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Abstract

We construct momentum mappings for covariant Hamiltonian field theories using
a generalization of symplectic geometry to the bundle Ly Y of vertically adapted lin-
ear frames over the bundle of field configurations Y. Field momentum observables
are vector-valued momentum mappings generated from automorphisms of Y, using the
(n + k)-symplectic geometry of LyY. These momentum observables on LyY general-
ize those in covariant multisymplectic geometry and produce conserved field quantities
along flows. Three examples illustrate the utility of these momentum mappings: or-
thogonal symmetry of a Kaluza-Klein theory generates the conservation of field angular
momentum, affine reparametrization symmetry in time-evolution mechanics produces
a version of the parallel axis theorem of rotational dynamics, and time reparametriza-
tion symmetry in time-evolution mechanics gives us an improvement upon a parallel
transport law.
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1 Introduction

Norris’ generalization [15, 16, 17] of the symplectic geometry of the cotangent bundle has
been a successful theoretical tool for particle mechanics. Norris has shown that, for an n-
dimensional manifold M, the standard symplectic geometry of the cotangent bundle T* M
may be obtained entirely from the n-symplectic geometry of the linear frame bundle LM.
The key component of n-symplectic geometry is recognizing that the canonical soldering
one-form [9] on LM may be employed as a vector-valued n-symplectic potential.

Subsequently, the author, together with Fulp and Norris, has shown that the multisym-
plectic geometry of the affine multiphase space Z introduced by Kijowski [7, 8] and refined
by Gotay, et al. [6], may be generalized by adapting Norris’s theory to Ly'Y, the bundle of
vertically adapted linear frames of a configuration bundle Y of a classical field [4, 10]. The
new theory reproduces the Poisson bracket of momentum observables defined on Z. How-
ever, the set of momentum observables on Z is not closed under this bracket, whereas the
analogous set of momentum observables on Ly 'Y is closed under their Poisson bracket [4, 10].

The purpose of this paper is to develop (n+k)-symplectic momentum mappings on Ly Y
(where n is the dimension of the parameter space and k the dimension of the range of the
field), and to use examples to illustrate some advantages of the (n+ k)-symplectic approach
to classical field theories. In Hamiltonian classical mechanics, momentum mappings are the
foundation for obtaining conserved quantities from Lie group symmetries of phase space
(the symplectic manifold), thus linking the group-theoretic aspects of a mechanical system
to the canonical aspects. In applications to classical field theories, the momentum mapping
in [6] is spacetime covariant, connecting Lie group symmetries to the canonical structures
of the covariant field theory. We show that the generalized symplectic structure of Ly Y
is invariant under automorphisms of Y lifted to LyY and that momentum mappings on
LyY produce the momentum mappings on Z found in [6]. This is analogous to the work
of Norris [16], in which the momentum mappings of standard symplectic geometry on 7 M
are generated from n-symplectic geometry on LM. A momentum observable on Ly Y is a
special case of a momentum mapping obtained from the Lie algebra of projectable vector
fields on Y.

As an example, we consider the (n 4 k)-symplectic momentum mapping constructed
from the infinitesimal generator of an orthogonal group. We obtain conserved quantities
along flows that give us frame bundle versions of conservation of field angular momentum
in a Kaluza-Klein theory. In time-evolution mechanics we develop two examples: Euclidean
group symmetry leads to a frame bundle version of a “parallel axis theorem,” and time-
reparametrization symmetry enables us to extend a result of Norris [15, 17] regarding parallel
transport of frames along geodesics of a Riemannian metric.
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The format of this paper is as follows. We review momentum mappings, first in multi-
symplectic geometry in Section 2, and then in n-symplectic geometry in Section 3. After
a brief summary of the (n + k)-symplectic geometry of LyY in Section 4, we introduce
momentum mappings on Ly Y in Section 5. In Section 6 we produce momentum mappings
on Z from those on LyY, and in Section 7 we derive conserved quantities. Examples are
found in Section 8.

2 Momentum mappings in multisymplectic geometry

We review the multisymplectic geometry of Gotay, et al. [6] and momentum mappings in
this context. Let X be an oriented n-dimensional manifold and let 7xy : Y — X be a fiber
bundle with standard fiber a k-dimensional manifold. (Note: In general, we shall denote a
projection from A onto B as mp4.) A classical field is a section of the field configuration
space Y over the parameter space X. From local coordinates {x'}, i = 1,...,n on X we
may construct local adapted coordinates {xi,yA}, i1=1,...,n, A=1,...,k, on Y. The
multivelocity bundle is the first-order jet bundle JY', the affine bundle over Y whose fiber
over y € Y consists of linear maps vy : Ty, (,) X — T,Y satisfying mxy, 07, = 1d Tr oy () X
The bundle of affine cojets [5, 6] J*Y is the vector bundle over Y whose fiber at y is
the set of affine maps from J,Y to /\ny(y)X. It follows that dim J*Y = dim JY + 1.

An equivalent description [6] of J*Y is useful. Define the vertical subbundle of TY to
be the fiber bundle V(7'Y) whose fiber over y € Y is

V(T,Y) :={wy |y €Y, wy € T,)Y and mxy «(wy) = 0} .
The multiphase space Z [6, 8] is the fiber bundle whose fiber Z,, is
Zy={zenY|vdwd z=0V, we V(T,Y)},

where _1 denotes the inner product of a vector with a differential form. The bundle Z,
originally defined by Kijowski [8], admits a canonical n-form,

O(z) = myz(2),

which is the pullback via inclusion Z < A™Y of the canonical n-form on A"Y. We can define
coordinates {x?,y4, P, p} on Z where {z% y4} are the lifts of the adapted coordinates of

0 0
p(z) = @J ”'J@J z, and (2.1)
; ~ 0 0 0 0 0
_ -1
where % denotes the omission of %. If we define in local lifted coordinates
Az :=dz' Ao ANda™, dV e = %J d"z, and d"_Qxij = %J aii dd'z,
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then © may be expressed locally as
O = phdy® Ad"La; + pdx

The nondegenerate (n + 1)-form dO is considered a multisymplectic structure form on
Z. The pair (Z,dO) is called a multisymplectic manifold [6].

Definition [5, 6] Let a Lie group G act on the left on Z and the multisymplectic structure
form d© be invariant under this action. Let g be the Lie algebra of §. A mapping

J:Z g oN1Z

is a momentum mapping if J covers the identity on Z and J , defined by

satisfies

dJj(€) = —£71 do,

where £z is the infinitesimal generator of the G-action on Z induced by & € g.

A momentum observable on Z is an (n — 1)-form f on Z that satisfies
df = -X1de (2.2)

for some vector field X on Z. The vector field X is called a Hamiltonian vector field on
Z. By definition, J (£) is a momentum observable and £z is the corresponding Hamiltonian
vector field.

The group AutY of fiber bundle automorphisms of Y over X in the multisymplectic
geometry of Z is the analogue of the group Diff X of diffeomorphisms of X in the symplectic
geometry of T*X. Let XY be the Lie algebra of vector fields on Y. Denote the vector space
of complete vector fields of Y that are projectable to X by A%,;Y. Note that Xp,;Y is
a Lie subalgebra of XY, since [rxy,v, Txy,w| = mxy4[v,w]. Formally, Xp,,;Y is the Lie
algebra of AutY. The proof is a routine extension of the proof in [1] that XX is the
formal Lie algebra of Diff X, provided that we identify XY with the tangent space at the
identity of Diff Y and A%,,;Y” with the tangent space at the identity of AutY. However this
ignores the topology of Y. Milnor [13] notes that if Y is compact then Diff Y is a Lie group
that admits a C'*° manifold structure. For noncompact Y we may choose only to consider
diffeomorphisms which are the identity outside a compact subset of Y. This leads to vector
fields that vanish outside this subset. There is also a slight ambiguity because &p,,;Y" serves
both as the Lie algebra and as the collection of infinitesimal generators. To resolve this, let
[€, (] denote the Lie bracket defined on the formal Lie algebra of left invariant vector fields
on the manifold AutY, and let [{y,(y] denote the usual Lie bracket defined on XY (in
which the infinitesimal generators of the action of AutY on Y are right invariant). See [1,
Exercise 4.1G] for a clarification.

The canomnical lift [6] of ny € AutY is a map

Nz:Z—Z 2 (ny)(2).
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The map 7z is a mxz-bundle map under which © is invariant. For £ € Xp,,;Y, it follows
that L¢,© = 0 and the induced momentum mapping defines a momentum observable

J(€)(2) =8, 0(2) =my (& d 2). (2.3)

It follows that .J is Ad* equivariant, that is, J(Ad;lf) = 15 (J(£)). Let T*(Z) denote the
vector space of momentum observables, and observe that & — .J () is a bijection from Xp,.;Y
to TY(2).

If in local adapted coordinates we write £ € Ap,,;Y as { = Ei(xj)% + 427, yP) 2,

ayA7
then X ' _ o
J(©)(2) = Pa&™ +pe")d" "y — ph&fdy™ A d" Py (24)
and
G, b, Sogh gl 9EBY ogr oA\ 0
_ ¢k Y A Y ¥ i YsaYs )y Y 7 e
s2=¢ Ok & oyA + <pA o3 PAgy ~PB oyt ) oply P oz +Pa oxt ) Op (25)

If we define a Poisson bracket by

~

{J(€),J(Q)} == —dO(£2,¢2) (2.6)

then using L¢,© = 0 and the Lie derivative identities [1, p. 121],
(X, Y]da=Lx(Yda)—Yd(Lyxa) and Lya=Xdda+dXda), (2.7)

we obtain
{J(€), (O} = J([6.¢) —d(ézd ¢z ©). (2.8)

For an alternative proof using the Ad* equivariance of .J, see [6, Prop. 4.5].

The Poisson bracket on T!(Z) given by (2.6) is not a true Poisson bracket because there
lacks an associative multiplication of (n — 1)—forms on which the bracket acts as a deriva-
tion. Worse, d(£z (7 ©) is not in T (Z) because from equation (2.2) the Hamiltonian
vector field of an exact form is the zero vector field on Z, but the momentum observable
corresponding to the zero vector field is the zero (n — 1)-form on Z. Thus, T (Z) is not
closed under the Poisson bracket. Equation (2.8) explains the remark in [6] that the Pois-
son bracket of two momentum observables “is up to the addition of exact terms, another
momentum observable.”

3 Momentum mappings in n-symplectic geometry

Here we briefly review Norris’s program of n-symplectic geometry [15, 16, 17, 18]. For an
n-dimensional manifold M, the linear frame bundle LM is the GL(n,R) principal fiber
bundle

{(m,{ei})|m e M,{e;},i=1,2,...,nis a basis for T,,M} .

We shall regard the R"-valued canonical soldering one-form € (see [9]) as an n-symplectic
potential, and df, a closed nondegenerate two-form, serves as an R"-valued n-symplectic
structure form. If u = (e, {e;}) € LM, A\ : LM — M is the canonical projection, and {r;}
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is the standard basis for R, then 0, (X) = e*(d \(X))r; = 6,
coordinates, 0 = wédxj.

The structure equation for n-symplectic geometry may take the general symmetrized
form

(X)r;, or in local canonical

aftiain) — —plx (T ] i) (3.1)

Here f = (f(i27i0)) . LM — @IR" (where ®, denotes the symmetric tensor product) is
a symmetric Hamiltonian observable, and X; = (X}m"% ~') is the corresponding R"-

valued Hamiltonian vector field (for 1 < i, <n,1 < a < p). Equation (3.1) may be also
be expressed in antisymmetric form, employing antisymmetric Hamiltonian observables,
(fline=ily . LM — APR™. The complete set of symmetric Hamiltonian observables (for
p > 1) admits a naturally defined Poisson bracket, under which the set forms a Poisson
algebra, while the complete set of antisymmetric Hamiltonian observables forms a graded
Poisson algebra with respect to its natural bracket. These brackets are the frame bundle
versions of the Schouten-Nijenhuis brackets [18].

Definition [16] Let § be a Lie group with an action on LM under which df is invariant.
Let g be the Lie algebra of §. A mapping J : LM — g* @ R" is a momentum mapping if

dJ(€) = ~¢pnd do VEe g

where £r3r is the infinitesimal generator of the G—action on LM generated by £ € g and

J(&) : LyY — R™ is defined by

JE)(w) =< J(w), > Ywe LM.

Thus, J(€) is a (symmetric/antisymmetric) Hamiltonian observable (for p = 1) and &1, is
its Hamiltonian vector field.

Norris has shown [16] that we can produce the symplectic structure of T*M from the
n-symplectic structure of LM and the vector space of polynomial observables on T*M (a
set dense in C*°(T*M)) from the symmetric Hamiltonian observables on LM. He also has
shown [16] that a momentum mapping associated to the lifted action of Diff M on LM
induces a momentum mapping on 7*M associated to the lifted action of Diff M on T* M.
For further details the reader should consult the literature [3, 4, 15, 16, 17, 18|.

4 (n+k)-symplectic geometry on the vertically adapted frame
bundle

For the (n + k)-dimensional fiber bundle Y, the vertically adapted frame bundle is
defined by
LvY :={(y,{ei,ea}) € LY | {ea} is a frame of V(T,Y)}.

We shall review (n + k)-symplectic geometry on LyY. For a more detailed summary,
see [4, 10].
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The bundle LyY is a reduced subbundle of LY obtained by breaking the GL(n + k)
symmetry of LY [10]. The structure group of LyY is the matrix group

Ga = {(N,K,A) _ ( Ny ) | N € GL(n), K € GL(k), AeR’M} ,

with multiplication given by block matrix multiplication. The free right action of G4 on
LyY is given by

(y: {eireal) - (N, K, A) := (y, {e;N] + ep AP epKL}). (4.1)
Let (y, {e’,¢4}) be the coframe dual to the vertically adapted frame (y,{e;,e4}). We may
define the right action of G4 on (y, {€’,€4}) by

(y: e, ) - (W, K, A) = (y A(N)jed, —(KTANTY e + (K1) geP)). (4.2)

The coframe in (4.2) is dual to the frame (y, {ei,ea}) - (IV, K, A).

The pullback of the (n + k)-symplectic structure form df via inclusion i : LyY — LY
is closed and nondegenerate on LyY, just as df is on LY [4]. Local canonical coordinates
on LyY are {z?, y* s s T, T } where {z?, y4} are local adapted coordinates on Y, L
e"(%), 7rf51. = eA(agB), and 7Tj = e xj) Let {ri}i=12,.n be the standard basis of R”
and {sa}a=12_ 5 be the standard basis of R*. Define #; := (r;,0) € R"M* and §4 =
(0,s4) € R""%. Then, {R.}u=12,..ntk = {75, 84} i=1,2,...n; A=1,2,..k IS the standard basis of
R™*. In local coordinates,

i*9:7r§dxjrl (rida’ + nhdy®)sa (4.3)

Define the vector space H FYLyY) of Hamiltonian observables on LY to be the collection
of functions f : LyY — R” such that df = —X fJ 1*df. The vector space of corresponding

Hamiltonian vector fields X'z on Ly'Y is denoted by H VI(LyY). Finally, define T1(LyY)

to be the vector space of tensorial R *-valued functions on Ly'Y. An element of T (LY
can be expressed in local coordinates as

A~

f= @ty @iy + (FAkyO)mE + 1ty )P ) @ s
For f € T! (LyY') we compute X » locally. This yields

aoft of° 4 0 off 4 OfF 4\ 0
(833i7rj + ozt B w7

k A BTCA_A
oyA  Oxd 87r  yB ony

; 0
Xf_faxl

subject to the constraints on f ,
of
Oy
Thus, TH(LvY) ¢ HF'(LyY), so we shall define TL(LyY) := HFY(LyY) N TYLyY).
The following proposition is proven in [10].

=0 Vi=1,...,n and A=1,...,k.

Proposition 4.1 T}(LvY), T'(Z), and Xp,,,Y are in pairwise bijective correspondence.
Furthermore, if n > 2 and k > 2 then HF'(LyY) ~ T\ (LyY) ® C®(X,R") @ C*(Y,RF).
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5 Momentum mappings on the vertically adapted frame bun-
dle

Definition Let G be a Lie group with an action on Ly Y under which ¢*d# is invariant. Let
g be the Lie algebra of §. A mapping J : LyY — g* @ R"** is a momentum mapping if

dJ(€) = —EL,y 1 di*9,

where &L,y is the infinitesimal generator of the G-action on LyY generated by £ € g and
J(€) : LyY — R"*¥ is defined by

J(Ew) = < J(w), £ > .

Clearly, J(€) € HFY(LyY) and &1,y € HVY(LyY). Note that if Ly'Y is invariant under
an action of G on LY then the momentum mapping on LY (as defined in Section 3) restricts
to a momentum mapping on Ly Y.

Now we consider momentum mappings when § = AutY. Define Aut(LyY) to be the
subgroup of Diff(LyY’) whose elements are fiber bundle automorphisms both over Y and
over X. Let ny € AutY cover nx € Diff X. Define the mapping

nLyy : LyY — LyY : (y,{ei,ea}) — (ny (y), {nv«ei, ny«€a}).

Clearly, nr, v is bijective and smooth and has a smooth inverse. By definition, 7y 1,y o
NLyY = Ny © Ty Lyy. SiNCe Txy.Ny«€A = Nx«Txy«€a = 0, it follows that ny.eq €
V(T,y)Y) and thus nr,y € Aut(LyY). Therefore, 0,y is the canonical lift of ny.
The (n + k)-symplectic potential *0 on LyY is invariant under the canonical lift of each
automorphism of Y. Conversely, every element of Aut(LyY') that leaves i*0 invariant is
a lift of an automorphism of Y. To justify this, we merely take a result in [9] for lifts of

Diff M to LM and modify it for lifts of AutY to LyY.

Remark We cannot naturally define a lift of Diff Y to Aut(LyY"). Indeed, let X = R and
Y = X x R. Define f € Diff Y by f(z,y) = (y,z). Then f*(a%) = 2 which implies that
S(V(TY)) 2 V(TY).

Denote the action of AutY on Y by ¥ : AutY xY — Y and the lifted (n+k)-symplectic
action on LyY by ¥. A pro jectable vector field generates a one-parameter group v of local
automorphisms of Y, which lifts to a one-parameter group z/;t of elements of Aut(U) on some
open set U C LyY. The vector field & := (d/dt)y on U is the infinitesimal generator of
¥ and thus is the natural lift of Erxy (U)-

Proposition 5.1 Let £ € &,,,Y be an infinitesimal generator of the action U. Then
J(€) =y A6

s in T‘l/(LVY), and its corresponding momentum mapping J is Ad* equivariant. Further-
more, every element of T, (LvY') can be identified with J(€) for some & € Xp,,;Y .
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Proof Because i*f is invariant under ¥, it follows that LgLVYi*G = 0. From (2.7),

d(épyy di*0) = =€,y d i*df o &,y A i*0 € HFY(LyY). If oy is the local flow of &7,y
in a neighborhood of w € LyY, then for g € G4, Ry o Uy =y 0 Ry. Thus, Rg.&r, vy (w) =
§Lyy (Rg(w)). Because i*0 is G 4-tensorial, it now follows that Ry (£L, v J i*0)(w) = gt
(€nyy - i*0)(w). So &L,y - i*0 € T (LyY). The proof that J is Ad* equivariant is anal-
ogous to [1, Thm. 4.2.10]. By Proposition 4.1 any element of T‘l/(LVY) can be identified
with some ¢ in &p,.;Y and thus with j(f) O

For ¢, ¢ € &p,,;Y, define an R™*_valued Poisson bracket by

~

{J(é.)’j(g)}u = _di*au(gLVY7CLVY)7 n= 1,2,...,7’L+k’ . (51)
By equation (5.1), identities (2.7), and the fact that m.y 1, v[EL, v, Coyyv] = €y, &vls
{J(©), J(O)} = J([£,<))- (5.2)

Observe that (5.2) has no additional term, in contrast to (2.8).

6 Recovering multisymplectic momentum mappings
Define a linear left action of G4 on the vector space R™** x R as follows.
(N,K,A) - (B,\) :==det(N ) (NBK '\ — tr(BK ' A)) (6.1)

The associated vector bundle Ly Y x g, (R™* x R) is constructed using the actions in (4.1)
and (6.1). For a point (y,{e;,ea}) € LyY, define

wle):=e A2 A ne? and w(e)i :==ed w(e), (6.2)

where {e'} is the dual basis of {e;}. From (4.2), if (y, {e},€4}) = (y,{ei,ea}) - (N, K, A)
then w(e’) = det(N"Hw(e) where e = {e;} and e’ = {e!}.
The map

p:LyY xg, R™F xR) — A"Y

(W Aeneal). (BA)] (v Byeh Aw(e); + Awle) (6:3)

is a vector bundle monomorphism over Y, and the range of p is Z. Thus, the multisym-
plectic phase space Z is a vector bundle over Y associated to LyY. The proof of the this
result appears in [10]. The relationships between local coordinates {x%, y, p%;, p} on Z and
{xi,yA,wi,wg,wlD} on LyY are

ply = det(n) Byra(r™)!  and  p=det(z®)(Byri(x H)E+ 1) .
Let B € R™* and X € R. Define the map

by P LvY — Z i w e plw, (B, \)]. (6.4)



A Frame Bundle Generalization of Multisymplectic Momentum Mappings 10

The map ¢(p ) preserves fibers over Y, and its range is a subbundle of Z with standard
fiber the G 4-orbit of (B, \). The G 4-orbits for all nonzero B € R™** are classified by the
rank of B. Using Proposition 4.1 we may establish that for £ € A%,;Y,

¢, SLvy =&z (6.5)

This is analogous to [16, Thm. 5.2] and is easily verified by local coordinate calculations.

Lemma 6.1 For n > 2, the A"R"™*_valued n-form i* A" 0 on LyY can be related to the
canonical n-form © on Z by

(N0, V (B, N)) = 6,0 (6.6)

where the map V : R™V* x R — AR has components

1 1 .
‘/;,1171(37)\) = ﬁ)‘eil...in ’ VAi1...in_1 (BvA) = EBAJAGjil...in_l

and VAl...Alil...in_l(B7)\) =0 Vi 2 2.

The proof of this lemma is in [10]. Observe that (6.6) holds for n = 1 if V;(B,A\) = A and
Va(B,\) = Ba.

Lemma 6.2 Let U be the lift to Z of the action V. Let B € R™* and A\ € R. Then,
using (6.3),

v (77Ya [(y’ {eia EA})a (Ba /\)]) = [‘i’(ﬁY» (y7 {€i> GA}))a (B7 >‘) .

Consequently, ¢p ) © Up(w)=Tyo P (w).
Proof Let (y,{ei,ea}) € LyY. From (6.2),

. . 1 . .
w(e) = Heil...ine“ A---Ne™ and w(e); = mﬁjhmiw&” A Nent

where €;, ; is the sign of the permutation (1,...,n) + (i1,...,4,). Using (6.1) and (6.3),

(ny, (y,{ei ea})), (B, )\)} ~  (ny(y), Bh(ny«)** Aw(ny.e)i + Aw(nye))
= (). my' " (Bae Awle)i +w(e))

~ U(ny,[(y,{ei,ea}), (B, N)]).

By choosing representatives of the equivalence classes, we see that ¢(p y) o NG flw) =Vyro

d,yy(w). O

Let {R*}pu=1,...,n +k, be the basis of R""*" dual to {R,}. Define the A\"TsR" "+
valued (p+q)-form Ry, ..., = Ryy A+ -ARy,, € ATR™F and R#1Hm .= REMA... A RHm €
AR Let o be a ATR"F-valued p-form and let 3 be a AR -valued ¢-form on a
manifold. Then oo = o#1"#r @ R,,..,, and B = g1 @ R, .., . Define

a A= (TN L) @ Ry s -
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Theorem 6.3 Let w € LyY and (B, \) € R™* x R.
b5 (T2()) = (Jyy (€) A (A1), n V (B, A) )
where V (B, \) € AN"ROTR)* is defined in Lemma 6.1.

Proof Let ; be a local one-parameter group of X, and let 1/;t on LyY andjf)t on Z be the
respective lifts. Tt follows from Lemma 6.2 and equation (6.5) that ¢ x) 0¥t = P10 @B x),
and thus ¢(p ) €L,y = €z © ¢(p,x). Using Lemma 6.1 and equation (2.3),

(JLoy @ A0 0 VB = ((€nyy d A"%0), V(B,N))

Eyy - dp )"0
= ¢ (24 O)
= dmrJIz(6). O

The last theorem motivates the representation of T75(LyY) in the space of A IR F.
valued m-forms by

J(&) — J(&) N (ANi*0) (6.7)
for 0 < m < n+ k. By induction,

Epvy d A0 =m J(€) A (ANTTLi%) . (6.8)

For each 0 < m < n + k — 2 the form d(A™*1i*0) is closed and nondegenerate. Using (6.8)
and
convd(AN"0) = mdo A (N"10),

it follows that
d(I(€) A (N*0)) = —€p,y I (i A (N"776))

For 0 < m < n+ k define a bracket on the image of representation (6.7) by
L) A (N™70), J(C) A (N70)} 1= Eny I Coyy L (%08 A (A7)

If m = 0 then this becomes the bracket on T{,(LyY) given by (5.1). This sign convention
for the bracket is consistent with [6] and is the negative of that of [15]. Computation on
the forms yields, for 0 < m < n + k,

{J() A (A™770), () A (A™3°0)} - (6.9)
= {J©: T} A(A"3"0) +md(J () A T(O) A (A"T1i76))

Equation (6.9) is of particular interest when m = n — 1. In this case we have reproduced
on LY the result in (2.8) that T'(Z) is not closed under its bracket operation. But recall
that TL(LyY) already possesses a well-defined Lie algebra under (5.1), and by (6.5) an
infinitesimal generator of the lifted action of AutY on LyY pushes forward to a generator
of the lifted action on Z. Thus Proposition 4.1 and equations (5.2) and (6.5) combine to
demonstrate that the (n+k)-symplectic momentum observables of Ly Y not only generalize
the momentum observables on Z but also possess an algebraic structure that is absent on Z.
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7 Conserved quantities

Let ST?(LyY) denote the vector space of tensorial R @, R *_valued functions on LY.
Let HF?(LyY) denote the vector space of R"* @, R"**_-valued symmetric Hamiltonian
observables, namely, functions g = g#¥S,,, on LyY that satisfy the equation

dg" = —2X " 1 i*de”) , (7.1)

where X#R,, is an R"*_valued Hamiltonian vector field and Sy = R, ®s R,. Finally, let
STZ(LyvY) :=ST*(LyY) N HF?(LyY).
A function § € ST?(LyY) appears in local coordinates on LyY as

~

g(w) = gImiriSu + gUn i wiSia + g A min S (7.2)

ij_A_B iC_A_B CD_A_B
+ gni w7 Sap + g m G Sap + 9" mempSas,

where the component functions ¢, ¢*4, and ¢g48 are functions of zF and y4. If § €
STZ(LyY) then the only additional restriction is that ¢ = ¢¥(z*). So STZ(LyY) is
in bijective correspondence with the space of projectable symmetric tensors of degree 2 on
Y. This extends Proposition 4.1 to degree 2.

As in the theory on LM [15], symmetrization in equation (7.1) means that the R™**-
valued Hamiltonian vector fields X 5 R,, are not uniquely determined by g € ST, 3(LVY).
Rather, they are determined locally up to the addition of vector fields Y#R,, which satisfy

Y _1#de”) = 0. (7.3)

Thus each Y* must be a vertical vector field. For a given g € ST 5(LVY), two Hamiltonian
vector fields are in the same equivalence class [X fﬂ“Ru if their difference Y* satisfies (7.3).
Obtaining vector fields only up to equivalence does not affect the basic (n + k)-symplectic
algebraic structures on LyY. For example, if f € TH(LyY) and g € STZ(LyY), then
define a Poisson bracket by

{£,9} == =X3(8") S

or use any representative of the equivalence class [X]* to define a Poisson bracket by
{3, f} = —2X(F) Sy

As a consequence, {§, f} = —{f,3}.

The proof of the following lemma and theorem are given by Norris [16] for LY and are
easily modified for LyY. For the theorem, Norris examines actions of subgroups of Diff Y,
but we may modify his proof to accommodate actions of subgroups of AutY'.

Lemma 7.1 Let f = f”RH € TL(LyY) and let Xf be its corresponding Hamiltonian vector
field. Let g € STE(LyY) and let X; be a representative of its equivalence class [Xg] of

corresponding Rf”‘k—valued Hamiltonian vector fields. If {g,f} = 0, then for each u =
1,2,...,n+k, f* is constant on the orbits of each Xt € [X;]".
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Theorem 7.2 Let ® be an (n+ k)-symplectic action of a subgroup H of AutY upon LyY,
and let J be the corresponding momentum mapping. Suppose that § € ST‘%(LVY) s tnvari-
ant under the action. Then J provides n + k integrals of § in the sense that

JHE (u) = J"(u),
where F} is the flow of any representative of [Xg]*, for p=1,2,...,n+ k.

Momentum mappings on Ly Y are not dissimilar to those on LY, but the following examples
on LyY illustrate the advantage of the inherent vertical adaptation.

8 Applications of momentum mappings

8.1 Angular momentum in a field theory

We use momentum mappings on Ly 'Y to express angular momentum in a field theory, thus
improving upon examples on 7*M [1] and on LM [16]. Let X = R" and Y = R""*_ and let
{x?,y*} be adapted coordinates on Y. Let n be a flat metric on R™ and ¢ be a flat metric
on R*. Assume an Ehresmann connection v : TY — V(TY). The Kaluza-Klein metric
is the fiberwise bilinear map G on 7Y,

G(v,w) = mxyn(v, w) + t(y(v),v(w)) .
If we use the trivial Ehresmann connection, then in adapted coordinates,

Gv,w) = mjviwj + tapviw® .

Let Oy(n) be the orthogonal group with respect to the metric  and let O,(k) be the
orthogonal group with respect to ¢. Define a left action ® : (O, (n) x O,(k)) x Y — Y by
left matrix multiplication on column vectors in R"** and ®,(y) := ®(g,y). Define a left
action

@1 (0y(n) x O,(k)) x X — X

by ®(g,x) = mo ®(g92) =: @,(x) where R" — R™* . x + 7 is inclusion. Because ®,
and @, are bijections and ® o7 = mo @y, it follows that g — P, is a representation of
Op(n) x O, (k) in Aut(Y).

Remark The larger group Og(n + k) does not possess a nontrivial left action on X = R".
Under left multiplication of GL(n + k) on R"** g € GL(n + k) leaves R™ invariant if and
only if g € G4. Thus, we use Oy(n) x O,(k) = GaNOg(n + k).

To compute the infinitesimal generators, let £ = §/E}, € oy(n) x o, (k) C gl(n + k),
where {E}/} is the standard basis for the Lie algebra gl(n + k) and {EJ’, E4} is a basis for
0y(n) x 0,(k). Then

ij 9  .ap0
v (y) = &/ o7 + foB&/ﬁ-
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Note that mxyv«(&y (y)) = Ex(mxy«(y)). Now, &y is a Killing vector field of G. Indeed,
it is easy to verify that
G (
Let u € LyY and € € 0,(n) x 0
the action defined above is

gY)Vm +GHV(§Y)V7;L: 0. (8'1)
(k). The momentum mapping on LyY associated with
Tovy () (u) = garnlr; + (abri + 8yCri)sa,

and if {C}'} is the basis of gl(n + k)* dual to {E};} then
J(u) = C’jx U 7+ (Cj.’Ekﬂ'jA + CByPrd)sa
= nsz”fv mif + (uCl'a mt + LppC PPy rR)8a (82)
= (x[l-ﬂ'j]c Tr + (x[iwj]‘(?ji +YpT }CBD> SA> .

The function G € S T‘Q,(LVY) corresponds to the metric G and represents the energy tensor.
Via equation (7.1), G produces an R™**_valued Hamiltonian vector field, whose components
are

1 ik 7, A jk__A BC__A
a= ’I’]] and X% = ’I’]] ] k 4+ 713? . (83)

Equation (8.1) implies that the Xg are tangent to the O,(n) x O,(k) subbundle of LyY.

By Theorem 7.2, each J* is constant along X g for the same . We may interpret J*
to be the i*" component of the (extrinsic) angular momentum in parameter space (e.g.,
Minkowski spacetime) and J 4 to be the A™ component of the total angular momentum
(both extrinsic and field) in the field configuration space. As a result, we may integrate the
first equation in (8.3) to obtain that

i A B _C kj B _C
th( Y 7T;7L,7Tn,7TD) (.’L’ +t77 jﬂ-ay y Ty 77Tn77TD)

is the flow of Xé on X. Likewise, The flow for X‘f1 is

FtA(xkv yA7 ﬂ_im7 7‘—57 Wg) (LL' + tnk]ﬂ—] 7yC + tLCBW§7 ﬂ—in Wr?a Wg)
In fact, 4 ' 4
Jio Fl = illzbloy, = (no sum on 1) (8.4)
and
JAo A = illaboy, 4+ ¢PyPlopg = J4 (no sum on A) (8.5)

which is consistent with Theorem 7.2. From (8.4) we may obtain n independent conserved
quantities, corresponding to conservation of extrinsic angular momentum in n independent
directions in parameter spacetime. Similarly, from (8.5) we may obtain conservation of total
angular momentum in the n + k dimensions of the field theory.

If n = 1 then we may model time-evolution particle mechanics on (RF,:). The group
action is up to linear time rescaling, merely that of O,(k) on R¥. Equation (8.4) is trivial
and (8.5) reduces to J4 o FA = ylAyBlC p = JA. Thus, time rescaling has no effect on
conservation of angular momentum. Likewise, if £ = 1 then we may model scalar fields over
parameter space (R, 7). The group action is, up to linear rescaling in the field, merely that
of Oy(n) on R™. Then (8.4) is left intact and (8.5) reduces to (8.4). Thus, the scalar field
angular momentum comes purely from parameter space.
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8.2 Affine symmetry in time-evolution mechanics

We’ll examine the previous example more closely in the case where n = 1, extending an
example found in [10]. Local coordinates will be {z° = t,44}. and, again we assume a
trivial connection of ¥ = R'** over X = R and construct the Kaluza-Klein metric G on Y,

G(v,w) = v°w® + Lapviw? .

Construct a subgroup of GL(k + 1) defined by

9(k):={<i Ig)‘KGOL(k),UGRk}.

The group G(k) is the semidirect product of R¥ with O,(k). The left representation & :
G(k) xY — Y defined by left matrix multiplication covers the trivial representation of G(k)
on X =R, so that for all g € G(k), ®, € Aut(Y). Lift ®, to an action of §(k) on LY.
The corresponding Lie algebra g(k) is the semidirect product of R* with o,(k), and may be
represented as a subalgebra of gl(k + 1) by

g(k)={<2 2 >‘keoL(k),veR’“}

If we express the basis of g(k) by {F35, sc} where {E4} is the standard basis for o,(k) and
{s¢} is the standard basis for R*. For ¢ € g(k), we may write & = kA ER + v4s4. In local
coordinates the corresponding infinitesimal generator on Y is &y (y) = (kay? + 2% )8%.
The corresponding momentum mapping on LyY is

J(€)(u) = (kgy“nl + a0 7 ])3p
or if {C4, s} is the basis of g(k)* dual to {E%,sc},
Jw) = (yPrBCh + %78 sMsp = (y[Dﬂ'E}CAD + 2078 sMsp .

The function G corresponding to the metric G is in ST 2(LyY) and, via equation (7.1),
produces an equivalence class of R'**-valued Hamiltonian vector fields [X al]- We choose a
representative of this equivalence class, expressed in local coordinates as

0 0 0
0o __0 d A A BC_A )
XG T 920 an XG =T 570 +¢ ﬂBayC

0= and g4 =78 =7 =#) = 0.

Integrating with suitable initial conditions we obtain FY = (2° 4+ «d\, y4, 78, 7, 73). So,

Along an integral curve of Xg, we get the equations &

JOoF) =J=0.
Along an integral curve of X 2’ we obtain the equations

P =mg, 9= 3, and #f=#f =70 =0.
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Integrating with initial conditions we get Fi! = (2 + 7'\, y¢ + MBCr8, 75 7 70). So,
JBoFB = (@ +78NnBst + (y¢ + MERB)rBCE no sum on B
= xoycLAcsA + yEyDLAD(;'é + )\i‘OLACyCSA
= ypipC7F +2°9%acst + Ailracy© s
= JB 4 Xi%pcpCst . (8.6)

Apparently (8.6) violates conservation of angular momentum along the flow, because
F/{B is not an integral of the motion. In fact, the additional term describes the contribution
to the angular momentum from shift of the point in Y under the translational part of §(k).
Indeed, if the action is restricted to O, (k) C G(k), then the extra term disappears as in equa-
tion (8.5), and again angular momentum is conserved along flows in the spatial directions.
Thus the (n + k)-symplectic geometry adjusts the angular momentum to accommodate a
change in reference frame.

If k = 3 and ¢ is the Euclidean metric on R3, then §(3) = E(3), the Euclidean group.
Equation (8.6) may be interpreted to be the parallel axis theorem of classical rigid body
mechanics. If k = 4 and ¢ is the Lorentz metric, then §(4) = E(4), the Poincaré group, and
(8.6) indicates how to transform 4-angular momentum when boosting from one relativistic
inertial reference frame to another.

8.3 Time reparametrization symmetry in time-evolution mechanics

Let X = R and let Y = R x @, where (@, g) is a k-dimensional Riemannian manifold.
Local coordinates on Y are {20 = t,y4}. Assume a generic connection v : TY — V(TY)
expressed locally by v(v) = (v* — v994)=2;. The resulting Kaluza-Klein metric G on Y’

. . oy
has local coordinate expression,

Gv,w)=(1+ gABWA'yB)UOwO + gAB’)’A(UBwO + vPw?) + gapviw® .
Let § = Diff R act on Y by time reparametrizations. The corresponding Lie algebra
g may be identified with C*°(R), and we may identify g*, the space of densities on R,
with g. This action may be represented in AutY, as it leaves the fiber of Y constant, and
thus the action lifts to LyY. In local coordinates, f € Diff R has infinitesimal generator
fy = f(xo)%, which lifts to a projectable vector field on LyY, fr,v = f(wo)a%o. Using
Proposition 5.1 the corresponding momentum observable is

T () = 160205

d (rpdy® + ntda®)34 + 7)da"0) = f(a°) ({54 + mhio)
or
Jryy i f—f- (7T()4§A +W8f0).

On LyY we may note the time-dependence of the momentum observables. In fact the
second term describes momentum along the time parameter and the first term provides an
adjustment in momentum in the fiber of Y to account for the time reparametrization.

By (7.1), The tensorial function G € STZ(LyY) corresponding to the Kaluza-Klein
metric G produces equivalence classes of R!™*-valued Hamiltonian vector fields [X oIt It
in addition, a Hamiltonian vector field is required to satisfy a “no-torsion” condition,

Xt Xy di*do =0,
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then the Hamiltonian vector field is unique and may be expressed locally as

0 0
g G”’\W,’/‘TY)\ +1IY G"wﬂ'uﬂi\a 3

(8.7)
where {Y#} = {29y} and 'Y, are the Christoffel symbols of the second kind for the
Levi-Civita connection defined by G. Note that several terms such as 7Tf4, ng, and F’go will
vanish in (8.7). From this we may write the differential equations for the integral curve of
Xg through a point v € LY. We obtain a geodesic equation,

i + TP yC + 20 By Pa® + Tgya®i® =0,
and an equation of parallel transport of vertical frames,
~T5py"nd = Thpy" g — T5ed"n — Moi’mg = 0.

This improves upon a “parallel transport” result of Norris [16, 17]. Indeed, Norris’s example
is done on the linear frame bundle LQ and the symmetry group is just Oy(k). In order for
the Hamiltonian vector field to drive the parallel transport of a frame along a geodesic (that
is, a solution to §4 + I‘A /B3¢ = 0), one must assume that one of the legs of the frame is
tangent to the geodes1c, restrlctlng the types of frames that may be parallelly transported.
However, in the present example, the choice of a nontrivial connection vy produces a parallel
transport law for an arbitrary frame along a geodesic.

9 Conclusions

This investigation shows that the (n + k)-symplectic geometry of the bundle of vertically
adapted linear frames LyY of a field configuration bundle Y extends the n-symplectic
geometry of Norris [15, 16, 17] to provide momentum mappings for field theories. The
“allowable” classical field momentum observables are a special case of these momentum
mappings, generated by lifting a bundle automorphism of Y to create a momentum mapping
on LyY. These momentum observables improve upon the momentum observables found
in the multisymplectic geometry of Gotay, et al. [5, 6]. Examples of (n + k)-symplectic
momentum mappings produce: conservation of field angular momentum in the parameter
space and in the total field theory, adjustments in angular momentum conservation laws to
accommodate a change in inertial reference frame of a mechanical system, and generation
of a parallel transport law for arbitrary frames along geodesics in a Riemannian manifold.
This work sets the stage for a theory of (n + k)-symplectic reduction by symmetry. Re-
duction by symmetry in this context would address field theories with symmetry but would
employ a finite-dimensional approach. Progress on the Lagrangian side of this problem is
seen using the multisymplectic approach [2, 11] and using the n-symplectic approach [12, 18].
It is hoped that a full program of field-theoretic reduction by symmetry, analogous to cotan-
gent bundle, Lie-Poisson, or Euler-Poincaré reduction, will emerge in the recent future.



A Frame Bundle Generalization of Multisymplectic Momentum Mappings 18

Acknowledgements

This research was partially supported by the John M. Bennett, Sr., Fellowship at Trinity
University and by an ROA supplement to NSF grant DMS 9802106. The author also thanks
R. O. Fulp, J. E. Marsden, L. K. Norris, and the referee for their helpful comments.

References

[1] R. Abraham and J.E. Marsden: Foundations of Mechanics, 2nd ed., Benjamin and
Cummings, Reading, Massachusetts 1978.

[2] M. Castrillén Lépez, T.S. Ratiu and S. Shkoller: Proc. Amer. Math. Soc. 128 (2000),
2155.

[3] R.O. Fulp, J.K. Lawson, and L.K. Norris: Int. J. Theor. Phys. 33, 1011 (1994)
[4] R.O. Fulp, J.K. Lawson and L.K. Norris: J. Geom. Phys. 20 (1996), 195.

[5] M.J. Gotay: In Mechanics, Analysis and Geometry: 200 Years after Lagrange, pp.
203-235, North Holland, Amsterdam 1991.

[6] M.J. Gotay, J. Isenberg and J.E. Marsden: Momentum Maps and Classical Relativistic
Fields I, unpublished notes, 1997.

[7] J. Kijowski: Commun. Math. Phys. 30 (1973), 99.
[8] J. Kijowski: Bull. Acad. Sc. Polon. 22 (1974), 1219.

[9] S. Kobayashi and K. Nomizu: Foundations of Differential Geometry, Vol. I, Inter-
science, New York 1963.

10] J.K. Lawson: Rep. Math. Phys. 45 (2000), 183.
1] J.E. Marsden, G.W. Patrick and S. Shkoller: Commun. Math. Phys. 199 (1998), 351.
2] M. McLean and L. K. Norris: J. Math. Phys. 41 (2000), 6808.

13] J. Milnor: In Relativity, Groups and Topology II, Les Houches Session XL, 1983, pp.
1008-1057, Elsevier, Amsterdam 1984.

[14] A. Nijenhuis: Indag. Math. 17 (1955), 390.

[15] L.K. Norris: In: Proc. Symp. Pure Math. 54, Part 2, pp. 435-465, Amer. Math. Soc.,
Providence, Rhode Island 1993.

[16] L.K. Norris: J. Geom. Phys. 13 (1994), 51.

[17] L.K. Norris: J. Math. Phys. 38 (1997), 2694.

[18] L.K. Norris: J. Math. Phys. 42 (2001), 4827.

[19] J.A. Schouten: Proc. Kon. Ned. Akad. Wet. Amsterdam 43 (1940), 449.



