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General Fourier series

If £(x) is 2p-periodic and piecewise smooth, then f(x) = f(px/)

has period Pz/—’; = 27, and is also piecewise smooth.

It follows that £(x) has a Fourier series:

'W;f(x_) = ap+ Z(a,, cos(nx) + bpsin(nx)).

n=1

Since f(x) = f(7x/p), we find that f also has a Fourier series:

5 oo (5) ()
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We can use Euler's formulas to find a, and b,. For example

1 (™. 1 px
0 = o 77rf(x)dx oy f( dx—/

where in the final equality we used the substitution t = px/m.

In the same way one can show that for n > 1

1 [° t
ap = / f(t) cos (mr) dt,
pJp p
P
by — 1/ £(¢) sin <"“) dt.
pJ_p P

Since t is simply a “dummy" variable of integration, we may
replace it with x in each case.
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Remarks on general Fourier series

Everything we've done with 27-periodic Fourier series continues to
hold in this case, with p replacing 7:

@ We can compute general Fourier coefficients by integrating
over any ‘“convenient” interval of length 2p.

o If p is left unspecified, then the formulae for a, and b, may
involve p.

e If f(x) is even, then b, = 0 for all n.
o If f(x) is odd, then a, = 0 for all n.

@ We still have the uniform convergence theorem and
Wilbraham-Gibbs phenomenon.

[DETIELE] Fourier Series (Cont.)



Arbitrary Periods
000000

Find the Fourier series of the 2p-periodic function that satisfies
f(x)=2p—x for0 < x < 2p.

The graph of f(x):

2p

“4p “2p 0 P 2p 4p 6p
x

We will use Euler’s formulas over the interval [0, 2p] to simplify our
calculations.
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We have

ag =

and forn >1

an

1 (% 1 2
— 2p — xdx = — 2pX—X—
0 2p

2p 2

1 (%

/ (2p — x) cos (m> dx

P Jo p

1 2p—x)sm(m) p? cos("5) |
" 2.2

p nem o
1/ p 2 cos(2n) p? _o

; 272 + mr2)
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2p
. [ nmx
/ (2p — x)sin () dx
0 p

—p(2p — x) cos("ZX)  p?sin(zX)

nm n?m2

1 2p? _2p
Cp\nr ) nr

So the Fourier series of f is
2p nmTx 2p — nmwx
Yo () =+ T Len (7).
n= =1
Remark: This series is equal to f(x) everywhere it is continuous.
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Differentiating Fourier series

Term-by-term differentiation of a series can be a useful operation,
when it is valid. The following result tells us when this is the case
with Fourier series.

Suppose f is 27-periodic and piecewise smooth. If f' is also
piecewise smooth, and f is continuous everywhere, then the
Fourier series for f' can be obtained from that of f using
term-by-term differentiation.

Remark: This can be proven by using integration by parts in the
Euler formulas for the Fourier coefficients of '.
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Use an existing series to find the Fourier series of the 2mw-periodic
function satisfying

f(x) = .
1 if0 < x <.

{—1 if —7<x<0,

The graph of f(x) (a square wave)

1

shows that it is the derivative of the triangular wave.

e

-2r - T 27 R 41
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Since the triangular wave is continuous everywhere, we can
differentiate its Fourier series term-by-term to get the series for the
square wave.

d (7 ii 2k+1 )\ _ gi—(zkﬂ)sin((zkﬂ)x)
dx 2 7w (2k +1 N L (2k + 1)
_ Zsm ((2k + 1)x)
(Lt (2k+1)

Warning: The hypothesis that f is continuous is extremely
important. For example, if we term-wise differentiate the Fourier
series for the discontinuous square wave (above), we get

% Z cos((2k + 1)x)
k=0

which converges (almost) nowhere!
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Half-range expansions

Goal: Given a function f(x) defined for 0 < x < p, write f(x) as a
linear combination of sines and cosines.

Idea: Extend f to have period 2p, and find the Fourier series of
the resulting function.

fO(X)
-p P Zp ) 3‘p 4p 5p
f(x)
p fe(X)
-p p 2p 3p 4p 5p
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Sine and cosine series

We set

f, = odd 2p-periodic extension of f,

f. = even 2p-periodic extension of f.

If we expand f, as a Fourier series, it will involve only sines:
> nmx
S bysin () |
n=1 p

This is the sine series expansion of f.

According to Euler’s formula the Fourier coefficients are given by

1 [P 2 (P
b, = / £,(x) sin (””X> dx = / f(x)sin <"”X> dx.
pJ_p p P Jo p

even
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If we expand fe as a Fourier series, it will involve only cosines:

o0
nmx
ao + Z ap cos <) .

n=1 p

This is the cosine series expansion of f.

This time Euler's formulas give

- b o= [
ag = — x) dx = x) dx,
0 2p —p\e\/'/ P Jo

even

1 [P 2 [P
anp = / fe(x) cos <n7rx> dx = / f(x) cos (mrx) dx.
pJp p pJo p

even

If f is piecewise smooth, both the sine and cosine series converge
f(x+) + f(x—)
2

to the function (on the interval [0, p]).
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Find the sine and cosine series expansions of f(x) = 3 — x on the
interval 0 < x < 3.

Taking p = 3 in our work above, the coefficients of the sine series

are given by
3
0

— g (‘3(3 — X) cos (mrx) 9 in (nﬂ'x)

3 nm 3 ) nmn2 3
2 9 6
= g 'ECOS(O) = E

So, the sine series is
oo
6 Z 1 . <n7rx>
— Zsin| — ).
T n 3
n=1
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The cosine series coefficients are
3
3
0 2

1 /3 1 x2
== 3—xdx==1|3x— —
ag 3/0 x dx 3<x >

and for n > 1

ap = 5/03(3 — x) cos (T) dx

_2(3(3—-x) . /nmx nmxy |?
(e () - e (7))

12

5— If nis odd,
2 nem
:3< HCOS(””HH)—

0 if nis even.
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Since we can omit the terms with even n, we write n =2k +1
(k > 0) and obtain the cosine series

3 3. 129~ 1 2k +1
ao+Zancos<?):7+; cos<(+3)7rx>.
n=1

2 (2k + 1)2

2
k=0

Here are the graphs of f, f, and f. (over one period):

3

Consequently, the sine series equals f(x) for 0 < x <3, and the
cosine series equals f(x) for 0 < x < 3.
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