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1 Introduction

2 Preliminaries

Let X be a topological space and Z be the set of integers. A discrete dynamical
system (X, ) is defined as a map 7 : X x Z — X such that 7 is continuous and
satisfies the following two properties

1. 7(2,0) =z for all z € X,
2. w(n(z,s),t) =n(x,s+1t),s,t € Z and x € X (the group property).

We say (X, 7) is a discrete semidynamical system if Z is replaced by Z*, the set of
nonnegative integers, and the group property is replaced by the semigroup property.

Notice that (X, 7) can be generated by map f defined as f(x) = =w(z,1), and
f*(z) = m(z,n), where f* denotes the n'® composition of f. Conversely, any map
f: X — X can generate a discrete semidynamical system (X, 7) by letting 7(x,n) =
f™(z). The crucial property here is the semigroup property (ii) above.

A difference equation is called autonomous if it is generated by one map such as

Tpi1 = f(zn),n € ZT. (1)

Notice that for any zg € X, x, = f"(x). Hence, the orbit O(z¢) = {x¢, z1, 22, ...}
in Eq. (1) is the same as the orbit O(zg) = {zo, f(z0), f*(x0), ...} under the map f.
A difference equation is called nonautonomous if it is governed by the rule

Tpr1 = F(n,x,),n € AR (2)

which may be written in the friendlier form
Tp+1 = fn(xn)yn € ZJr? (3>
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where f,(z) = F(n,z).

It should be pointed out here that equation (2) or (3) may not generate a discrete
semidynamical system as it may not satisfy the semigroup property. The following
example illustrates this point.

Example 1 Consider the nonautonomous difference equation

n+1
n -+ 2

Tns1 = (—1)" ( ) 2, 2(0) = 0. (4

~—

The solution of Eq. (4) is
n(n271) ,’L'O

n+1

T, = (—1)

Let w(xg,n) = x,. Then

m(m(zo,m),n) = W((_UW;U Zo )

m+ 1"
n(n—1) m(m—1) i)
= —1 2 f— B
(=1) ( (n+1)(m+1)
However,
wla,mn) = (1) S (o, m), )

3 Skew-product Systems

Consider the nonautonomous difference equation

Tpi1 = F(n,x,),n € Z", (5)

where F(n,-) € C(ZT x X, X) = C. The space C' is equipped with the topology of
uniform convergence on compact subsets of ZT x X. Let Fy(n,-) = F(t +n,-) and
A ={F,(n,-) : t € Z"} be the set of translates of F' in C. Then G(n,-) € w(A), the
omega limit set of A, if for each n € Z™",

|Fy(n,z) — G(n,z)| — 0

uniformly for  in compact subsets of X, as t — oo along some subsequence {t,,,}. The
closure of A in C' is called the hull of F(n,-) and is denoted by Y = cl(A) = H(F).

On the space Y, we define a discrete semidynamical system o : Y x ZT — Y by
o(H(n,-),t) = Hi(n,-); that is o is the shift map.



For convenience, one may write equation (5) in the form

Tp+1 = fn(zn) (6)

with f,(z,) = F(n,x,).
Define the composition operator ® as follows

(I)f% = fizn-10...0 fiz10 fi = @, (F(i,-))

When i = 0, we write ®0 as ,,.
The skew-product system is now defined as

T: X XY XZ"—-XxY
with
7'[‘((%’, G)’n) = (q)n(G(Z7 ))’U(Gvn))

IfG = fia then W((Ia fz)vn) = ((I)?n(l‘), fz-‘rn)
The following commuting diagram illustrates the notion of skew-product systems
where P(a,b) = a is the projection map.

X XY XZT—=XxY

P ip

Y x Z+* Y

g

For each G(n,-) = g, € Y, we define the fiber F, over G as F, = P~}G). If
g = fi, we write F, as F;.

Theorem 2 7 is a discrete semidynamical system.

Example 3 (Example (1) revisited) Let us reconsider the nonautonomous differ-
ence equation

Fus = (1) (252 2, 2(0) = .

Hence, F(n,z) = (—1)" (Z—j:;) r = fo(x). Its hull is given by G(n,z) = (—1)"x,
that is, g, 1s a periodic sequence given by go = Gon, g1 = Gons1, Jor all n € ZT, in
which go(z) = x, and gi(z) = —x.

It is easy to verify that 7 defined as w((x, f;),n) = (P (), fiin) is a semidynamical

system.



4 Periodic difference equations I: Periodicity

In this section our focus will be on p—periodic difference equations of the form

Tp41 = fn(xn)v (7)

where f,., = f, for all n € Z*.

The question that we are going to address is this: What are the permissible periods
of the periodic orbits of equation (7)7

We begin by defining an r—periodic cycle (orbit).

Definition 4 An ordered set of points C, = {To, T1, ..., Tr_1} 18 r—periodic in X if
fti+nr) mod p(Ti) = T(i+1) mod r, 0 € Z*.
In particular,
fi(Ti) = Tipa, 0 <i <7 =2,
and
ft(ft mod r) = ZT(t4+1) mod r> T — I<t<p-1

It should be noted that the r—periodic cycle C. in X generates an s—periodic cycle
on the skew-product X xY of the form C; = {(Zo, fo), (T1, f1), s (Ts, fs mod p) }, where
s = lem|r, p| is the least common multiple of 7 and p.

__ The r-periodic orbit C, is called an r—geometric cycle, and the s—periodic orbit
C, is called an s—complete cycle.

Example 5 Consider the nonautonomous periodic Beverton-Holt equation

K, + (g — Dy,

(8)

Tnt+1 =

with pu, > 1, K, > 0, Kyyp = Ky, and pingp = pin, for alln € Z7F.

1. Assume that p, = u > 1 is constant for all n € Z*. Then one may appeal
to Corollary 6.5 in [13] to show that (8) has no nontrivial periodic cycles of
period less than p. In fact, (8) has a unique globally asymptotically stable cycle
of minimal period p.

2. Assume that i, is periodic. Let ug = 3, 1 = 4, pus = 2, ug = 5, Ko = 1,
K, = %, Ky =2, and K5 = %. This leads to a 4—periodic difference equation.
There is, however, a 2—geometric cycle, namely, Cy = {%,%}(see Figure 1).
This 2—periodic cycle in the space X generates the following 4—complete cycle

on the skew-product X xY



Figure 1: A 2—periodic cycle in a 4—periodic difference equation.

54 - {(§7f0)7 (§7f1)7 (§7f2)7 (§7f3)};

where fo(x) = %, fi(z) = 6%—&; folz) = 2%67 and f3(x) = 1+5f1x'

We are going to provide a deeper analysis of the preceding example. Let d =
ged(r, p) be the greatest common divisor of r and p, s = lem|r, p] be the least common
multiple of r and p, m = L, and ¢ = 1%. The following result is one of two crucial
lemmas in this article.

Lemma 6 [13] Let C. = {Zo,T1,...,Tr_1} be a set of points in a metric space X.
Then the following statements are equivalent.

1. C, is a periodic cycle of minimal period r.
2. For0<i<r— 1; f(iJrnd) mod p(Tz) = f(i+1) mod -

3. For 0 <1 <r —1, the graphs of the functions

fi7 f(i+d) mod ps - - - f(i+(m71)d)mod D

intersect at the { points

(mia f(Z'Jrl) mod T)a (E(Hd) mod 15 T(iJrler) mod 7“)7 S (j(iJr(@fl)d) mod 15 f(iJr(Efl)al+1) mod r) .

Corollary 7 Assume that the one-parameter family F(c,x) is one to one in a. Let
fo(xn) = F(an, x,). Then if the p—periodic difference equation, with minimal period
yz

Tny1 = fo(Tn) (9)

has a nontrivial periodic cycle of minimal period r, then r =tp, t € Z*.
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Proof. Suppose that equation (9) has a periodic cycle C,. = {ZTo,Z1,...,T,—1} of
period 7 < p, and let d = ged(r,p), s = lem|r,p], m = £, and £ = 2. Then by
Lemma 6, the graphs of the maps fo, f4,..., famn—1)a must intersect at the points
(To,71), (Tas Tas1)s - - > (Te—1)d> T(e—1)d+1)-

Since F(a,x) is one to one in «, the maps fo, f4, ..., fan—1)a do not intersect,
unless they are all equal. Similarly, one may show that f; = firg = ... = fitz(m-1)a-
This shows that equation (9) is of minimal period d, a contradiction. Hence r is equal
to p or a multiple of p. m

Applying corollary 7 to the periodic Beverton-Holt equation with K,, 4, = K, jt,, =
w, for all n € Z*, shows that the only possible period of a nontrivial periodic cycle
is p. However, for the case u, and K, are both periodic of common period p, the
situation is murky as was demonstrated by Example 5, case 2.

For the values g =3, u1 =4, us =2, u3 =5, Ko =1, K1 =6/17, Ky = 2, and
K3 = 4/11, we have fy(z) = 2%, fi(x) = g55=, fo(2) = 5%, and fa(z) = 2. Let
F ={fo, 1, f2, f3}. Clearly x* = 0 is a fixed point of the periodic system F. To have
a positive fixed point (period 1) or a periodic cycle of period 3, we must have the
graphs of fo, f1, fo, f3 intersect at points (To,Z1), (T1,T2), - - -, (Te—1,T¢), where £ = 1
or £ = 3. Simple computation shows that this is not possible. Moreover, one may
show that the graphs of fy and f, intersect at the points (2/5,2/3) and the graphs of
f1 and f3 intersect at the points (2/3,2/5). Hence Cy = {2/5,2/3} is a 2—periodic

: NP 238 119 238 238
cycle. Moreover, the equation has the 4—periodic cycle | 557, 555, 177 57 J -

5 Periodic difference equations 1I: Stability

Suppose that the p-periodic difference equation

Tnt1 = fn(xn)7fn+p = fn7n S Z+ (10)

has a periodic cycle of minimal period r. Then the associated skew-product system
7 has a periodic cycle of period s = lem|r, p] (s—complete cycle). There are p fibers
F; = P7(f;). Are the s periodic points equally distributed on the fibers? i.e. is the
number of periodic points on each fiber equal to ¢ = s/p?

Before giving the definitive answer to this question, let us examine the diagram
present in Figure 2 in which p =9, and r = 6.

There are two points (2 = w> on each fiber. Since d = ged(6,9) = 3, fo, f3, f6

have the same points; fi, f4, fr have the same points; and fs, f5, fs have the same
points.

Note that the number of periodic points on each fiber is 2, which is ¢ =
The following crucial lemma proves this observation.

lem[r,p]



-——
-

N
VAN
\
\ N

fo fi f2 f3 fa fs fe fr fa
Figure 2: A 6—periodic cycle in a 9—periodic system

Lemma 8 [12] Let s = leml|r,p|. Then the orbit of (Z;, f;) in the skew-product system
intersect each fiber F;, j =0,1,...,p—1, in exactly { = s/p points and each of these
points is periodic under the skew-product m with period s.

Proof. Let C. = {To,Z1,...,%T,_1} be a periodic cycle of minimal period r. Then
the orbit of (Zy, fo) in the skew-product has a minimal period s = lem|r,p]. Now
S = O ((To, fo)) = {7((To, fo),n) :n € ZT} C X x Y is minimal, invariant under 7
and has s distinct points.

For each i,0 <17 < p — 1, the maps

fi:Smf.i_)SﬂF(iJrl)modp (11)

are surjective. We now show that it is injective.

Let N; be cardinality of SNF;. Then N; is a non-increasing integer valued function
and thus stabilizes at some fixed value from which it follows that NV; is constant. Thus
each § N F; contains the same number of points, namely s/p. =

Next we turn our attention to our main topic, namely, stability. We begin by
stating the basic definitions of stability.

Definition 9 Let C, = {T¢,Z1,...,T,—1} be an r—periodic cycle in the p—periodic
equation (10) in a metric space (X, p) and s = lem|[r, p| be the least common multiple
of p and r. Then

1. C, 1is stable if given € > 0, there exists 6 > 0 such that
(2, T mod ») < 0 implies p(PL(2), P (Ti mod r)) < €
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for alln € Z*, and 0 < i < p — 1. Otherwise, C, is said unstable.

2. C, 1s attracting if there exists n > 0 such that

(2, Ti mod ») < n implies 1im O (2) = Ty mod -

n—oo

3. We say that C,. is asymptotically stable if it is both stable and attracting. If in
addition, n = oo, C, s said to be globally asymptotically stable.

Lemma 10 An r—periodic cycle C, = {To,T1,...,Tr—1} in equation (10) is
1. asymptotically stable if | [1;_, f! mod p(Timod )| < 1,
2. unstable if | TT;_q fi mod p(Ti moa r)| > 1,

where s = lem|r, p| is the least common multiple of p and r.

Consider the skew-product system 7 on X x Y with X a metric space with metric
p, Y ={fo, f1,--., fo—1} equipped with the discrete metric p, where

_ C(0ifi=j

Define a metric D on X X Y as

D ((x, f:), (v, f3)) = p(x,y) + p(fi, 5)-

Let wt(z, f) = n((x, f), 1), then 7"(z, f) = 7((x, f),n). Thus 7 : X xYV — X XY
is a continuous map which generates an autonomous system on X x Y. Consequently,
the stability definitions of fixed points and periodic cycles follow the standard ones
that may be found in [10, 7].

Now we give a definition of stability for a complete periodic cycle in the skew-

product system.
Definition 11 A complete periodic cycle C, = {(@o, f0)s s (Ts mod s [s mod p) } 15

1. stable if given € > 0, there exits 0 > 0, such that
D((z, f3), (To, fo)) < 0 implies D(n"(z, fi), 7" (Zo, fo)) <€, Vn € Z7.

Otherwise, 6’8 15 said unstable.

2. attracting if there exists n > 0 such that
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D((z, f;), (To, fo)) < n implies T}Lfgoﬂns (2, fi) = (To, fo)-

3. asymptotically stable if it is both stable and attracting. If in addition, n = oo,
Cs 1s said to be globally asymptotically stable.

Since fiins = [f; for all n, it follows from the above convergence that f; = fy.
Hence, stability can occur only on each fiber X x {f;},0<i<p—1.
We are now ready to state our main result in this survey.

Theorem 12 [12] Assume that X is a connected metric space and each f; € Y is
a continuous map on X, with fiy, = fi. Let C,. = {To,T1,...,Tr—1} be a periodic
cycle of minimal period r. If C,. is globally asymptotically stable, then r divides p.
Moreover, r = p if the sequence {f,} is a one-parameter family of maps F(p,,x) and
F' is one to one with respect to .

Proof. The skew-product system 7 on X x Y has the periodic orbit

{(To, fO)a (fla fl)> ey (fs mod 7 fsmodr)}

which is globally asymptotically stable. But as we remarked earlier, globally stability
can occur only on fibers. By Lemma 8, there are ¢ = s/p points on each fiber. If
¢ > 1, we have a globally asymptotically ¢-periodic cycle in the connected metric
space X x {f;} under the map 7?. This violates Elaydi-Yakubu Theorem [11]. Hence
¢ =1 and consequently r|p.

Note that by Lemma 6, the graphs of the maps f;, fiva, ,fitm-1a, 0 <@ < p—1,
must intersect at ¢ points. However, since {f;} is a one parameter family of maps
F(pn,x) where F' is one to one with respect to the parameter p, it follows that
fi = fira, 0 <1 < p—1. This implies that d is the period of our system and since p
is the minimal period of the system, this implies that d = p. Hence r =p. =

6 An extension of Singer’s Theorem

One of the well known work done by Singer is present in his famous paper [27] and
currently known by Singer’s theorem. It is a useful tool in finding an upper bound
for the number of stable cycles in autonomous difference equations. In this section
we present the natural extension of this theorem to the periodic nonautonomous
difference equations.

Recall that the Schwarzian derivative, Sf, of a map f at x is defined as

Lo s (L)
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Let f: I — I be a C® map defined on a closed interval I = [x1, 23] such that
Sf(x) <0,Vz € I\ {P.}, where {P.} is the set of the critical points of f. Suppose
that f has m critical points in I. Then according to the Singer’s theorem [27] we
have the following:

1. if f(x1) = f(z9) = 1, then f has at most m attracting periodic cycles of any
given period,

2.i4f f(x1) > @y and f(z2) = 1 or f(21) = 21 and f(x9) > x; or yet f (z1) =
f (z2) > x1, then we have at most m + 1 attracting periodic cycle of any given
period (we include the orbit of z; or x5 according to the case).

3. if f(x1) # f(x2) with f(x1), f(x2) > x1, then we will have at most m + 2
attracting periodic cycles of any given (we include the orbits of z; and ).

In the settings of the autonomous difference equation this means that z, 11 = f(z,)
has at most m + 2 attracting periodic cycles of any given period.

skl YO WROTE *rek kst

Let f: I — I be a continuous map with a negative Schwarzian derivative for all
x € I, defined on the closed interval I. If f has m critical points in I, then f has at
most m + 2 attracting period cycles of any given period.

skl YO WROTE *rekkskk

Now consider the p—periodic system F = { fo, f1, fo, ..., fy—1} of continuous maps
defined on a closed interval I.

Assume that there are m; critical points for the map f;, 0 < ¢ < p—1. On the fiber
Fo = I x fy, there are my critical points of fy, at least my critical points consisting of
all the pre-images under fy of the m critical points of fi,... and at least m,_; critical
points that consist of all the pre images, under ®,_,, of the m,_; critical points of
fp—1. Since each critical point of ®, is mapped, under compositions of our maps, to
one of the original critical points of one of the maps f;, it follows that the number of
significant critical points is 37— m;.

By Singer’s Theorem, there are at most Zf:_ol m; + 2] attracting periodic cycles

of any given period. Notice that periodic cycles that appear on fiber F; are just phase
shifts of periodic cycles that appear on fiber Fy. Hence we conclude that there are at
most > o' m; + 2 attracting cycles of any given period (See [2] for details).

So a consequence of this extension, one may show that if the maps are the logistic
maps

filz) = pix(l—x),p4; >0,0<i <p—1,

defined on the interval [0, 1], then the p-periodic system { fo, f1, ..., f—1} has at most
p—attracting cycles of any given period r. Notice that each map f; has one critical
point, x = 1/2, and the boundary points 0 and 1 are attracted only to 0.
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7 Periodic difference equation II1I: Bifurcation

The study of various notions of bifurcation in the setting of discrete nonautonomous
systems is still in its infancy stage. The main contribution in this area are the papers
by Henson [23], Al-Sharawi and Angelos [2], Oliveira and D’Aniello [20], and recently
Luis, Elaydi and Oliveira [19].

The main objective in this section is to give the definitions, notions, terminology
and results done by Luis et al. in [19] for the various notions of bifurcation in the set-
ting of discrete nonautonomous systems. Though our focus here will be on 2—periodic
systems, the ideas presented can be easily extended to the general periodic case.

In all this section we assume that the maps f and ¢ arise from a one-parameter
family of maps such that f = f, and g = f3 with 3 = ga for some real number ¢ > 0.
Thus one may write, without loss of generality, our system as F = {f, g}.

Moreover, we assume that the one-parameter family of maps is one-to-one with
respect to the parameter. Let C, = {To,Z1,...,%T,_1} be an r—periodic cycle of F.
Then the latter assumption implies by corollary 7 that » = 2m, m > 1.

With ¥ = f o g, one may write the orbit of T, as (see figure 3)

O(To) = {To, 9(To), ©(To), g 0 ¥(To), ¥*(To), ..., W H(To), g 0 ¥ H(To)}  (12)

or equivalently

O(@) = {f o UM THT), Ty, f(T1), U(T1), [ o U(T0), ..., f o W"3(T), ‘I’mfl(fl)}
(13)
where U = go f. Hence the order of the composition is irrelevant to the dynamics of
the system.

The dynamics of F depends very much on the parameter and the qualitative
structure of the dynamical system changes as the parameter changes. These qualita-
tive changes in the dynamics of the system are called bifurcation and the parameter
values at which they occur are called bifurcation points. For autonomous systems or
single maps the bifurcation analysis may be found in Elaydi [10].

In a one-dimensional systems generated by a one-parameter family of maps f,,
bifurcation at a fixed point z* occurs when %(a*,x*) = 1 or —1 at a bifurcation
point a*. The former case leads to a saddle-node bifurcation, while the latter case
leads to a period-doubling bifurcation.

Now we are going to extend this analysis to 2—periodic difference equations or
F = {f,g}. To simplify the notation we write ¥(«,x) instead of ¥(z) and ¥(a, z)
instead of W. Then U™ (Ta;) = T(2i)moar and C]:}m(EQZ’_A'_l) = Z(2i+1)modr, 1 <7 < m. In

general, we have \Ijnm(Em) = E(21')mod7” and \’inm(j%%—l) = f(2@'-{—1)m0d7‘7 n > 1.

12



Xr_1 = g(¥7" (%))
lp;n_l(ifo) =Xr—2

X3 = g(Lpzm_z(fCo))

lp;n_z(ifo) = Xr—4

X5 = g(kp22 (%))
lIJ22 (9_50) =Xy
X3 = g, (%))
v, (9_50) =X

X = g(xo)
qJEn(?zo) =Xy

Figure 3: Sequence of the periodic points {Zy, T1, ..., T,_1} in the 2—periodic system
F ={f, g} illustrate in the fibers g and f, where ¥ = fog and r = 2m,m > 1.

Assuming 8(\91!_3:”((17 To) = 1 at a bifurcation point @, by the chain rule, we have

)N\ N
% (Oé, l’gm,Q) % (Oé,$2m,4> % (Oé, 1'2) % (Oé,.’ll'o) =1

fe(Tam—1)95(Tom—2) [5(Tam—3) 95 (Tam—a) - f(T3) 95(T2) fo(T1) 95(To) = 1 (14)

Applying gz on both sides of the identity V™ (@, Ty) = T, yields E/m(@, T1) = .
Differentiating both sides of this equation we get

oV o oV o
% (a, fgm,1>%<a, fgmfg)...%(a, Tg)g (a, fl) == 1
or equivalently
95(To) f5(Tom—1) 95 (Tam—2) f5(Tom—3) .- 95(Ta) f5(T3) 95(Ta) fe(T1) = 1. (15)
Hence Eq. (14) is equivalent to Eq. (15). More generally the following relation yields

0w o™ ,
W (5752]') = W(a752j—1>7] € {172a 7m} : (16)
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Now we are ready to write the two main results of this section.

Theorem 13 (Saddle-node Bifurcation for 2—periodic systems [19]) Let C, =
{Zo, @1, ..., Tr_1} be a periodic r—-cycle of F. Suppose that both 62%’ nd ‘9;2‘1’ exist and
are continuous in a neighborhood of a periodic orbit such that 8‘1% (@, o) =1 for the
periodic point To. Assume also that
o™ o*um
A= aa(aaro)#OandB—a2(, To) # 0.

Then there exists an interval J around the periodic orbit and a C*—map o = h(x),
where h : J — R such that h(Ty) = @, and V™ (x, h(x)) = x. Moreover, if AB < 0,
the periodic points exists for o > @, and, if AB > 0, the periodic points exists for
a<a.

When —(a To) = 1 but M’m “-(@,7) = 0, two types of bifurcation appear. The
first is called transcritical blfurcatlon which appears when 2 (@, %) # 0 and the

second called pitchfork bifurcation which appears when ; (@, Ty) = 0. For more
details about this two types of bifurcation see table 2.1 in [10, pp. 90] and [20]. In the
former work the author present many cases for autonomous maps while in the latter
article the authors study the pitchfork bifurcation for nonautonomous 2—periodic
systems in which the maps have negative Schwarzian derivative.

The next result gives the conditions for the period-doubling bifurcation.

Theorem 14 (Period-Doubling Bifurcation for 2—periodic systems [19]) Let
= {To, T1, ..., Tr_1} be a periodic r—cycle of F. Assume that both 2 % and 2% oa Y erist

and are continuous m a neighborhood of a periodic orbit, (a To) = —1 for the pe-

riodic point Ty and %% Dot ax (a 7o) # 0. Then, there exists an mtem}al J around the peri-
odic orbit and a function h : J — R such that V™ (x, h(x)) # x but U™ (z, h(x)) = .

Now we are going to apply these two results with an interesting example from
[19]. First we need the following definition.

Definition 15 A unimodal map is said to have the Allee' effect if it has three fized
points v7 = 0, x5 = A, and 25 = K, with 0 < A < K, in which z7i is asymptotically
stable, x5 1s unstable, and x5 may be stable or unstable.

'The Allee effect is a phenomenon in population dynamics attributed to the American biologist
Warder Clayde Allee 1885-1955 [1]. Allee proposed that the per capita birth rate declines at low
density or population sizes. In the languages of dynamical systems or difference equations, a map
representing the Allee effect must have tree fixed points, an asymptotically stable zero fixed point,
a small unstable fixed point, called the threshold point, and a bigger positive fixed point, called the
carrying capacity, that is asymptotically stable at least for smaller values of the parameters.
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Figure 4: A unimodal Allee map with three fixed points 0, A and k.

Remark 16 Note that if F is a periodic set formed by unimodal Allee maps, nei-
ther the zero fized point nor the threshold point can contribute to bifurcation, since
the former is always asymptotically stable and the latter is always unstable. Hence
bifurcation may only occur at the carrying capacity of F.

Example 17 [19] Consider the 2—periodic system W = { fo, f1}, where
fi(z) = a;x*(1 —2),i=0,1

in which x € [0,1] and a; > 0, i = 0,1. For an individual map f;, if a; < 4 we have
a globally asymptotically stable zero fized point and no other fized point. At a; = 4
an unstable fixed point is born after which f; becomes a unimodal map with an Allee
effect (see Figure 4). Henceforth, we will assume that ag,a; > 4.

Since 0 s the only fixed point under the system W, we focus our attention on
2—periodic cycles {To,T1} with fo(To) = T1, and f1(T1) = To.

A Saddle-node bifurcation occurs when V'(Zy) = 1, and a period-doubling bifurca-
tion occurs when V'(Zy) = —1, where ¥ = f; o fj.
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For the saddle-node bifurcation we then solve the equations

o = fi (fo (7o)
{ f1(Fo (70)) fo (To) = 1 (17)

and for the period-doubling bifurcations we solve the equations

To = 1 (fo (To))
{ 1 (fo (To)) o (To) = —1 (18)

Using the command “resultant” in Mathematica or Maple Software, we eliminate
the variable Ty in equations (17) and (18). Eq. (17) yields

16777216 + 16384a9a; — 576000a5a; + 84375aga; — 576000aga; + 914aga; —
350a3a? + 84375apa’ — 350a3a’ 4+ 19827a3a® — 2916a2a’ — 2916a3a; + 432aga; = 0

while Eq. (18) yields

100000000 — 120000a¢a; — 2998800aga; + 453789aga; — 2998800aga; — 4598aga; +
2702a3a; + 453789%aga’ + 2702a2a3 + 89765a3a; — 13500aga; — 13500aia; + 2000aga; =

For each one of these last two equations we invoke the implicit function theorem to
plot, in the (ag,a1)—plane, the bifurcation curves (see figure 5). The black curves are
the solution of the former equation at which saddle-node bifurcation occurs, while the
gray curves are the solution of the latter equation at which period-doubling bifurcations
occurs. The black cusp is the curve of pitchfork bifurcation. In the regions identified
by letters one can conclude the following.

o [fag,a; € A then the fixed point x* = 0 is globally asymptotically stable.

e If ag,a; € B\D then there are two 2—periodic cycles, one attracting and one
unstable.

o Ifag,a; € D then there are two attracting 2—periodic cycles (from the pitchfork
bifurcation) and two unstable 2—periodic cycles.

o [fap,a; € (Cy UC)\(Dy U Dy) then there is an attracting 4—periodic cycle
(from the period doubling bifurcation) and two unstable 2— periodic cycles.

o Ifag,a; € D1UDs then there are two attracting 4—periodic cycles (from pitchfork
bifurcation) and two unstable 2—periodic cycles.

o Ifag,ay € E then there are two attracting 8—periodic cycles (from period dou-
bling bifurcation), two attracting 4—periodic cycles (from pitchfork bifurcation),
and four unstable 2—periodic cycles.
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Figure 5: Bifurcations curves for the 2—periodic nonautonomous difference equation
with Allee effects z,11 = a,2%(1 — x,), in the (ag, a;)—plane, where a,» = a, and
Tny2 = Ty

Finally, we end this section presenting the following example from [20] where the
system is formed by quadratic maps and cubic maps.

Example 18 HENRIQUe -; Your example with EMMa:*** quadratic and cubic ***

8 Attenuance and resonance

8.1 The Beverton-Holt equation

In [6] Cushing and Henson conjectured that a nonautonomous p—periodic Beverton-
Holt equation with periodically varying carrying capacity must be attenuant. This
means that if C, = {To, 71, ...,Tp—1} is its p—periodic cycle, and K;, 0 < i < p—1
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are the carrying capacities, then

K;. (19)

Since the periodic cycle C, is globally asymptotically stable on (0, 00), it follows
that for any initial population density x(, the time average of the population density
T, is eventually less than the average of the carrying capacities, i.e.,

1 n—1 1 p—1
lim =Y z;<-Y K, (20

Eq. (20) gives a justification for the use of the word “attenuance” to describe the
phenomenon in which a periodically fluctuation carrying capacity of the Beverton-
Holt equation has a deleterious effect on the population. This conjecture was first
proved by Elaydi and Sacker in [13, 9, 12] and independently by Kocic [28] and Kon
[29]. The following theorem summarizes our findings.

Theorem 19 [13] Consider the p—periodic Beverton-Holt equation

WK, z,
Tpy1 = K

7+ 21
H(M_l)xn,ne : (21)

where pp > 1, Ky, = K,,, and K,, > 0. Then Eq. (21) has a globally asymptotically
stable p—periodic cycle. Moreover, Eq. (21) is attenuant.

Kocic [28], however gave the most elegant proof for the presence of attenuance.
Utilizing effectively the Jensen’s inequality, he was able to give the following more
general result.

Theorem 20 /28] Assume that p > 1 and {K,} is a bounded sequence of positive
numbers

O<a< K, << o0.

Then for every positive solution {z,} of Eq. (21) we have

n—1 n—1
1 1
lim sup— E T; < limsup— g K;. (22)
1=0 =0

n—o0 n . n—oo n .
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8.2 Neither attenuance nor resonance

By a simple trick, Sacker [25] showed that neither attenuance nor resonance occurs
when periodically forcing the Ricker maps

R(z) = zeP™™.
So consider the k—periodic system
Tn+l = xnepnimnaanrk =Dn,N € Z+' (23>

If 0 < p, <2, Eq. (23) has a globally asymptotically stable k—periodic cycle [25].
Let Cy = {Zo, T1, ..., Tx—1} be this unique k—periodic cycle. Then
EO — Ek — fk_lepk—1—5k—1

— Ek_2€pk7271k726pk717$k71’

and by iteration we get

Ty = Toelimo Pi~lizo i,
Hence

PP = i T,

i.e., neither attenuance nor resonance.

8.3 An extension: monotone maps

Using an extension to monotone maps, Kon [29] considered a p—periodic difference
equation of the form
Tpi1 = g (2n/Ky) Tnyn € 27T, (24)

where K, = K,, K,, > 0, 9 € [0,00) and g : R — R" is a continuous function
which satisfies the following properties

e g(1)=1,
e g(xr)>1forall z €(0,1),
e g(r) <1 forall z € (1,00).

Theorem 21 [29] Let C, = {To,T1,...,Tr—1} be a positive r—periodic cycle of Eq.
(24) such that K; # K1 for some 0 < i < p— 1. Assume that zg(z) is strictly
concave on an interval (a,b), 0 < a < b containing all points % € (a,b), 1 <i<rp.
Then the cycle C, is attenuant.
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This theorem provides an alternative proof of the attenuance of the periodic
Bevertob-Holt equation (21).
Consider the equation [29]

Tn

a—1
Tpt1 = (F) ,0<a <1, (25)

where K., = K,, n € Z*, and K; # K, for some ¢ € Z*. The maps belong to
the class K and satisfy the assumption of the preceding theorem. Consequently, Eq.
(25) has a globally asymptotically stable p—periodic cycle that is attenuant.

8.4 The loss of attenuance: resonance.

Consider the periodic Beverton-Holt equation (21) in which both parameters p,, and
K, are periodic of common period p. This equation may be attenuant or resonant.
In fact, when p = 2, Elaydi and Sacker [13] showed that

Ko — K4 (o — 1) (1 — 1)

T=K+o —A Ko — K;)? 26
2 2(popn — 1) (Ko = Ky) (26)
where L P
T = Tot andFZL,
2
popn — 1
and
A pro(pf — D)Ko + pu (pg — DK 0.

>
po(pn — 1)2KG + (o — 1) (1 — 1) (popn + 1) KoKy + i (po — 1) K7

It follows that attenuance is present if either (13 — o) (Ko — K;) < 0 (out of phase)
or the algebraic sum of the last two terms in Eq. (26) is negative. On the other hand,
resonance is present if the algebraic sum of the last two terms in Eq. (26) is positive.

Notice that if pg = py = p with p = 2, then we have

122 1
2"

which gives an exact expression for the difference in the averages.

p—

Ky + Ky)(Ky — Ko)®
Y 2[pKE + (1) KoKy 4 pK7)

1
=0

Remark 22 Now for ug = 4, u1 = 2, Ko = 11, and Ky = 7, we have resonance
as %ZLO T; ~ 9.23 and %Zil:o K; = 9. On the other hand, one can show that for
o =2, p1 =4, Ky =11, and K, = 7, we have attenuance as may be seen from (26).
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8.5 The signature functions of Franke and Yakubu

In [18], the authors gave a criteria to determine attenuance or resonance for the
2—periodic difference equation

Tpt1 = xng(Knu M, xn)u n e Z+7 (27)

where K,, = K(1 4+ o(—1)"), g, = u(1 + B(=1)"), and o, 5 € (—1,1).
Define the following

2 K229 \2 2 2
(k28 +220) (528 + (2K + 2228 ) + K0 2%

_ 24K 52
w1 = —QK% ’ (28)
9 82 K224 92
B ( 9_z +K“ﬁ) <2+Kgi§> +K2M5K§u

Wy = dg ) (29)

K29

ox

and

Ry = sign(a(wia + wyf3)). (30)

Theorem 23 [18] If for « = 0,3 = 0, K is hyperbolic fixed point of equation (27),
then for all sufficiently small || and |B|, the equation (27), with o, € (—1,1), has
an attenuant 2—periodic cycle if Rq < 0 and a resonant 2—periodic cycle if Rq > 0.

To illustrate the effectiveness of this theorem, let us to consider the logistic equa-
tion

%“:x"1+MO+§FD%<1_KO+ZFD®)} (31)

For 0 < u < 2 Eq. (31) has an asymptotically stable 2—periodic cycle. Using
formulas (28) and (29), one obtains

8K 4K
——— and wy = ——
(n—2)?

p—2
Assume that o > 0 and 0 < p < 2. Using (30) yields

2 2
Rd:sign( oz—i—ﬁ) = sign <ﬁ— a).
p—2 2—p

Hence we have attenuance if 3 < ﬁa, i.e., if the relative strength of the fluctu-
2
2—p

w1 =

ation of the demographic characteristic of the species is weaker than times the
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relative strength of the fluctuation of the carrying capacity. On the other hand if
8> ﬁa we obtain resonance.

Notice that if @« = 0 (the carrying capacity is fixed), then we have resonance if
3 > 0 and we have attenuance if § < 0. For the case that § = 0 (the intrinsic growth
rate is fixed), we have attenuance.

Finally, we note that Franke and Yakubu extended their study to periodically
forced Leslie model with density-dependent fecundity functions [17]. The model is of
the form

S S
Thor = Y angn(@n) =Y fiular)
i=1 i=1

2 _ 1
Th = A,

s o s—1
In—l—l - )\s—lxn )

where fi is of the Beverton-Holt type. Results similar to the one-dimensional case
where each f! is under compensatory, i.e.,

Of; () O fi(x;)
8@ - O’ 85612

<0,

and lim f! (z;) exists for all n € Z.

T;—00

9 Almost periodic difference equations

In this section we extend our study to the almost periodic case. This is particularly
important in applications to biology in which habitat’s fluctuations are not quite
periodic.

But in order to embark on this endeavor, one needs to almost reinvent the wheel.
The problem that we encounter here is that the existing literature deals exclusively
with almost periodic fluctuations (sequences) on the real line R (on the integers
7). To have meaningful applications to biology, we need to study almost periodic
fluctuations or sequence on Z* (the set of nonnegative integers). Such a program
has been successfully implemented in [8]. Our main objective here is to report to the
reader a brief but through exposition of these results.

We start with the following definitions from [16, 21].

Definition 24 An R¥—valued sequence v = {x,}, .+ is called Bohr almost periodic
if for each € > 0, there ezists a positive integer Ty(e) such that among any To(e)
consecutive integers, there exists at least one integer T with the following property:
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H Tptr — Tn H< 6>vn € Z+'

The integer T is then called an e—period of the sequence x = {xyn}, oy -

Definition 25 An RF—value sequence © = {x,}, 5+ is called Bochner almost peri-
odic if for every sequence {h(n)},c,+ of positive integers there evists a subsequence
{hn,} such that {z,yn,}, cpr converges uniformly inn € Z*.

In [8] it was shown that the notions of Bohr almost periodicity and Bochner almost
periodicity are equivalent.

Now a sequence f : Z* x R¥ — R* is called almost periodic in n € Z* uniformly
in x € R¥ if for each € > 0, there exists Ty(¢) € Z* such that among Tp(g) consecutive
integers there exists at least one integer s with

I f(n+s,2) = f(n,z) [[<e

for all + € R¥, and s € Z+.
Now consider the almost periodic difference equations

Tpy1 = Anl‘n (32)
Yn+1 = Anyn + f<n7 yn)7 (33)

where A, is a k x k almost periodic matrix on Z*, and f : Z* x R¥ — R is almost
periodic.

Let ®(n,s) = [['Z. A, be the state transition matrix of equation (32). Then
equation (32) is said to posses a regular exponential dichotomy [24] if there exist a
k x k projection matrix P,, n € Z*, and positive constants M and 5 € (0,1) such
that the following properties hold:

1. ATLP’n = Pn+1An,

[\

N X(nr) P |< MB™ 2], 0 <7 <,z € RE,

w

X () (T P |< MB™ | 2], 0<r < n,z € R

4. The matrix A, is an isomorphism from R (I — P,) onto R (I — P,.1), where
R(B) denotes the range of the matrix B.

We are now in a position to state the main stability result for almost periodic
systems.
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Theorem 26 Suppose that Eq. (32) possesses a reqular exponential dichotomy with
constant M and B and f is a Lipschitz with a constant Lipschitz L. Then Eq. (33)
has a unique globally asymptotically stable almost periodic solution provided

MBL

< 1.
1-p

Proof. Let AP(Z™) be the space of almost periodic sequences on Z* equipped with
the topology of the supremum norm. Define the operator I' on AP(Z") by letting

Te), =3 (H) A (o).

r=0 \s=r

Then I' : AP(Z*) — AP(Z") is well defined. Moreover I' is a contraction. Using the
Banach fixed point theorem, we obtain the desired conclusion. m

The preceding result may be applied to many populations models. However, we
will restrict our treatment here on the almost periodic Beverton-Holt equation with
overlapping generations

(1 - 'Vn),uKnxn
- ’Yn)Kn + (:u - 17n)xn

with K, > 0 and ~, € (0,1) are almost periodic sequences, and p > 1. As before p
and K denote the intrinsic growth rate and the carrying capacity of the population,
respectively, while v is the survival rate of the population from one generation to ne
next.

The following result follows from theorem 26

Tn4+1 = Tndn + ( (34)

Theorem 27 FEq. (34) has a unique globally asymptotically stable almost periodic
solution provided that

Sup{vn:n€Z+}<ﬁ

To this end, we have addressed the question of stability and existence of almost
periodic solution of almost periodic difference equation. We now embark on the task
of the determination of whether a system is attenuant or resonant.

Let {fin},cz+ be an almost periodic sequence on Z*. Then we define its mean
value as

1
M () = T — % iy (35)
r=1
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It may be shown that M (u,) exists [8].
Let {Z,} be the almost periodic solution of a given almost periodic system. Then
we say that the system is

1. attenuant if M(z,) < M(K,),
2. resonant if M(z,) > M(K,).

Theorem 28 [8] Suppose that { K, }nez+ is almost periodic, K, > 0, u > 1, and
Yo =7 € (0,1). Then
1. lim sup% Z::o Ty < lim sup% Zz;lg K, for any solution x,, of Eq. (34),

n—oo n—oo

2. M(z,) < M(K,) if T, is the unique almost periodic solution of Eq. (34).

10 Stochastic difference equations

In [22] the authors investigated the stochastic Beverton-Holt equation and introduced
new notions of attenuance and resonance in the mean.

Following on the same lines [4] the authors investigated the stochastic Beverton-
Holt equation with overlapping generations.

In this section, we will consider the latter study and consider the equation

(]- - ’7n)MKnxn
1 - '7n)Kn + (,u -1+ /y’rL)xn.

Tptl = VnTn + ( (36)

Let L'(©,v) be the space of integrable functions on a measurable space (£, F, v)
equipped with its natural norm given by

nfmzﬁﬂmm.

Let
DE):={feL'(E,v): f>0and [, fdv}
be the space of all densities on Q.

Definition 29 Let Q : L'(Q,v) — LY(Q,v) be a Markov operator. Then {Q"} is
said to be asymptotically stable if there exists f* € D for which

Qff =1
and for all f € D,
Jim | Q" f — =0

25



We assume that both the carrying capacity K, and the survival rate =, are ran-
dom and for all n, (K,,~,) is chosen independently of (xo, Ko,70), (1, K1,71), -\
(Xn—1, Kp—1,7n—1) from a distribution with density W(K,~).

The joint density of x,, K, v, is fu(2)W(K, ), where f, is the density of z,.
Furthermore, we assume that

E|K,| < oo, Elxy| < 00

and K?*¥(K, ) is bounded above independently of v and that ¥ is supported on the
product interval

[Kmin; OO) X [’Ymina 00)7

for some K,,;, > 0 and i, > 0.

Moreover, we assume there exists an interval (K, K,,) C RT on which ¥ is positive
everywhere for all .

Let h be an arbitrary bounded and measurable function on R and define b(K,, Vp, 2)
to be equal to the right-hand side of equation (36). The expected value of h at time
n + 1 is then given by

Elh(n)] = / " (@) fua (@) de. (37)

Furthermore, because of (36) and the fact that the joint density of x,, and =, is just
fn(x)U(K,~), we also have

E[h(anrl)} = na’ynvxn))]

= / // K7, 9) fa(y) ¥ (K, ) dydydy.

Let us define K = K(x,~,y) by the equation

(1 —)uKy
T DK+ =11y 38)

Solving explicitly this equation for K yields

(n—=1+7)y(x —yy) (39)

= 0 — @)

By a change of variables, this can be written as

dk
h(Znyi1)] = /// hz) fo(y)V(K,v)——————dzdydy.
’ {(@7y):0<z—yy<py} db(K, YY)
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A simple calculation yields

Bl = [ [ s e KW )y d

where

A={(7,y): 0 <z -y < py}. (40)

Equating the above equations, and using the fact that h was an arbitrary, bounded,
measurable function, we immediately obtain

fn+1 // 1 + ")/ ZB _17y)2fn(y)K2\Ij(K7 V)dlydy

Let P : L}(R') — L*(R") be defined by

1 2
// —1 —|— fy J} _ fyy)2f<y)K \D(K? ’Y)d’ydy, (41)

where k = K(z,7,y) is defined by (39) and A in (40).

We can now state the main theorem of this section

Theorem 30 [/] The Markov operator P : L'(R") — L'(R™) defined by equation
(41) is asymptotically stable.

For the case when 7, = v is a constant and K, is a random sequence, the following
attenuance result was obtain.
For almost every w € Q and x € R

n—1 n—1
1 1
Jim — ; zi(w,z) < lim ~ ; Ki(w)

that is we have attenuance in the mean.
It is still an open problem to determine the attenuance or resonance when both
Yn» and K, are random sequences on Z*.
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