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Exercise 1. Let A be an additive abelian group and let A, As,..., A, < A. Let
A=A +A+ - +A,={a1+a+ - +a,|a; € A; for all i}.
Define f: Ay x Ay x -+ x A, — A by

flai,a9,...,a,) = a1 +as+ -+ ap.

a. Prove that f is a homomorphism and that im f = A’. Conclude that A’ is a subgroup
of A.

b. Prove that the following conditions are equivalent.
i. f: A X Ay x---x A, = A is an isomorphism.
ii. If a;,b; € A; for all ¢ and
CL1+612+"'+CLn:b1+b2+"'+bn,

then a; = b; for all 7.

iii. For all 7, we have

Ain) A ={0}
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When the (equivalent) conditions of part b hold, we say that the sum of the A; is direct,
and we write

A+ Ag+ -+ A=A DA @A,

Exercise 2. Lang, 11.4.4

Exercise 3. Lang, 11.4.28



