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Abstract

This survey contains the most updated results on the dynamics of periodic
difference equations or discrete dynamical systems this time. Our focus will
be on stability theory, bifurcation theory, and on the effect of periodic forcing
on the welfare of the population (attenuance versus resonance). Moreover, the
survey alludes to two more types of dynamical systems, namely, almost periodic
difference equations and stochastic difference equations.
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1 Introduction

In a series of papers, Elaydi and Sacker [13, 14, 15, 32] embarked on a systematic
study of periodic difference equations or periodic dynamical systems. The authors
also wrote a survey [16] which has not been readily available to researches. The main
purpose of this survey is to update, extend, and broaden the above-mentioned survey.

Since the appearance [16], there have many exciting and new results by many
authors as reflected by the extensive list of references.

An emphasis is placed here on bifurcation theory of periodic systems, particularly,
those obtained by the authors and their collaborators. In fact, some of the results
reported here appear for the first time. A more detailed account of bifurcation theory
will appear somewhere else.

Two important omissions should be noted. The first is the extension of Sharkovsky’s
theorem to periodic difference equations [3]. The second is the study of periodic sys-
tems with the Allee effect [29]. One reason for not including these topics is our
self-imposed limitations on the size of the survey. A second reason is the limitation
in the expertise of the writers of this survey. We promise the reader to explore these
two topics in a forthcoming work.

In section 2, we motivate the need for introducing skew-product techniques in the
study of nonautonomous difference equations. Section 3 develops the basic construc-
tion of skew-product dynamical systems.



Subsequently, in section 4 our study is focused on periodic difference equations.
This section includes two important results in the theory of periodic systems, namely,
lemma 6 and lemma 8. Then in section 5, we tackle the question of stability in both
the space X and in the skew-product X x Y. The section ends with the fundamental
result in theorem 14, which states that in a connected topological space, the period of
a globally asymptotically stable periodic orbit must divide the period of the system.

In section 6 we extend Singer’s theorem to periodic systems. And in section 7
we develop a bifurcation theory for 2—periodic difference equations. In particular,
a unimodal map with the Allee effect is thoroughly analyzed. A bifurcation graph
of the parameter space of a 2—periodic system consisting of these maps is developed
using the techniques of resultant in Mathematica software.

In section 8 we address the question of whether the solutions of bifurcation equa-
tions are independent of the phase shifts.

In section 9, we present an updated account of results pertaining to attenuance
and resonance. The question we tackle here is whether periodic forcing has a dele-
terious effect on the population (attenuance) or it is advantageous to the population
(resonance). Section 10 introduces almost periodicity and contains some of the re-
sults obtained in [10]. This is followed by section 11 in which the study of stochastic
difference equations is conducted.

2 Preliminaries

Let X be a topological space and Z be the set of integers. A discrete dynamical
system (X, ) is defined as a map 7 : X x Z — X such that 7 is continuous and
satisfies the following two properties

1. 7(z,0) = x for all z € X,
2. w(m(z,s),t) =m(x,s+1t),s,t€Zand x € X (the group property).

We say (X, 7) is a discrete semidynamical system if Z is replaced by Z*, the set of
nonnegative integers, and the group property is replaced by the semigroup property.

Notice that (X, ) can be generated by a map f defined as m(x,n) = f"(x), where
f™ denotes the nt" composition of f. We observe that the crucial property here is the
semigroup property.

A difference equation is called autonomous if it is generated by one map such as

Tpy1 = fx,),n e Z". (1)

Notice that for any zg € X, x, = f"(x). Hence, the orbit O(z¢) = {x¢, x1, 22, ...}
in Eq. (1) is the same as the set O(zg) = {xo, f(x0), [*(x0), ...} under the map f.
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A difference equation is called nonautonomous if it is governed by the rule

Tpt+1 = F(nv xn),n S Z+7 (2)
which may be written in the friendlier form
Tpp1 = folzy),n € ZT, (3)

where f,,(z) = F(n,z). Here the orbit of a point z, is generated by the composition
of the sequence of maps { f,}. Explicitly,

O(zo) = A{zo, folwo), fi(fo(zo)), fo(f1(fo(x0))), -}
= {wo,x1, 29, ...}

It should be pointed out here that equation (2) or equation (3) may not generate
a discrete semidynamical system as it may not satisfy the semigroup property. The
following example illustrates this point.

Example 1 Consider the nonautonomous difference equation

n+1
n -+ 2

~—

Tpyr = (—1)" (

The solution of Eq. (4) is

) T, (0) = xo. (4

n(nzfl) xo
n+1

T, = (—1)

Let w(xg,n) = x,. Then

w(n(xo,m),n) = w((_m’"(”é” o )

However,

(ntm) (v m—1) T

oo, m 4 n) = (~1) mrntl

# m(m(zg, m),n).

3 Skew-product Systems

Consider the nonautonomous difference equation
Tn+1 = F<n7 :cn),n € ZJru (5)
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where F'(n,-) € C(Z* x X,X) = C. The space C is equipped with the topology of
uniform convergence on compact subsets of Z* x X. Let Fy(n,-) = F(t +n,-) and
A ={Fi(n,-) : t € Z"} be the set of translates of F' in C'. Then G(n,-) € w(A), the
omega limit set of A, if for each n € Z™,

|Fy(n,z) — G(n,z)| — 0

uniformly for z in compact subsets of X, as ¢ — oo along some subsequence {t,,,}. The
closure of A in C' is called the hull of F'(n,-) and is denoted by Y = cl(A) = H(F).
On the space Y, we define a discrete semidynamical system o : Y x Z* — Y by
o(H(n,-),t) = Hy(n,-); that is o is the shift map.
For convenience, one may write equation (5) in the form

Tpy1 = folzn) (6)

with f,(z,) = F(n,x,).
Define the composition operator ® as follows

P}, = firn10...0 fiy10 fi = ©u(F(4,)),
and the reverse composition operator P as
(I)fl = fio fixz10- 0 fitn-1.

When i = 0, we write ®° as @, and ®° as .
The skew-product system is now defined as

T: X XY XZ"—-XxY
with
7'('((:13, G)’n) = ((I)N(G<Z7 ))’U(Gvn))

If G = f;, then 7((z, fi),n) = (23,(2), fisn)-
The following commuting diagram illustrates the notion of skew-product systems
where P(a,b) = a is the projection map.

XxYxZtEZ—=XxY

pid ip

Y x Z* Y

g



For each G(n,-) = g, € Y, we define the fiber F, over G as F, = P~}G). If
g = fi, we write F, as F;.

Theorem 2 [16] 7 is a discrete semidynamical system.

Example 3 (Example (1) revisited) Let us reconsider the nonautonomous differ-
ence equation

Tpyr = (=1)" (25) 2, 2(0) = 0.

Hence, F(n,x) = (=1)" (%) x = fu(x). Its hull is given by G(n,z) = (—1)"z,

n+2
that is, g, is a periodic sequence given by go = Gon, g1 = GJons1, for all n € ZT, in

which go(x) = x, and g, (z) = —x.
It is easy to verify that 7 defined as w((x, f;),n) = (® (), firn) is a semidynamical
system.

4 Periodicity
In this section our focus will be on p—periodic difference equations of the form

Tnt1 = fn(@n), (7)

where f,., = f, for all n € Z*.

The question that we are going to address is this: What are the permissible periods
of the periodic orbits of equation (7)7

We begin by defining an r—periodic cycle (orbit).

Definition 4 An ordered set of points C, = {To, @1, ..., Tr_1} s r—periodic in X if
Stisnr) mod p(Ti) = T(i41) mod r» 1 € LT
In particular,
[i(@) =%, 0< i <r =2,
and
[t(Tt mod ») = T(t41) mod 7 —1 <t <p—1.

It should be noted that the r—periodic cycle €. in X generates an s—periodic cycle
on the skew-product X x Y of the form C; = {(Zo, fo), (T1, f1), -+ (Ts mod r+ [s mod p) }
where s = lem|[r, p] is the least common multiple of r and p.

__ Ther-periodic orbit C). is called an r—geometric cycle, and the s—periodic orbit
C, is called an s—complete cycle.



Figure 1: A 2—periodic cycle in a 4—periodic difference equation.

Example 5 Consider the nonautonomous periodic Beverton-Holt equation

K, + (i, — 1z,

Tn+1 =

with pu, > 1, K, > 0, Ky = Ky, and pingp = pin, for alln € Z7.

1. Assume that p, = p > 1 is constant for all n € Z*. Then one may appeal to
Corollary 6.5 in [14] to show that equation (8) has no nontrivial periodic cycles

of period less than p. In fact, equation (8) has a unique globally asymptotically
stable cycle of minimal period p.

2. Assume that p, is periodic. Let pg = 3, p1 = 4, ps = 2, ug = 5, Ko = 1,
K, = %, Ky =2, and K3 = %. This leads to a 4—periodic difference equation.
There is, however, a 2—geometric cycle, namely, Cy = {%,%}(see Figure 1).
This 2—periodic cycle in the space X generates the following 4—complete cycle
on the skew-product X xY

64 - {(%7.}00)’ (gafl)a (%7f2)a (%»fi%)},

where fo(x) = li—’gx, fi(x) = Gfﬁ, falz) = i—”m, and f3(z) = 1ff1x'

We are going to provide a deeper analysis of the preceding example. Let d =
ged(r, p) be the greatest common divisor of r and p, s = lem|[r, p] be the least common
multiple of r and p, m = &, and (¢ = %. The following result is one of two crucial
lemmas in this survey.

Lemma 6 [14] Let C. = {Zo,T1,...,Tr—1} be a set of points in a metric space X.
Then the following statements are equivalent.

1. C., is a periodic cycle of minimal period r.
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2. For 0 <i<r-— 1; f(iJrnd) mod p(Tz) = f(i+1) mod r -

3. For 0 <1 <r—1, the graphs of the functions

fi7 f(i+d) mod py - -+ f(i+(m—1)d)mod P

intersect at the £ points

(fia f(Z'Jrl) mod r)a (f(ier) mod 15 E(iJrler) mod r‘)7 s (f(iJr(ffl)d) mod 15 f(l’*i‘(@*l)d*f‘l) mod r) .

Corollary 7 [29] Assume that the one-parameter family F(«,x) is one to one in .
Let fo(z,) = F(an,z,). Then if the p—periodic difference equation, with minimal
period p,

Tpt1 = fn(xn) (9>

has a nontrivial periodic cycle of minimal period r, then r =tp, t € Z7".

Proof. Suppose that equation (9) has a periodic cycle C,. = {To,Z1,...,T,_1} of
period 7 < p, and let d = ged(r,p), s = lem[r,p], m = £, and £ = >. Then by
Lemma 6, the graphs of the maps fo, f4,..., fim—1)a must intersect at the points
(To,Z1), (Ta, Tas1)s - - - (Te—1)d> Te—1)d41)-

Since F(a,z) is one to one in «, the maps fy, f4, ..., fan—1)a do not intersect,
unless they are all equal. Similarly, one may show that f; = firg = ... = fisz(m-1)a-
This shows that equation (9) is of minimal period d, a contradiction. Hence r is equal
to p or a multiple of p. m

Applying corollary 7 to the periodic Beverton-Holt equation with K, 1, = K, i, =
u, for all n € Z*, shows that the only possible period of a nontrivial periodic cycle
is p. However, for the case u, and K, are both periodic of common period p, the
situation is murky as was demonstrated by Example 5, case 2.

For the values pup = 3, 1 =4, o =2, u3 =5, Ky =1, K1 = 6/17, Ky = 2, and
K3 =4/11, we have fo(x) = p?’r—”;x, fi(z) = Gi‘éﬁx, folz) = ﬁ—xx, and fs(r) = 25z Let
F ={fo, f1, f2, f3}. Clearly 2* = 0 is a fixed point of the periodic system F. To have
a positive fixed point (period 1) or a periodic cycle of period 3, we must have the
graphs of fy, f1, fo, f3 intersect at points (To,Z1), (T1,T2), - - -, (Ty_1,T¢), where £ = 1
or { = 3. Simple computation shows that this is not possible. Moreover, one may
show that the graphs of fy and f, intersect at the points (2/5,2/3) and the graphs of
f1 and f3 intersect at the points (2/3,2/5). Hence Cy = {2/5,2/3} is a 2—periodic
cycle. Moreover, the equation has the 4—periodic cycle {238 119 238 238

3617 298° 4177 607 J
Suppose that the p-periodic difference equation

Tn+1 = fn(xn)vfner = fn7n S Z+ (1())
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Figure 2: A 6—periodic cycle in a 9—periodic system

has a periodic cycle of minimal period r. Then the associated skew-product system
7 has a periodic cycle of period s = lem|r, p] (s—complete cycle). There are p fibers
F; = P7(f;). Are the s periodic points equally distributed on the fibers? i.e. is the
number of periodic points on each fiber equal to ¢ = s/p?

Before giving the definitive answer to this question, let us examine the diagram
present in Figure 2 in which p =9, and r = 6.

There are two points <2 = W) on each fiber. Since d = gcd(6,9) = 3, the
graphs fy, f3, and fs intersect at the two points (Tg, Z1), (T3, T4); the graphs fi, fa,
and f7 intersect at the two points (T, T2), (T4, T5); and the graphs fs, f5, fs intersect
at the points (Tq,T3), (T5, To).

Note that the number of periodic points on each fiber is 2, which is ¢ =
The following crucial lemma proves this observation.

lem[r,p]

Lemma 8 [13] Let s = lem|r,p]. Then the orbit of (T;, f;) in the skew-product system
intersect each fiber F;, j =0,1,...,p—1, in exactly { = s/p points and each of these
points 1s pertodic under the skew-product m with period s.

Proof. Let C,. = {Zy,Z1,...,T_1} be a periodic cycle of minimal period r. Then
the orbit of (T, fo) in the skew-product has a minimal period s = lem]r,p]. Now
S = O ((To, fo)) = {7 ((To, fo),n) :n € ZT} C X x Y is minimal, invariant under 7
and has s distinct points.

For each i,0 < i < p — 1, the maps

fi:Smf.i_)‘Sﬂf(i—l—l)modp (]'1>



are surjective. We now show that it is injective.

Let N; be cardinality of SNF;. Then N; is a non-increasing integer valued function
and thus stabilizes at some fixed value from which it follows that NNV; is constant. Thus
each § N F; contains the same number of points, namely ¢ = s/p. =

5 Stability

We begin this section by stating the basic definitions of stability.

Definition 9 Let C, = {To,Z1,...,T,_1} be an r—periodic cycle in the p—periodic
equation (10) in a metric space (X, p) and s = lem|[r, p| be the least common multiple
of p and r. Then

1. C, 1is stable if given € > 0, there exists 6 > 0 such that
(2, T mod ») < 0 implies p(PL(2), D (Ti mod r)) < €

for alln € Z*, and 0 < i < p — 1. Otherwise, C, is said unstable.

2. C, is attracting if there exists n > 0 such that

(2, Ti mod ) < 1 implies lim (I)iw (2) = T mod -

n—oo

3. We say that C,. is asymptotically stable if it is both stable and attracting. If in
addition, n = oo, C, s said to be globally asymptotically stable.

Lemma 10 [29] An r—periodic cycle C, = {To,T1,...,T,—1} in equation (10) is
1. asymptotically stable if | TT;_o f{ mod p(Ti mod »)| <1,
2. unstable if | TT;_o f{ mod p(Ti moa )| > 1,

where s = lem|r, p| is the least common multiple of p and r.

Consider the skew-product system 7 on X x Y with X a metric space with metric
p, Y ={fo, f1,-.., fo—1} equipped with the discrete metric p, where

_ [ 0ifi=j
p(fi’fj)_{ lifi#£j

Define a metric D on X X Y as
D ((z, fi), (y, [;)) = p(z,y) + p(fi, [;)-
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Let wl(z, f) = n((x, f), 1), then 7"(z, f) = 7((x, f),n). Thus 7! : X xY — X XY
is a continuous map which generates an autonomous system on X x Y. Consequently,
the stability definitions of fixed points and periodic cycles follow the standard ones
that may be found in [11, 9].

Now we give a definition of stability for a complete periodic cycle in the skew-
product system.

Definition 11 A complete periodic cycle 63 = {(To, f0), s (Ts mod r» fs mod p)} 1S

1. stable if given € > 0, there exits d > 0, such that
D((z, f;), (To, fo)) < & implies D(7"(z, f;), 7" (To, fo)) < €, Yn € Z™.

Otherwise, 6’8 15 said unstable.

2. attracting if there exists n > 0 such that

D((z, fi), (@o, fo)) < n implies nh_}m 7™ (2, fi) = (%o, fo)-

[e.9]

3. asymptotically stable if it is both stable and attracting. If in addition, n = oo,
Cs 1s said to be globally asymptotically stable.

Since fiins = fi for all n, it follows from the above convergence that f; = fy.
Hence, stability can occur only on each fiber X x {f;},0<i<p—1.

It should be noted that one may reformulate lemma 10 in the setting of the skew-
product theorem. However, to do so, one needs to develop the notion of derivative in
the space X x Y.

Definition 12 Let g = 77 : X x Y — X XY defined as g(x, f;) = (®}(x), fi). The
generalized derivative of g is defined as ¢'(x, f;) = & (®i(x)) = (@;), ().

Lemma 13 A complete periodic cycle C, = {(@o, fo), s (Ts mod rs fs mod p)} Of the
skew-product system m on X XY 1is

1. asymptotically stable if | TT;_o fi mod p(Ti mod »)| < 1,
2. unstable if | TT;_o f{ mod p(Ti moa )| > 1,

where s = lem|r, p| is the least common multiple of p and r.

We are now ready to state our main result in this survey.
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Theorem 14 [13] Assume that X is a connected metric space and each f; € Y is
a continuous map on X, with fiy, = fi. Let C. = {To,T1,...,Tr—1} be a periodic
cycle of minimal period r. If C,. is globally asymptotically stable, then r divides p.
Moreover, r = p if the sequence { f,} is a one-parameter family of maps F(pin,x) and
F' is one to one with respect to p.

Proof. The skew-product system 7 on X x Y has the periodic orbit

{(fov f0)> (fla f1)7 Tt (fs mod T)fs modp)}

which is globally asymptotically stable. But as we remarked earlier, globally stability
can occur only on fibers. By Lemma 8, there are ¢ = s/p points on each fiber. If
¢ > 1, we have a globally asymptotically ¢-periodic cycle in the connected metric
space X X {f;} under the map 7n?. This violates Elaydi-Yakubu Theorem [12]. Hence
¢ =1 and consequently 7|p.

Note that by Lemma 6, the graphs of the maps f;, fita, ;fit(m-1)a, 0 <7 < p—1,
must intersect at ¢ points. However, since {f;} is a one parameter family of maps
F(pn,z) where F' is one to one with respect to the parameter p, it follows that
fi = fiza, 0 <12 < p—1. This implies that d is the period of our system and since p
is the minimal period of the system, this implies that d = p. Hence r =p. =

6 An extension of Singer’s Theorem

One of the well known work done by Singer is present in his famous paper [33] and
currently known by Singer’s theorem. It is a useful tool in finding an upper bound
for the number of stable cycles in autonomous difference equations. In this section
we present the natural extension of this theorem to the periodic nonautonomous
difference equations.

Recall that the Schwarzian derivative, Sf, of a map f at x is defined as

[ (@) 3 <f" <x>)2
fr@) 2\ [f (2)

Let f : I — I be a C® map with a negative Schwarzian derivative for all = € I,
defined on the closed interval I. If f has m critical points in I, then f has at most
m + 2 attracting period cycles of any given period.

Now consider the p—periodic system F = { fo, f1, f2, ..., fy—1} of continuous maps
defined on a closed interval I.

Assume that there are m; critical points for the map f;, 0 < ¢ < p—1. On the fiber
Fo =1 X fy, there are mg critical points of fy, at least my critical points consisting of

Sf(x) =
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all the pre-images under f; of the m; critical points of fi,... and at least m,_; critical
points that consist of all the pre images, under ®,_», of the m,_; critical points of
fp—1. Since each critical point of ®, is mapped, under compositions of our maps, to
one of the original critical points of one of the maps f;, it follows that the number of
significant critical points is > 7 -

i=0 i

By Singer’s Theorem, there are at most [Z;:ol m; + 2] attracting periodic cycles

of any given period. Notice that periodic cycles that appear on fiber JF; are just phase
shifts of periodic cycles that appear on fiber Fy. Hence we conclude that there are at
most 31" m; + 2 attracting cycles of any given period (See [2] for details).

So a consequence of this extension, one may show that if the maps are the logistic
maps

filz) = px(l —2), 1, > 0,0 <i<p—1,

defined on the interval [0, 1], then the p-periodic system { fo, f1, ..., f—1} has at most
p—attracting cycles of any given period r. Notice that each map f; has one critical
point, x = 1/2, and the boundary points 0 and 1 are attracted only to 0.

7 Bifurcation

The study of various notions of bifurcation in the setting of discrete nonautonomous
systems is still at its infancy stage. The main contribution in this area are the papers
by Henson [24], Al-Sharawi and Angelos [2], Oliveira and D’Aniello [30], and recently
Luis, Elaydi and Oliveira [29].

The main objective in this section is to give the pertinent definitions, notions,
terminology and results done in [29]. Though our focus here will be on 2—periodic
systems, the ideas presented can be easily extended to the general periodic case.

Throughout this section we assume that the maps fy and f; arise from a one-
parameter family of maps such that f; = f,, and fy = f,, with ap = gay for some
real number ¢ > 0. Thus one may write, without loss of generality, our system as

F = {f07f1}'
Moreover, we assume that the one-parameter family of maps is one-to-one with
respect to the parameter. Let C. = {To,T1,...,T,_1} be an r—periodic cycle of F.

Then by corollary 7 the latter assumption implies that » = 2m, m > 1.
With &, = f; o fj, one may write the orbit of 7, as (see figure 3)

O(my) = {fo, fo(To), P2(To), fo o Pa(To), Pa(T0), -s Pom—1)(To), fo 0 ®2(m71)(50)}
= {To, P1(To), P2(To), -, Pom—1(T0) } (12)
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X = f0(¢2(m—1)(9_50))
¢2(m—1)(9_50) = Xr—2

Xr-3 = fo (Cbz(m—z) (%0))

cDZ(m—Z) (Xo) = Xr—4

X5 = fo(P4 (X))
P, (%) = X4
X3 = fo(P2 (Xo))
@, (%) = X2

. X1 = fo(Xo)
D, (%) = Xo

fO fl

Figure 3: Sequence of the periodic points {Zo, T1, ..., T,_1} in the 2—periodic system
F = {fo, f1} illustrated in the fibers, where ®3 = f; o fo and r = 2m, m > 1.

Equivalently, one may write the sequence of points given in (12) as

o) = {f1O5z(m-1)(f1),flaf1(fl)a‘52(fl),f10‘52(51)a~~7§2(m—1)(fl)}
= P 1(T1), T1, O1(T1), Po(T1), ..., Pomm—o(T1)} (13)

where & = fo o fi. Hence the order of the composition is irrelevant to the dynamics
of the system.

The dynamics of F depends very much on the parameter as the qualitative struc-
ture of the dynamical system changes as the parameter changes. These qualitative
changes in the dynamics of the system are called bifurcations and the parameter val-
ues at which they occur are called bifurcation points. For autonomous systems or
single maps the bifurcation analysis may be found in Elaydi [11].

In a one-dimensional systems generated by a one-parameter family of maps f,,
a bifurcation at a fixed point x* occurs when %(Oé*,{ﬂ*) =1 or —1 at a bifurcation
point a*. The former case leads to a saddle-node bifurcation, while the latter case

leads to a period-doubling bifurcation.
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Now we are going to extend this analysis to 2—periodic difference equations or
F = {fo, f1}. To simplify the notation we write ®»(c, ) instead of ®(z) and Py (a, z)
instead of (]?2( ). Then ®o,,,(T2i) = T(2i)moar and ®2m(1‘2@+1) = T(2i41)modrs 1 < 1 < m.
In general, we have @y, (T2i) = T (2i)modr and q)znm(:vgzﬂ) = T(2i+1)modr> N > 1.

Assuming ‘9@2’" (@, Ty) = 1 at a bifurcation point @, by the chain rule, we have
0P 0P 0o 0P
6_932 (@, Tam—2) 8_; (@, Tam—4) 6_332 (@, T») 8_; (@, @) =1

or

J1(@am—1) fo(@am—2) f1(@om—3) [0 (Tam—a) - [1(T3) fo(T2) f1(Z1) f5(To) = 1 (14)

Applying fo on both sides of the identity ®o,,(a,Ty) = Tp, yields 52m(a, T1) = T1.
Differentiating both sides of this equation yields

od, 0,

0P,
AR

0P, o 8(1)2
ox

=)= 1
ox @ 7)

Q,y Tom— 1) (Oé Tom— 3)

or equivalently

fo(@o) f1(@am—1) fo(@am—2) [1(Tam—3)... f6(Ta) f1(T3) [ (T2) f1(T1) = 1. (15)

Hence Eq. (14) is equivalent to Eq. (15). More generally the following relation holds

aq)2m
ox

0Dy,
(@, Ty;) = a; (@,Taj-1),7 € {1,2,...,m}. (16)

Now we are ready to write the two main results of this section.

Theorem 15 (Saddle-node Bifurcation for 2—periodic systems [29]) Let C, =
{Zo,T1, ..., Tr_1} be a periodic r—cycle of F. Suppose that both 6;5’22 and 826‘32 exist
and are continuous in a neighborhood of a periodic orbit such that 8(15;’" (@,7p) =1

for the periodic point To. Assume also that

Oy, 0Dy,
8&(,0>%OandB o2

A (70)7&0

Then there exists an interval J around the periodic orbit and a C*—map o = h(x),
where h : J — R such that h(To) = @, and Py, (x, h(x)) = x. Moreover, if AB <0,
the periodic points exists for a > @, and, if AB > 0, the periodic points exists for
a<a.
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When a‘g%(@, To) = 1 but %(6, T) = 0, two types of bifurcations appear. The

first is called transcritical bifurcation which occurs when 828(53’” (@,Zy) # 0 and the

second is called pitchfork bifurcation which appears when 82;;%“ (@,Ty) = 0. For more
details about this two types of bifurcation see table 2.1 in [11, pp. 90], and [30]. In the
former work the author presents many cases for autonomous maps while in the latter
article the authors study the pitchfork bifurcation for nonautonomous 2—periodic
systems in which the maps have negative Schwarzian derivative.

The next result gives the conditions for the period-doubling bifurcation.

Theorem 16 (Period-Doubling Bifurcation for 2—periodic systems [29]) Let

C, = {To,T1, ..., Tr—1} be a periodic r—cycle of F. Assume that both 382;}52 and %
exist and are continuous in a neighborhood of a periodic orbit, Mgi’” (@,7y) = —1

for the periodic point Ty and 8;55‘; (@,To) # 0. Then, there exists an interval J

around the periodic orbit and a function h : J — R such that o, (z, h(z)) # = but
Dy (2, h(2)) = 2.

Now we are going to apply these two results with an interesting example from
[29]. First we need the following definition.

Definition 17 A unimodal map is said to have the Allee! effect if it has three fized
points x7 = 0, x5 = A, and 25 = K, with 0 < A < K, in which x5 is asymptotically
stable, % is unstable, and x5 may be stable or unstable.

Remark 18 Note that if F is a periodic set formed by unimodal Allee maps, nei-
ther the zero fixed point nor the threshold point can contribute to bifurcation, since
the former is always asymptotically stable and the latter is always unstable. Hence
bifurcation may only occur at the carrying capacity of F.

Example 19 [29] Consider the 2—periodic system W = { fo, f1}, where

fi(z) = aiz*(1 — ), i =0,1

!The Allee effect is a phenomenon in population dynamics attributed to the American biologist
Warder Clayde Allee 1885-1955 [1]. Allee proposed that the per capita birth rate declines at low
density or population sizes. In the languages of dynamical systems or difference equations, a map
representing the Allee effect must have tree fixed points, an asymptotically stable zero fixed point,
a small unstable fixed point, called the threshold point, and a bigger positive fixed point, called the
carrying capacity, that is asymptotically stable at least for smaller values of the parameters.
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A K

Figure 4: A unimodal Allee map with three fixed points 0, A and k.

in which x € [0,1] and a; > 0, i = 0,1. For an individual map f;, if a; < 4 we have
a globally asymptotically stable zero fixed point and no other fized point. At a; = 4
an unstable fixed point is born after which f; becomes a unimodal map with an Allee
effect (see Figure 4). Henceforth, we will assume that ag, a1 > 4.

Since 0 is the only fixed point under the system W, we focus our attention on
2—periodic cycles {To,T1} with fo(To) = T1, and f1(T1) = To.

A Saddle-node bifurcation occurs when Q (¢2<t))’t:§0 = ®L(Zy) = 1, and a period-
doubling bifurcation occurs when 2 (®o(t) ’t _ =dL(7o) = —1.

For the saddle-node bifurcatzon we then solve the equations

Ty = f1 (fo (To))
{ f1(fo (o)) f5 (To) =1 (17)

and for the period-doubling bifurcations we solve the equations

To = f1 (fo (To))
{ f1 (fo (Zo)) fo (To) = (18)

17



Using the command “resultant™ in Mathematica or Maple Software, we eliminate
the variable Ty in equations (17) and (18). Eq. (17) yields

16777216 + 16384aga; — 576000aga; + 84375a5a; — 576000a¢a] + 914aga; —
350a3a? + 84375apa’ — 350a3a’ + 19827aja’ — 2916aza’ — 2916aja; + 432aga; = 0

while Eq. (18) yields

100000000 — 120000a0a1 — 2998800a0a1 + 453789a0a1 — 2998800a0a1 4598a0a1 +

For each one of these last two equations we invoke the implicit function theorem to
plot, in the (ag, a1)—plane, the bifurcation curves (see figure 5). The black curves are
the solution of the former equation at which saddle-node bifurcation occurs, while the
gray curves are the solution of the latter equation at which period-doubling bifurcations
occurs. The black cusp is the curve of pitchfork bifurcation. In the regions identified
by letters one can conclude the following.

o [fag,a; € A then the fixed point x* = 0 is globally asymptotically stable.

e If ag,a; € B\D then there are two 2—periodic cycles, one attracting and one
unstable.

o Ifag,a; € D then there are two attracting 2—periodic cycles (from the pitchfork
bifurcation) and two unstable 2—periodic cycles.

o [fag,a; € (Cy UC2)\(Dy U Dy) then there is an attracting 4—periodic cycle
(from the period doubling bifurcation) and two unstable 2—periodic cycles.

e Ifag,a; € D1UDy then there are two attracting 4— periodic cycles (from pitchfork
bifurcation) and two unstable 2—periodic cycles.

e [fag,a; € E then there are two attracting 8—periodic cycles (from period dou-
bling bifurcation), two attracting 4— periodic cycles (from pitchfork bifurcation),
and four unstable 2—periodic cycles.

It should be noted here that the bifurcation curves for the system W in figure
5 are incomplete. If we want to draw more bifurcation curves in the space of the
parameters we must do the same for 4—periodic cycles, 8—periodic cycles, and so

2The command “resultant” is a powerful tool that helps us in finding the implicit solutions for
a polynomial equations with low degree. We are not aware of similar techniques that work for
nonpolynomial equation such the Ricker map R,(z) = xeP~*, p,z > 0.
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Figure 5: Bifurcations curves for the 2—periodic nonautonomous difference equation
with Allee effects z,11 = a,2%(1 — x,), in the (ag, a;)—plane, where a,» = a, and
Tny2 = Ty

on. Finding the implicit solutions of these two new equations involve horrendous
computations. The command “resultant” does not produce answers after certain
values of the degree of the polynomial. So, for the system W, unfortunately we are
unable to draw these curves for the 4—periodic cycle. However, it should be noted
that AlSharawi and Angelos [2] have used the command “resultant” to investigate the
bifurcations of the periodically forced logistic map, and they were able to draw these
curves for the 4—periodic cycles of the 2—periodic system. Moreover, these authors
drew the bifurcation surfaces for the 3—periodic cycle of the 3—periodic system in
the three dimensional space of the parameters.

Finally, we should mention that Grinfeld et al [20] have used the command “re-
sultant” much earlier to study the bifurcation of 2—periodic logistic systems.
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8 A note on bifurcation equations

In [5] the authors study the symmetry of degenerate bifurcation equations of periodic
orbits in a nonautonomous system with respect to the order of the composition. They
proved that the cyclic permutation in the order of the composition do not affect the
solutions of the bifurcations in the parameter space.

In order to see this last observation, let fy, f1,..., f,—1 be a collection of maps

(Z‘,)\) - fj (ZL’,)\)

where A is a parameter vector, the fiber F; = I; x {f;} and f; € C™ (I;,RY),
j=0,1,....p—1.

We are concerned with the bifurcations that can occur, in particular with the
bifurcations with higher degeneracy conditions on the derivatives of the iteration
variable z and not on the degeneracy conditions on the parameters.

These below are the bifurcation equations with the most degenerate conditions that
appear with j fixed , 0 < j <p—1

o], () =, (19)
o]
du
o]
dx?
d3P?

kp

dx3

() =1,

(z) =0,

() =0,

ol

dx™

(x) = 0.
These equations have different solution in terms of x, depending on the j we choose.
A natural question arises:

Do the solutions in the parameter space depend on the particular choice
of ®J7
p

This question was posed in [30, 4] and, was positively solved for p = 2, and degen-
eracy conditions of order m = 2, 3, that is, for pitchfork and swallowtail, respectively.
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We now present the following lemma that is useful for solving general problems
of the symmetry of the bifurcation equations.

Lemma 20 Let m > 1 and let ¢ and v be real maps satisfying the conditions:

1. there exists a such that 1)(a) = a and 1 is a Lipschitz homeomorphism in some
open interval I > a.

2. ¢ is a Lipschitz homeomorphism with Lipschitz constant L in a open neighbor-
hood 1, of a point a such that (a) = a and 1 is a Lipschitz homeomorphism
in some open interval I > a.a such that o (a) = b. Let ¢~ be its inverse in

another open neighborhood of b, ¢~ is also Lipschitz continuous with constant
M.

hmw —0.

m
z—a |x — al

Then the conjugate {ﬂv of ¢ by the homeomorphism

Y= !

satisfies

[ -]
lim - = 0. (20)

Using lemma 20 one can prove the following theorem.

Theorem 21 [5] Let fo,f1 ..., fp—1 be p functions with a sufficient number of deriva-
tives satisfying the conditions:

1. There exists To, T1, ..., Tp1, fived points of ®,, L, ..., ®P~1 respectively,
that s

(7)) = 7
2. The first bifurcation condition holds

d®, (z)

dx




3. Higher degeneracy conditions hold for @,

d"o,
dz™

m > 2: =0, 2<n<m.

Then the composition operator @g; ,0 < j <p—1 satisfies

"

dx™

()

=0, for2<n<m.

In the case of periodic systems with period two the result is a particular case of
the previous theorem.

Corollary 22 [5] Let fo and f1 be maps with a sufficient number of derivatives sat-
isfying the conditions:

1. (fl O fo) (f()) = fo cmd (fo (0] f1> (El) = fl.

2. Aheh) (z)| = fi (7)) f} () = 1.

T=T0

3. Fized m > 2: % (z)

=0 for2<n<m.

T=T(

Then the reverse composition foo f1 satisfies

dn(fl) o fl) (l’)

=0, for2<n <m.
dxm™

T=T1

Example 23 [5] We will prove directly that the second and third derivatives of alter-

nating maps are both zero, regardless of the order of composition. We do this directly

using the higher order chain rule, or Faa di Bruno formula [25] fist proved in [28].
Let fo and f1 be C? functions satisfying the conditions:

1. (fO o fo) (fg) = f() and (fO o fl) (Tl) = Tl which iS fo (fo) = fl and fl (fl) = fo.

2. M (o) = i (m) fi (@) = 1,

T=xT0

dzx™

3. d™(f1ofo0) (x)

=0 form=2,3.

T=T(
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Let us recall the formula of Faa di Bruno for the derivatives of the composition

TR 4 m'Zfl (fola Hbi(f >> , (21)

where the sum is over all different solutions b; in nonnegative integers of the equation

Zjbj =m, and n := ij.
j=1 j=1
To avoid to overload this example with indexes we use the notation

(fl fo) d™(foo fi1)

dz™ dz™

() ()

With this notation the Faa di Bruno Formula computed at the conditions of the
problem s

= (f1fo)m - = (fofO)m

T=T0 T=x1

m @) =\ ¥
(Fufo), —m'Zf EM I (fo W) (22)
j=1"7

!
and
(4)

m _ bj
Gofi) —m'Zf "z Hbi( . .(9”1>> (23)

!

Condition 2 in this notation is now

fo@o) f1(71) = 1. (24)

Let us consider the first cases. Let m = 2, we will use the formula 21, so we have
to solve the equation
b1 + 2b2 = 2,

for all possible values of the vector (by, by) with nonnegative integers. The only solu-
tions are by = 0, by = 1 which gives n = 1 and by = 2, by = 0 with n = 2, so we
have

0= s (B59)' 3 (550) ey (B0 3 (80) -
(25)

1(71)

THeD I

= f1(@1) fi @o) + f1(T1) (f3(T0))? = fi(@1) fi (o) +
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and

o sy (552§ (552 o (5525 (52

(26)
— fy@) 1) + @) = T2 4 R ) )
Using Cramer’s rule we solve the system with equations (24) and (25) for fI'(z1), we
" oy - 1[0 A | s
@l | 1 K@) | = Uwo)?

substituting f1(T1) and f{'(Z1) in Eq. (20) we get

o 0 (To)
(ot = =hE) Ty
Now we consider the case m = 3

(Fufo)s = FLE) 2/ (E) + 3L o) 1 (Fo) + FP@E) @) (27)
e SHEVRGD | HE)
=A@ @)+ =5 2t

We use Cramer’s rule to solve the system consisting of equations (24), (25) and (27)
for 11" (z1)

" 1 .
o (@) e =

=0.

f/// (_ ) 1 8 3f (/E ‘(f_/((]—f (33(?0) 6;;((:0))

IR VENIE B (7o)
_ _Jo'(@0) _3< ) £ @)
(/3 (7o) (fo(@0))?

3(fo(@0))*  fi"(@o)
(fo(To))? (fo(@o))*

In the case of the reverse order composition the third derivative (substituting f1(Zy),
"

(Z1) and f"(T1) by the solutions obtained previously) is given by
(fof1)s = fo(@o) fi" (@) + 315 (o) f1(@1) £/ (T1) + 5" (@) (f1(71))° (28)

_ iz 3(fo(T0)> S (@o) nzy_ L ([ 0 (To) o (To)
‘“(”(%@mﬁ %(»)+WM@%®M(LMmW)+%®m3

=0.
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Finally we end this section presenting the extension of theorem 21 to the periodic
case that answers the question posed in the beginning of this section.

Theorem 24 [5] Let fy, f1,

..+, fp—1 be maps with a sufficient number of derivatives
satisfying the conditions:

1. There are periodic orbits with period k for the compositions (kp for the iterates)

2. The first bifurcation condition holds

dd;,

T (x) = 1.
T=T0
3. Higher degeneracy conditions hold.
Fized m > 2:
are
ﬁ(m)x:m:@, 2<n<m

Then CIDf;p, with j =1,...,p— 1, satisfies

"]
P
T (@)

=0, for2<n<m.

Now we give an example for a 2—periodic system where the maps do not arise
from a family of maps, one is unimodal and the other is bimodal.

Example 25 [30]
Let us now consider the maps

for [F1,1] x [1,4] — R
(l‘, )\0) E— )\0333 + (1 — )\0)%

and
Ji: [_171] X [Oa 2] - R
(.’L‘, )\0, )\1> — —)\1.252 -1+ )\1 '
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The composition operator @ is now defined ¢ : [—1,1] x [1,4] x [0,2] — R such that

(I)2(337>\07>\1) = fl(fo(l",)\o),)\l)
= —>\1<)\01’3 + (1 — )\0)1’)2 -1+ )\1

We consider the pitchfork bifurcation problem. In this case we have m = 2. The
bifurcation equations are

Doy (2, Ao, A1) = , (29)
dd
d;k ("L‘7 >\07>\1) - 17
d*®
d,Z'ZZk ("L‘7 )‘07 >‘1) = 07

where we assume that there are no more degeneracy conditions. This problem has two
solutions, respectively

To= — 0.247674
(Ao, A1)=(2.85032, 0.90883)

and

7y =0.620345
(Ao, A1)=(2.20004, 1.70216).

Hence there are two pitchfork bifurcation points.

Example 26 [30] We can also study &)2 = foo f1, with the same families of example
25, the composition appearing now in the reverse order. It is possible to show, with
much more cumbersome computations if treated directly, that this problem has two
pitchfork bifurcation points. As in the previous example, exactly at the same values
of the parameters

Tp=0.414971
(Ao, A1)= (2.85032,0.90883)

and

7,= — 0.219234
(Ao, A1, 7)= (2.20004, 1.70216) .
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9 Attenuance and resonance

9.1 The Beverton-Holt equation

In [8] Cushing and Henson conjectured that a nonautonomous p—periodic Beverton-
Holt equation with periodically varying carrying capacity must be attenuant. This
means that if C, = {To, 71, ...,Tp—1} is its p—periodic cycle, and K;, 0 < i < p—1
are the carrying capacities, then

1 p—1 1 p—1
=Y T <-) K (30)
p =0 p =0

Since the periodic cycle C, is globally asymptotically stable on (0, 00), it follows
that for any initial population density xg, the time average of the population density
x, is eventually less than the average of the carrying capacities, i.e.,

1 n—1 1 p—1
n—oo N < p -
=0 =0

Eq. (31) gives a justification for the use of the word “attenuance” to describe the
phenomenon in which a periodically fluctuation carrying capacity of the Beverton-
Holt equation has a deleterious effect on the population. This conjecture was first
proved by Elaydi and Sacker in [14, 13, 13] and independently by Kocic [26] and Kon
[27]. The following theorem summarizes our findings.

Theorem 27 [14] Consider the p—periodic Beverton-Holt equation

Tpt+1 = K ,n e Z+, (32)

n+ (:U - 1)xn
where pp > 1, Ky, = K,,, and K,, > 0. Then Eq. (32) has a globally asymptotically
stable p—periodic cycle. Moreover, Eq. (32) is attenuant.

Kocic [26], however gave the most elegant proof for the presence of attenuance.
Utilizing effectively the Jensen’s inequality, he was able to give the following more
general result.

Theorem 28 [26] Assume that ;1 > 1 and {K,} is a bounded sequence of positive
numbers

O<a< K, < (< oo.
Then for every positive solution {z,} of Eq. (32) we have

n—oo 1V % n—oo 1%

n—1 n—1
1 1
lim sup— E Z; < lim sup— g K;. (33)
=0 1=0
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9.2 Neither attenuance nor resonance

By a simple trick, Sacker [31] showed that neither attenuance nor resonance occurs
when periodically forcing the Ricker maps

R(z) = zeP™™.
So consider the k—periodic system
Tn+l = xnepnimnaanrk =Dn,N € Z+' (34>

If 0 < p, <2, Eq. (34) has a globally asymptotically stable k—periodic cycle [31].
Let Cy = {Zo, T1, ..., Tx—1} be this unique k—periodic cycle. Then
EO — Ek — fk_lepk—1—5k—1

— Ek_2€pk7271k726pk717$k71’

and by iteration we get

Ty = Toelimo Pi~lizo i,
Hence

PP = i T,

i.e., neither attenuance nor resonance.

9.3 An extension: monotone maps

Using an extension to monotone maps, Kon [27] considered a p—periodic difference
equation of the form
Tpi1 = g (2n/Ky) Tnyn € 27T, (35)

where K, = K,, K,, > 0, 9 € [0,00) and g : R — R" is a continuous function
which satisfies the following properties

e g(1)=1,
e g(xr)>1forall z €(0,1),
e g(r) <1 forall z € (1,00).

Theorem 29 [27] Let C, = {To,T1,...,Tr—1} be a positive r—periodic cycle of Eq.
(35) such that K; # K1 for some 0 < i < p— 1. Assume that zg(z) is strictly
concave on an interval (a,b), 0 < a < b containing all points % € (a,b), 1 <i<rp.
Then the cycle C, is attenuant.
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This theorem provides an alternative proof of the attenuance of the periodic
Bevertob-Holt equation (32).
Consider the equation [27]

Tn

a—1
Tpy1 = (F) ,0<a <1, (36)

where K., = K,, n € Z*, and K; # K, for some ¢ € Z*. The maps belong to
the class K and satisfy the assumption of the preceding theorem. Consequently, Eq.
(36) has a globally asymptotically stable p—periodic cycle that is attenuant.

9.4 The loss of attenuance: resonance.

Consider the periodic Beverton-Holt equation (32) in which both parameters p,, and
K, are periodic of common period p. This equation may be attenuant or resonant.
In fact, when p = 2, Elaydi and Sacker [14] showed that

Ko — K4 (o — 1) (1 — 1)

T=K+o —A Ky — K;)? 37
2 2(M0M1_1> ( 0 1) ( )

where L P

T:xo—i_xl and7:—0+ 1,

2
popn — 1
and
A po(ps — 1)Ko + p (p§ — 1)K, 0.

>
po(pn — 1)2KG + (o — 1) (1 — 1) (popn + 1) KoKy + i (po — 1) K7

It follows that attenuance is present if either (13 — o) (Ko — K;) < 0 (out of phase)
or the algebraic sum of the last two terms in Eq. (37) is negative. On the other hand,
resonance is present if the algebraic sum of the last two terms in Eq. (37) is positive.

Notice that if pg = py = p with p = 2, then we have

122 1
2"

which gives an exact expression for the difference in the averages.

p—

Ky + Ky)(Ky — Ko)®
Y 2[pKE + (1) KoKy 4 pK7)

1
=0

Remark 30 Now for ug = 4, u1 = 2, Ko = 11, and Ky = 7, we have resonance
as %ZLO T; ~ 9.23 and %Zil:o K; = 9. On the other hand, one can show that for
o =2, p1 =4, Ky =11, and K, = 7, we have attenuance as may be seen from (37).
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9.5 The signature functions of Franke and Yakubu

In [19], the authors gave a criteria to determine attenuance or resonance for the
2—periodic difference equation

Tpt1 = xng(Knu M, xn)u n e Z+7 (38)

where K,, = K(1 4+ o(—1)"), g, = u(1 + B(=1)"), and o, 5 € (—1,1).
Define the following

2 K229 \2 2 2
(k28 +220) (528 + (2K + 2228 ) + K0 2%

_ 2+K 52
w1 = —QK% ’ (39)
9 82 K224 92
B ( 9_z +K“ﬁ) <2+Kgi§> +K2M5K§u

Wy = dg ) (40)

K99

ox

and

Raq = sign(a(wia + wef3)). (41)

Theorem 31 [19] If for « = 0,3 = 0, K is hyperbolic fixed point of equation (38),
then for all sufficiently small || and |B|, the equation (38), with o, € (—1,1), has
an attenuant 2—periodic cycle if Rq < 0 and a resonant 2—periodic cycle if Rq > 0.

To illustrate the effectiveness of this theorem, let us to consider the logistic equa-
tion

%“:x"1+MO+§FD%<1_KO+ZFD®)} (42)

For 0 < u < 2 Eq. (42) has an asymptotically stable 2—periodic cycle. Using
formulas (39) and (40), one obtains

8K 4K
——— and wy = ——
(n—2)?

p—2
Assume that o > 0 and 0 < p < 2. Using (41) yields

2 2
Rd:sign( oz—i—ﬁ) = sign <ﬁ— a).
p—2 2—p

Hence we have attenuance if 3 < ﬁa, i.e., if the relative strength of the fluctu-
2
2—p

w1 =

ation of the demographic characteristic of the species is weaker than times the
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relative strength of the fluctuation of the carrying capacity. On the other hand if
8> ﬁa we obtain resonance.

Notice that if @« = 0 (the carrying capacity is fixed), then we have resonance if
3 > 0 and we have attenuance if § < 0. For the case that § = 0 (the intrinsic growth
rate is fixed), we have attenuance.

Finally, we note that Franke and Yakubu extended their study to periodically
forced Leslie model with density-dependent fecundity functions [18]. The model is of
the form

S S
Thor = Y angn(@n) =Y fiular)
i=1 i=1

2 _ 1
Th = A,

s o s—1
In—l—l - )\s—lxn )

where fi is of the Beverton-Holt type. Results similar to the one-dimensional case
where each f! is under compensatory, i.e.,

Of; () O fi(x;)
8@ - O’ 85612

<0,

and lim f! (z;) exists for all n € Z.

T;—00

10 Almost periodic difference equations

In this section we extend our study to the almost periodic case. This is particularly
important in applications to biology in which habitat’s fluctuations are not quite
periodic.

But in order to embark on this endeavor, one needs to almost reinvent the wheel.
The problem that we encounter here is that the existing literature deals exclusively
with almost periodic fluctuations (sequences) on the real line R (on the integers
7). To have meaningful applications to biology, we need to study almost periodic
fluctuations or sequence on Z* (the set of nonnegative integers). Such a program has
been successfully implemented in [10]. Our main objective here is to report to the
reader a brief but through exposition of these results.

We start with the following definitions from [17, 21].

Definition 32 An RF—valued sequence v = {x,}, .+ is called Bohr almost periodic
if for each € > 0, there ezists a positive integer Ty(e) such that among any To(e)
consecutive integers, there exists at least one integer T with the following property:
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H Tptr — Tn H< 6>vn € Z+'

The integer T is then called an e—period of the sequence x = {xyn}, oy -

Definition 33 An RF—value sequence © = {x,}, 5+ is called Bochner almost peri-
odic if for every sequence {h(n)},c,+ of positive integers there evists a subsequence
{hn,} such that {z,yn,}, cpr converges uniformly inn € Z*.

In [10] it was shown that the notions of Bohr almost periodicity and Bochner
almost periodicity are equivalent.

Now a sequence f : Z* x R¥ — R* is called almost periodic in n € Z* uniformly
in x € R¥ if for each € > 0, there exists Ty(¢) € Z* such that among Tp(g) consecutive
integers there exists at least one integer s with

I f(n+s,2) = f(n,z) [[<e

for all + € R¥, and s € Z+.
Now consider the almost periodic difference equations

Tpy1 = Anl‘n (43)
Yn+1 = Anyn + f<n7 yn)7 (44)

where A, is a k x k almost periodic matrix on Z*, and f : Z* x R¥ — R is almost
periodic.

Let ®(n,s) = [['Z. A, be the state transition matrix of equation (43). Then
equation (43) is said to posses a regular exponential dichotomy [23] if there exist a
k x k projection matrix P,, n € Z*, and positive constants M and 5 € (0,1) such
that the following properties hold:

1. ATLP’n = Pn+1An,

[\

N X(nr) P |< MB™ 2], 0 <7 <,z € RE,

w

X () (T P |< MB™ | 2], 0<r < n,z € R

4. The matrix A, is an isomorphism from R (I — P,) onto R (I — P,.1), where
R(B) denotes the range of the matrix B.

We are now in a position to state the main stability result for almost periodic
systems.

32



Theorem 34 Suppose that Eq. (43) possesses a reqular exponential dichotomy with
constant M and B and f is a Lipschitz with a constant Lipschitz L. Then Eq. (44)
has a unique globally asymptotically stable almost periodic solution provided

MBL

< 1.
1-p

Proof. Let AP(Z™) be the space of almost periodic sequences on Z* equipped with
the topology of the supremum norm. Define the operator I' on AP(Z") by letting

Te), =3 (H) A (o).

r=0 \s=r

Then I' : AP(Z*) — AP(Z") is well defined. Moreover I' is a contraction. Using the
Banach fixed point theorem, we obtain the desired conclusion. m

The preceding result may be applied to many populations models. However, we
will restrict our treatment here on the almost periodic Beverton-Holt equation with
overlapping generations

(1 - 'Vn),uKnxn
- ’Yn)Kn + (:u - 17n)xn

with K, > 0 and ~, € (0,1) are almost periodic sequences, and p > 1. As before p
and K denote the intrinsic growth rate and the carrying capacity of the population,
respectively, while v is the survival rate of the population from one generation to ne
next.

The following result follows from theorem 34

Tn4+1 = Tndn + ( (45)

Theorem 35 FEq. (45) has a unique globally asymptotically stable almost periodic
solution provided that

Sup{vn:n€Z+}<ﬁ

To this end, we have addressed the question of stability and existence of almost
periodic solution of almost periodic difference equation. We now embark on the task
of the determination of whether a system is attenuant or resonant.

Let {fin},cz+ be an almost periodic sequence on Z*. Then we define its mean
value as

1
M () = T — % iy (46)
r=1
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It may be shown that M (p,) exists [10].
Let {Z,} be the almost periodic solution of a given almost periodic system. Then
we say that the system is

1. attenuant if M(z,) < M(K,),
2. resonant if M(z,) > M(K,).

Theorem 36 [10] Suppose that {K,}nez+ is almost periodic, K, > 0, p > 1, and
Yo =7 € (0,1). Then
1. lim sup% Z::o Ty < lim sup% Zz;lg K, for any solution x,, of Eq. (45),

n—oo n—oo

2. M(z,) < M(K,) if T, is the unique almost periodic solution of Eq. (45).

11 Stochastic difference equations

In [22] the authors investigated the stochastic Beverton-Holt equation and introduced
new notions of attenuance and resonance in the mean.

Following on the same lines [6] the authors investigated the stochastic Beverton-
Holt equation with overlapping generations.

In this section, we will consider the latter study and consider the equation

(]- - ’7n)MKnxn
1 - '7n)Kn + (,u -1+ /y’rL)xn.

Tpal = YnZn + ( (47)

Let L'(©,v) be the space of integrable functions on a measurable space (£, F, v)
equipped with its natural norm given by

nfmzﬁﬂmm.

Let
DE):={feL'(E,v): f>0and [, fdv}
be the space of all densities on Q.

Definition 37 Let Q : L'(Q,v) — LY(Q,v) be a Markov operator. Then {Q"} is
said to be asymptotically stable if there exists f* € D for which

Qff =1
and for all f € D,
Jim | Q" f — =0
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We assume that both the carrying capacity K, and the survival rate =, are ran-
dom and for all n, (K,,~,) is chosen independently of (xo, Ko,70), (1, K1,71), -\
(Xn—1, Kpn_1,7n—1) from a distribution with density ®(K,~).

The joint density of z,, K,,v, is fu(z)®(K,v), where f, is the density of z,.
Furthermore, we assume that

E|K,| < oo, Elxy| < 00

and K2®(K,~) is bounded above independently of v and that ® is supported on the
product interval

[Kmin; OO) X [’Ymina 00)7

for some K,,;, > 0 and i, > 0.

Moreover, we assume there exists an interval (K, K,,) C R™ on which ® is positive
everywhere for all .

Let h be an arbitrary bounded and measurable function on R and define b(K,, Vp, 2)
to be equal to the right-hand side of equation (47). The expected value of h at time
n + 1 is then given by

Elh(n)] = / " (@) fua (@) de. (43)

Furthermore, because of (47) and the fact that the joint density of x,, and ~, is just
fn(x)®(K, ), we also have

E[h(&?n+1)] = m’ynuxn))]

= / // K7, 9)) fa(y) @ (K, v)dydydy.

Let us define K = K(x,~,y) by the equation

(1 —)uKy
T DK+ =11y (49)

Solving explicitly this equation for K yields

(n—=1+7)y(x —yy)
(I =y = (x —yy)]

K = (50)

By a change of variables, this can be written as

dk
W(an)] = / / / B() fo(0) (K, 7) % drdndy,
! {(7,9)0<z—yy<py} db(K,v,y)
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A simple calculation yields

Bl = [ [ s e RS vy

where

A={(1y): 0 <z —y < py}. (51)

Equating the above equations, and using the fact that h was an arbitrary, bounded,
measurable function, we immediately obtain

fn+1 // 1 +7 - _1l_yy)2fn(y)K2q)<Ka ’)/)d’)/dy

Let P : L}(R') — L*(R") be defined by

// K0 (K, y)dvdy, (52)

-1 + 7) (&= 7y)
where k = K(z,7,y) is defined by (50) and A in (51).

We can now state the main theorem of this section

Theorem 38 [6/ The Markov operator P : L'(R") — LY (RT) defined by equation
(52) is asymptotically stable.

For the case when 7, = v is a constant and K, is a random sequence, the following
attenuance result was obtain.
For almost every w € Q and x € R

n—1 n—1
1 1
Jim — ; zi(w,z) < lim ~ ; Ki(w)

that is we have attenuance in the mean.
It is still an open problem to determine the attenuance or resonance when both
Yn» and K, are random sequences on Z*.
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