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Exercise 1. Let G be a group. Prove that Z(G) < G.

Exercise 2. Let f: G — H be a group homomorphism.
a. Show that [a,b] € f~'([H, H]) for all a,b € G. Conclude that [G,G] C f~'([H, H)),
and hence f(|G,G]) C [H, H].
b. Use part a to show that if f: G — H is an isomorphism, then f(|G,G]) = [H, H].

c. According to exercise 4.3.2, for any g € G the conjugation map ¢, : G — G given by
cy(x) = grg~' is an automorphism of G. Use this and part b to show that [G, G| <G.

Exercise 3. Let G be a group and suppose H <G, so that the binary operation (zH)(yH) =
(xy)H on G/H is well-defined. Prove that this operation is commutative if and only if
G,G] C H.

Exercise 4. Let n € N, n > 2. Let

I'(n)={Ae€SLy(Z)|A=1 (modn)}

and
Fo(n) = {A € SLy(Z)| A (mod n) is upper triangular}.

We have seen that I'g(n) < SLy(Z). Prove that I'(n) < SLy(Z) but T'y(n) 4 SLy(Z).



