—0t

R(0+) finite = =0 = R=cJn
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R(a)=0 = R(a)=c1Jm(ra)=0 C:ZO JIm(Aa) =0

= Aa=am, nheN

Omn

= A=Amp = , neN.
a

Choosing ¢; = 1, we find that

Omnlr

R(r) = Run(r) = Jm(Amnt) = Im ( ) meN,, neN.

For each fixed m € Ny these are analogous to the spatial factors

X(x) = Xa(x) = sin (?) , neN,

of the normal modes in the 1D vibrating string problem.
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Normal modes of the vibrating circular membrane

Returning to T (which solves T” + c2A2T = 0), we finally find
T(t) = Tmn(t) = Ccos(cAmnt) + Dsin(cAmnt) .

So we arrive at the normal modes for the vibrating circular
membrane:

Umn(r,0,t) = Rnn(r)©m(0) Tmn(t) =
JIm (Amnr) (Acos (mB) + Bsin (mf)) (C cos (cAmnt) + Dsin(cAmnt)),

for m € Ng, n € N, where A\p,y = amn/a, a > 0 is the radius of
the membrane, and

Oml < Omp < am3z < -+

are the positive zeros of Jp(x).
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Motion of one circular normal mode

The coefficients A, B, C, D depend on m, n and will be determined
by the initial conditions imposed on the membrane.

Note that, up to scaling, rotation and a phase shift in time, every
mode has the form

u(r,0,t) = Jm(Amnr) cos(mb) cos(cAmnt).

These oscillate:

e spatially in the radial (r) and angular (0) directions;

L . cA
e in time with frequency —

Since Amn = amn/a, they become more oscillatory as m and n
increase.

Daileda The Vibrating Circular Membrane



Superposition and orthogonality
@000

The general (series) solution

First we we split the general normal mode

I (Amnr) (Acos(mb) + Bsin(mb)) (C cos (cAmnt) + Dsin(cAmnt)),
in two. For convenience we set

Umn(r, 0, t) = J(Amnt) (amn cos(mB) + by sin(m)) cos(cAmnt),
Upn(r,0,t) = IJm(Amnr) (an,, cos(m@) + by, sin(mb)) sin(cAmnt),

and use superposition to construct the general solution

u(r,0,t) ZZumnrOt—FZZu;"nnrHt

m=0 n=1 m=0 n=1
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Imposing the initial conditions

In order to completely determine the shape of the membrane at
any time we must specify the initial conditions

u(r,0,0) =f(r,0), 0<r<a, 0<80<27 (shape),
ue(r,0,0) = g(r,0), 0<r<a, 0<6 <27 (velocity).

Setting t = 0 in the general solution, we find that this requires

(r,0) = Z ZJ Amnt) (amn cos(mB) + bpmp sin(mé))

m=0 n=1

(r,0) = Z Z cAmnIm(Amnr) (a5, cos(m) + by, sin(m0d))

m=0 n=1

which are called Fourier-Bessel expansions.
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Othogonality of Bessel functions

We will see later that the functions Ryn(r) = Jm (Amnr) are
orthogonal relative to the weighted inner product

(r.8) = [ re(r
That is,
(Rmn, Rmk) = / Im(Amnr) In(Amkr) rdr=0 if n# k.
0

In addition, it can also be shown that
2

a
a
<Rm,,,Rm,,>:/o J,2n()\m,,r)rdr:§J§,+1(am,,).

Daileda The Vibrating Circular Membrane



Superposition and orthogonality
oooe

Using the orthogonality relations for Bessel and trigonometric
functions, one obtains:

The functions

Gmn(r,0) = Im(Amnr) cos(mb),
Ymn(r,0) = Jm(Amnr) sin(mé),

(m € Ng, n € N) form a (complete) orthogonal set of functions
relative to the (polar coordinate) inner product

21 ra
<f7g>=/0 /0 f(r,0)g(r,0)rdrdo.

That is, (¢mn, djk) = (Wmn, Vjk) = 0 for (m, n) # (j, k) and
(Dmn>Yjk) = 0 for all (m, n) and (j, k).
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Since our initial membrane shape condition is

£(r,0) Z Z(amn¢mn r,6) + brnthmn(r, 0))

m=0 n=1

the usual orthogonality argument gives

27 ra
- (f, dmn) _/ / f(r,0)Im(Amnr)cos(mb) r dr df
me B 27 ,
(o) / / Amnr) cosz(mﬁ)rdrdﬁ

2
<f,2/}mn> _ / / f(l’, Q)Jm(Amnr) Sln(ma)rdr do
2m ,
<¢mm¢mn> / / mnr sm2(m9) rdrdo

form>0,n>1.
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The integrals in the denominators can be evaluated explicitly:

21 ra
/ 2. (Amnr) cos?(m@) r dr d6
0 0

27 a
/ cos®(m#) df / L2 (Amnr) rdr
0 0
ma®J?(aon) if m=0,

7Ta2

7J,37+1(Oémn) if m Z ]_v
and likewise
21 ra 71_32
/0 /0 Bmar) sin?(mb) rdr 68 = "2 2 (0.

for m> 1.
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Integral formulae for a,,, and b,

We conclude that

1 27 ra
n= ——%5 5 f(r,0) Jo(Xon dr do,
0= g Jy Jy 0O e
g / " #(1,0) Im(Amnr) cos(mt)
amn = —5—— f(r,0) Jm(Amnr) cos(mB) r dr do,
7T32J12n+1(04mn) 0 0

2 27 ra
bm,,:/ / f(r,0) Jm(Amnr) sin(m) rdr do,
AT o b 60 ) sin(imt)

for m, n € N. Finally, recall the initial velocity condition

g(r,0) =) (Amnaimn®mn(r, 0) + Amnbhntomn(r, 0)) -

m=0 n=1
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* *
Integral formulae for a*,~ and b},

The same line of reasoning as above yields

1 27 pra
* e — 9 J )\ . d de’
don ﬂcaonan(aon) /0 /0 g(r) ) 0( 0 r) rdr

. 2 21 ra

E— rcamma () /0 /0 g(r,0) Im(Amnr) cos(mé) r dr db,
2 27 a

[ 0) Jn(Amn i 0) rdrdf,

0= memma o) o ) 800 ImCunr) sin(m) o

for m,n € N.

This (essentially) completes the statement of the general solution
to the vibrating circular membrane problem
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Since cos0 =1 and sin0 = 0 we have

Z Z Im(Amnr) (amn cos(mB) + bmp sin(mé)) cos(cAmnt)
m=0 n=1

= Z aonJo(Aonr) cos(cAont) + Z Z (as above)

m=1 n=1

m=0

@ Note that there are really no by, coefficients.
@ This is the “true form” of the first series in the solution.

Analogous comments hold for the second series.
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If f(r,0) = f(r) (i.e. f is radially symmetric), then for m # 0
27 ra
amn=(--- )/ / f(r) Im(Amnr) cos(m@) r dr d
0 0
27

:(...)/Oa...dr/o cos(mé) df =0,

0
and by, = 0, too. That is, there are only ag, terms.

Likewise, if g is radially symmetric, then for m £ 0
aTnn = b;knn =0,
and there are only aj, terms.
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Solve the vibrating membrane problem with a = ¢ = 1 and initial
conditions

f(r,0)=1—r*  g(r,0)=0.

Because g(r,0) = 0, we immediately find that a},, = b}, = 0 for
all m and n.

Because f is radially symmetric, we only need to compute ag,.
Since a=1, A\pn = Qmn, SO

27
aon = / / r)Jo(aonr)r drdé
7TJ (con)

~112(O‘0)/o (1= r*)Jo(aonr)r dr

substitute x=ag,r
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2 /ao,, ( X4 )
= = 1— — ) Jo(x)xdx
ag,J3 (aon) Jo ag, o)

2 /040n 1 Q0n 5
= xJo(x) dx — — x> Jo(x) dx
ag,J7(aon) | Jo gy
A B
According to earlier results
Qon Qon
A= / xJo(x) dx = xJ1(x) = agpJ1(on),
0 0

aon Qon
B= / X% Jo(x) dx = x3 J1(x) — 4x* Jp(x) + 8x3J3(x)
0 0

= OégnJl(OéOn) — 4048,,./2(040,,) + 8048,7J3(040n).
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It follows that

2 <A B B) _ 8 (aont2(von) — 2J3(xon))
" a2, 2 (aon) ag ag,J7(aon)

so that finally

a0

Y
n

u(r,0,t) = Jo(aonr) cos(agnt).

i 8 (aondo(on) — 243(0n))

~ o3, J?(con)

Remark: This solution can easily be implemented in Maple, since
the command
BesselJZeros(m,n)

will compute o, numerically.
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A non-symmetric example

Solve the vibrating membrane problem with a = c =1 and initial
conditions

f(r,0) =r(1—r* cosf, g(r,0)=0.

Since g =0, a},, = b}, = 0 for all m,n. We also have

2 2 rl
Bn = 2/ / r(l— r4) c0s 0 Jm(cmnr) sin(m@)r drdf
7er+1(am”) 0 JO

27 1
= 22/ cos 0'sin(m0) dH/ r(1 = r*) J(cmnr)r dr
7TJm+1(Oémn) 0 0
0

=0 forall mn.
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Additionally,
1 27
aon = / / (1- r4) cos 0 Jo(conr)r drdf
TJ? 7J2(con)
1 27 1
/ cos@d@/ r(1 — r*)Jo(conr)r dr
7TJ (cvon) 0
0
= O’
and

2 27
amn = —5——— / / r(l— r4) cos 0 Jm(cmnr) cos(mB)r drdf

27 1
- 22/ cos ¢ COS(mg) df / r(]‘ - r4)-/m(amnr)r dr.
T mi1(amn) Jo 0

A
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The integral A is zero unless m = 1, in which case it's equal to 7.
In this case

5 1
ain = ) / r(1— r4)J1(a1,,r)r dr
0

J22(a1,,

2 ! 2 ! 6
== J ar)dr — J ar)dr).
J22(041n) </0 reJi(ainr) dr /0 r°Ji(ainr) r>

Substituting x = a1,r and proceeding as before one can show

1
/ erl(al,,r) dr — M7
0

Q1n

S(can)  4d3(a1n) n 8Js(v1n)

Q1n a%n a%n

1
/ r6J1(a1,,r) dr =
0
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Assembling these formulae gives

2 (4J3(a1n) B 8J4(a1n)> _ 8 (a1nS3(1n) — 2J4(oz1n)).

J22(Oéln) a%n a?n a:linJ22(a1ﬂ)

ain =

Since all the other coefficients are zero,

n n =2 n
u(r,0,t) = cosez (@1nJ3(01n) = 2Ja(010))

Ji(aqpr) cos(aqnt).
o By Hemneestant)

Remark: In general, one should not expect the solution to reduce
to a single series.
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A “complicated” example

Solve the vibrating membrane problem with a=2, c =1 and
initial conditions

F(r,0) =0, g(r.0) = r2(2— 1) sin® (g) |

Since f =0, amp =0, byun = 0. We also have

b = (---)/02(--~)dr/027rsin8 (g) sin(mf) df = 0,

odd, 2m-periodic

1 27 8 0 2
b =—————— in® (=) do 2(2 = r)Jo(Aonr)rdr,
agn 7T040n2-/12(a0n)/0 sin (2) /o re( r)Jo(Aonr)r dr

-~

357/64 (Maple) ?
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and

ar., = 2 /27;in8 o cos(m@) do
mn Wam,,2J,%,+1(am,,) 0 2

0 if m>5 (Maple)

2
~/r2(2 — 1)Im(Amnr)rdr.
0

?

The solution therefore can be written

4 [e’e)
(r,0,t) Z Za",‘nnJm(Am,,r) cos(m@) sin(Amnt),

m=0 n=1

although the (7) integrals are not amenable to evaluation by hand.
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