Topological Methods in Global Invertibility and its Applications.
Abstract: We propose to investigate topological conditions under which local diffeomorphisms are globally invertible and determine analytical conditions that can be used to check the topological hypotheses. 
A problem of paramount importance in Mathematics is the problem of finding solutions of algebraic equations. This type of problem is introduced early in our education and most of us are satisfied with the elementary computational methods to find solutions. In this project, we view this question in the following setting: given an equation, we would like to investigate if there is a method to decide whether a solution exists, and if it does, can we decide if it is unique? This generalization is natural if one views an equation as a mapping from the Euclidean space into itself (for instance, the Cartesian plane is an example of a two dimensional Euclidean space) and asking if such a map is surjective (i.e., existence of solutions) or injective, (i.e., uniqueness of solutions). When a map is both surjective and injective we say that it is bijective (or globally invertible). Our main objective in this project is to determine conditions under which a map is globally invertible using ideas from several areas of mathematics such as Geometry, Topology and Nonlinear Analysis. 
Elementary investigations of the global invertibility problem show that a careful analysis of the derivative of a map (a fundamental concept introduced in a first year Calculus course) occurs naturally. As an example, consider the height of an object thrown up in the air as a function of time. This function is not surjective as the object does not surpass its maximum height. Also, it is not injective as the object reaches almost every height twice during its trajectory, once as it ascends and then as it descends. Thus the height function is neither surjective nor injective; hence it is not globally invertible. However, if we restrict ourselves to times sufficiently close to zero, then the time and the corresponding heights will be (locally) in a one-to-one pairing and thus we say that such a function is locally invertible (near a point). This example indicates that the property that prevents the height function from being globally invertible is the lack of invertibility at the time when the object reaches its maximum height where its velocity (or derivative of the height function) vanishes. Therefore in order to be globally invertible, it is necessary that the function is locally invertible at every point.
The French mathematician J. Hadamard is considered the pioneer of the modern study of Global Invertibility. In [6] he understood the necessity of controlling the derivative of a map and established that if the norm (or the size) of the inverse of the Jacobian matrix of the map is uniformly bounded, then a locally invertible map is in fact bijective. Hadamard’s original argument was influential to other areas, including, but not restricted to, Algebraic Geometry, Differential Geometry, Nonlinear Analysis, and also in other disciplines such as Economics (for instance, methods for factor price equalization, see [4, 8]). His results were later improved by R. Plastock in [10] to more general maps between infinite dimensional Euclidean spaces (more precisely, local Banach space diffeomorphisms), which confirmed the importance of this circle of ideas in Applied Mathematics. The latter result is known as the Hadamard-Plastock theorem and its proof (as well as the original result) relied on techniques of covering theory from Topology, a branch of mathematics that studies properties preserved under continuous deformation of objects. Intuitively a map is called a cover if it evenly covers its target space.
A fundamental result of R. Plastock is that a cover map of the Euclidean (or Banach) space onto itself must be bijective. The Hadamard-Plastock theorem establishes that the analytic condition on the norm of the Jacobian matrix ensures that the map is a cover, hence bijective. In fact, Plastock shows that to check this one must be able to lift line segments. More precisely, for each line segment in the target, there is a corresponding path in the pre-image mapping into the entire segment. This observation allows one to rewrite the problem as an ordinary differential equation which enables us to utilize standard computational methods to find a (global) solution. A global solution of the associated differential equation is equivalent to having global invertibility of the map.
In the last few decades research in this area has flourished (see [3, 11, 15] for a small sample of the current directions). Despite many encouraging insights, the focus had remained on the basic topological principles of covering space theory. Hence, results have focused on improving and understanding the analytical conditions guaranteeing global lifts of lines. In recent years new topological and geometric ideas have been introduced in the subject of global invertibility, pushing the field into different directions. In [5], C. Gutierrez established a solution to the important global asymptotic stability conjecture in dynamical systems. We omit a description of the problem, but mention that one of his contributions was to introduce an injectivity result that contained an innovative geometric approach that used elements from geometric topology (more precisely, foliation theory). In [9], S. Nollet and F. Xavier have provided a substantial improvement to Hadamard-Plastock theorem in finite dimensions using degree theory, which can be seen as a generalization of covering theory. We recall that the degree of a map describes the number of points in the pre-image of each point by taking into account the local structure of orientation at each point. Geometrically, this can be illustrated by taking a small counterclockwise loop around a point and observing the orientation of all of its copies in the pre-image. Degree theory is a powerful tool in Nonlinear Analysis because it provides a criterion to decide the surjectivity of a map. In particular, a map of non-zero degree must be surjective. 

Although these recent methods still rely on analytical tools, the emerging picture reveals that global invertibility is influenced by more subtle topological phenomena. Our contribution was the establishment in [1] of a purely topological result characterizing when local diffeomorphisms of the Euclidean space are globally invertible. We employed techniques from intersection theory to develop methods that independently determined injectivity and surjectivity. The proof is based on some geometric constructions involving foliation theory and the computation of intersection numbers of certain chain complexes (i.e., topological objects on which intersection numbers are well-defined). We highlight that the results in [1] provide a purely topological generalization to the previous work of Nollet and Xavier in finite dimensions and consequently an improvement of the Hadamard-Plastock theorem. There are further analytical results that provide conditions to check the topological hypotheses. 
Heuristically, topological arguments are desirable as they provide an abstract explanation of the nature of the problem. Nevertheless, it is often important to obtain tools to verify such conditions, that is, to provide analytical results. Our goal for this project is to continue research in the following directions. First, the current methods yield results in a setting of maps between finite dimensional Euclidean spaces using intersection theory and degree theory. Considering that these two theories are extensively studied in Nonlinear Analysis and Applied Mathematics for maps between infinite dimensional spaces (see [7, 13]), we expect to obtain results in this more general setting. Secondly, we will continue the analysis that was initiated in [1] about the global invertibility of maps between manifolds, that is, spaces that have the local structure of a Euclidean space. In this part of the project, we anticipate new result towards an extension of Gutierrez’s work into the setting of manifolds of non-positive Gaussian curvature, see the motivating work in [12] and [14].

In order to fulfill these goals, we are beginning collaboration with Dr. Teixeira who is tentatively scheduled to visit Trinity in the Spring ’07. Dr. Teixeira is an expert in Nonlinear Analysis (see, [2]). If I were fortunate to receive a summer stipend, this would afford me the flexibility to work closely with Teixeira in the summer as we both hope to visit the Universidade Federal do Ceará (UFC) in Brazil. Also, considering the expertise of the Mathematics department at UFC in the area of Geometry, we believe that the interaction with local mathematicians would be of great benefit. 
We are optimistic that this project will be fruitful and lead to publications in first-rate peer reviewed journals and presentations at regional, national, and international meetings. This project will assist us in laying a solid foundation for future collaborations. Funding of this project will allow us to focus our undivided attention and immerse ourselves in research without financial concern.
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