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Pn = fn(x)
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F (x) = g(f(x))
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G(x) = f(g(x))
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f(x) = Ax(1 − x)
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g(x) = Bx(1 − x)
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{x f f(x) f f 2(x) f . . . f fn(x) f . . .} \
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465/798;: � :=<>8on2A�pqGBHJILKBM

x
IONrFdsjFdKBMutvPjwLwyx6GBFd[hIiHbVjIikmH&XzGBFd[hIiHbV

n
I X{MLDBFd[|FrF}T~IONdMLN

m > 0
NdtBk|D�MLD�PjM

fn+i(x) = f i(x)
XZHJ[�PjwLw

i ≥ m \ CED�PjM�ION f f i(x)
IONlGBFd[hIiHbVjIik9XZHJ[

i ≥ m \
k



465/798;: � :=<>8��EA�p M��lH��Wkdx kdwOF H&X�M=DBF�M��lH��OGBFd[hIiHbVjIik+K'HJK�� Pjt1M HJK'H��+HJt/N6VjxJK>P	� IikWPjw
Ndx NdM F
� {

f(x) = Ax(1−x), g(x) = Bx(1−x)
} ION PSG�PjIL[ {

x0, f(x0)
} NdtBk|D M=D�PjM

g(f(x0)) = x0

ION��jwOHj`|PjwLwyx�PjMuM [}P kdMuILK�+I X
x ∈ (0, 1) ⇒

lim
n→∞

F n(x) = lim
n→∞

(g ◦ f)n(x) = x0 \
��� 5 < � 5� ?BA �9(:,$��Q*+;$�A��� � ;o�#���'�/,1�'�n��� tcG/GBHcNcF

f : R → R
ION k|HJKBMuILKBtYHJt/N \� t G/GBHcNcF

f
D�PJN P GBFd[hIiHbVjIik�GBHJILKBM�H&X�G>[hI��+F�GBFd[hIiHbV�� \�� X k . l

ILKmMLDBF_HJ[}V Fd[dILK�

3 . 5 . 7 . · · · . 2 · 3 . 2 · 5 . · · · . 22 · 3 . 22 · 5 . 22 · 7 . · · ·
.23 · 3 . 23 · 5 . 23 · 7 . · · · · · · . 23 . 22 . 2 . 1

M=DBFdK
f
Pjw�NcHQD�PJN P GBFd[hIiHbVjIik�GBHJILKBM�H&X�GBFd[hIiHbV

l \
� ����� !$0��v#&%'�)(z�^� �)( �-, #&,'3

��� 5 < � 5� ]EA �N,1���������'4���; �! E,$��0��'��[����:��" FdM
ε
PjK>V � `dF+PjKBx{M��lH GBHcNdILMuILsjF [ FWPjw

KBt#� `dFd[ N \ CEDBFd[ F F}T~IONdMLN P$�zILK N
NdtYk|D{MLD�PjM �

< kε \
465/798;: � :=<>8&%EA " FdM � `dF-P�K'HJK'F
� G>Mux NcFdM;H&X [ FWPjw1KBt� `dFd[ N�MLD�PjM IONe`dHJt K>V FWV�P/`dHJsjF \p ;$�9[�,$������� HJ[ ����(;L"g�9[�[e��,g%&�/��094 H&X � f V FdK'HJM&FWV ;1��[b� f IONQP+[ FWPjw KBt� `dFd[ µNdtYk|D{MLD�PjM

' I)(
x ≤ µ f XZHJ[ PjwLwYT�ILK � \' ILI)( � X � ION PjKmtcG/GBFd[ `dHJt1K>V XZHJ[ � f MLDBFdK µ ≤ � \

465/798;: � :=<>8+* A " FdM � `dFSP�K'HJK'F
� G>M xSNcFdM9H&X�[ FWPjw1KBt� `dFd[ N�MLD�PjM ION-`dHJt1K>V FWV `dFdwOH�� \p K ��09d)�-��� HJ[ .,$��(
"5�';L"z���s\<�',<%e���0�4 H&X � f V FdK'HJM&FWV ��09! � f ION�P [ FWPjw>KBt#� `dFd[ νNdtYk|D{MLD�PjM
' I)(

ν ≤ x f XZHJ[ PjwLwYT+ILK � \' ILI)( � X � IONQPjKBx�wOH��lFd[ `dHJt K>VSXZHJ[ � f M=DBFdK ν ≥ � \
��� 5 < � 5� gEA �#��� �]�/�3[9����"$�'0���;$;S�hB>���/� !u�/,

R
� � X � ION PQK'HJK'F
� G>Mux�NcFdM"H&Xe[ FWPjwKBt#� `dFd[ N MLD�PjMlION_`dHJt1K>V FWV�P/`dHJsjF f MLDBFdK NdtcG � F}T~IONdMLN ILK R \ �,� I�� ILw Pj[hwyxSXZHJ[ ILKZX �I X � IONQ`dHJt1K>V FWV�`dFdwOH�� \ �

��� 5 < � 5� n2A " FdM � `dF+P K'HJK'F
� G>M x�NcFdM H&Xz[ FWPjw)KBt� `dFd[|N+PjK>V wOFdM
µ
PjK>V

ν
`dF

[|FWPjw KBt� `dFd[ N \' I)( � tcG/GBHcNcF�MLD�PjM � ION `dHJt1K>V FWV+P/`dHJsjF \ CEDBFdK µ = sup
� I X PjK>V6HJKBwyx�I X

µ
ION

PjK6t G/GBFd[�`dHJt1K>VlXZHJ[ � PjK>V f XZHJ[�FdsjFd[dx ε > 0 f M=DBFd[ F F}T~IONdM=N�PjK T ILK � NdtYk|DMLD�PjM
µ − ε < x ≤ µ \' ILI)( � tcG/GBHcNcF�MLD�PjM � ION `dHJt1K>V FWV+`dFdwOH�� \ CEDBFdK ν = inf

� I X PjK>V�HJKBwyx I X
ν
ION

P+wOH��lFd[ `dHJt K>VSXZHJ[ � PjK>V f XZHJ[QFdsjFd[hx ε > 0 f M=DBFd[ F F}T~IONdMLN PjK6T�ILK � NdtYk|DMLD�PjM
ν ≤ x < ν + ε \

-



��� 5 < � 5� � A YP0�"5�',1�3��4���(
"5� � (�����U�#���'�,$�'�n�
' I)( � tcG/GBHcNcF

f : [a, b] → R
ION k|HJKBM ILKBtBHJt N \ � t G/GBHcNcF�MLD�PjM f(a) = u

PjK>V
f(b) = v \ CEDBFdKQXZHJ[ PjKBx�� `dFdM��lF|FdK t PjK>V�s f MLDBFd[ F F}T~IONdM=N_k f a ≤ c ≤ b fNdtBk|D{M=D�PjM

f(c) = z \' ILI)( � X>XlIONeP_k|HJKBMuILKBtBHJt N f [ FWPjw � sJPjwytBFWV9Xht1K'kdMuIiHJK{HJK [a, b]
PjK>V�I X

f(a)·f(b) < 0 fMLDBFdK_X�� t NdM�D�PjsjF sJPjwytBF��+PjM)NcH��+FlGBHJILKBM"ILK
(a, b) \

��� 5 < � 5� %EA �#�9� ����(:0 � (���9�3�#�����/,$����� � tcG/GBHcNcF M=D�PjM
f
ION6k|HJKBM ILKBtBHJt N{HJK

[a, b]
PjK>VrVjI ��Fd[ FdKBM IuP/`bwOF6HJK

(a, b) \ CEDBFd[ F{F}T~IONdM=N�P+GBHJILKBM c
ILK

(a, b)
NdtBk|D M=D�PjM

f ′(c) = f(b)−f(a)
b−a

\
��� 5 < � 5� * A �h(�'�����/,1;$�N�#�9�'�/,1�'�n� � tcG/GBHcNcFSMLD�PjM�X�PjK>V �zPj[ F�VjI ��Fd[|FdKBMuIuP/`bwOF�HJK
[a,∞) f MLD�PjM f(a) = g(a) f PjK>V MLD�PjM f ′(x) < g′(x)

XZHJ[+PjwLw2TmILK
(a,∞) \ CEDBFdK

f(x) < g(x)
XZHJ[QPjwLwvT�ILK

(a,∞) \ (
� I�� ILw Pj[hwyx-XZHJ[�ILKBM&Fd[hsJPjw�N_H&X�MLDBF)XZHJ[ �

[a, b] \ )
��� 5 < � 5� � A �]�)(��0��G������ � X�X PjK>V �+Pj[|FQVjI ��Fd[ FdKBMuIuP/`bwOF�Xht K'kdM IiHJK�N f MLDBFdK
(f ◦ g)′(x) = f ′(g(x))g′(x) \�� K G�Pj[dMuIikdt w Pj[ f I X h(x) = fn(x) f MLDBFdK
h′(x) = f ′(fn−1(x)) · f ′(fn−2(x)) · . . . · f ′(x) \
��� 5 < � 5� �EA�� � �
	[���"5(� � ;]�G�������� t G/GBHcNcF MLD�PjMvX�PjK>V���Pj[ FQFWP k|D{k|HJKBM ILKBtBHJt N HJK
[a, b]

PjK>V�VjI ��Fd[|FdKBMuIuP/`bwOFQHJK
(a, b) \ � tcG/GBHcNcF�M=D�PjM-k IONQP GBHJILKBM-H&X [a, b]

NdtYk|D{MLD�PjM
f(c) = g(c) = 0 \ � t G/GBHcNcF Pjw�NcH�MLD�PjM f HJK NcH��+F_V FdwOFdM FWV6K'FdI �JD�`dHJ[ DBHcHbV N ′(c) f g′
V HcF|N�K'HJM�sJPjKBION|D \ � X lim

x→c

f ′(x)
g′(x)

= L
F}T~IONdMLN f MLDBFdK lim

x→c

f(x)
g(x)

Pjw�NcHzF}T~IONdMLN�PjK>V+F��bt�Pjw�N
L \

vgvhvaw� ���-���p|U� �  ���h���{��
 E,$�Q*+��09.N;$�>`3���'0�"S%&�/��0�4�;q"5�R.�)(,5(:0A"$�'�="5���<./���/%�(���D7U(;L7>��[9"$�"5���zrsJ ��7+�'���<\G�����

,$�'2A����,$�O(:0f(%�;1"$,5(�C"R"5�+�/�����/0��-\G�9�����8\G������.����4��t"5���-;$��(:,$���b!u�/,N���>�'(:"5��0�.�;1�����
%e�/�90�4�;'Xg�#���a!u������Q\G��0�._���'���3(�4��+�';Ei1��;1"g"5�)(
"�?�\G�������-(��;$�3([�[��D7+��0�.3��"5;1�'�D!�"5��(
\G���/���F����(;1;#�!�!u�90���"$���/0�;�X
�"5� � 	 ?BA��UHJ[ P Xht K'kdM IiHJK

F
��ILMLD6M=DBF ��ILMLD{MLDBF)XZHJwLwOH���ILK��G>[ H|GBFd[hM IiF|N��

' I)(
x < x0 ⇒ F (x) > x' ILI)(
x > x0 ⇒ F (x) < x' ILILI)( |F ′(x0)| < 1' ILs (
F (0) = 0 fM=DBF)RUT1FWV�GBHJILKBM

x0
ION �jwOHj`|PjwLwyx�PjMuM [}P kdMuILK�+I X PjK>V6HJKBwyxzI X�� D�PJN�K'H�HJMLDBFd[lGBFd[hIiHbVjIik

HJ[b`bILMLN \
�l[ HcH&X \ ⇒ � �=7{�]�/0�"5,$(4����C"5���/0 �� ��"

F
�)(�*/�a(O./���%)(���D73(:"$"$,5(�C"5��09.�d9B>�'4p[&�/��0A"

x0 ∈ (0, 1)
�

∀x ∈ (0, 1)
?

lim
n→∞

F (n)(x) = x0

X
�



�N;1;$�����
F
�)(;h(O[e��,$���+4����R[e���0�"

y ∈ (0, 1)
?
y 6= x0

?)�!��,$4���,h�nX
�>��09�'�

y ∈ (0, 1)
?

lim
n→∞

F (n)(y) = x0

X
� �DB

0 < ε < |x0 − y| X�=73"$���N4��Cd)0��D"5���0��!�"5�9�R�����3�D"S�!q(-;$��2A���'0����? ∃ko ∈ N
;1������"5�)(
"

k ≥ k0

? |x0 − F (k)(y)| < ε
X

�<7��N,$���9�����'4���; �  E,$��0��'��[����:? ∃p ∈ N
;$�����n"5�)(
"

k0 < m · p X�<7�"5���F4��Cd)0���"$���/0o�:!E(O[e��,$���>4����R[&�/��0�"�?
F (mp)(y) = y

?
7��" |x0 − F (mp)(y)| = |x0 − y| > ε
⇒⇐ lim

n→∞
F (n)(y) = x0

X
∴ F

�)(:;h09��[&�',1���+4����N[e�/��0�"5;'X

⇐ � �<7{�]�0A"$,5([&�/;1��"5�D*/� ��N;1;$�����t"$���',1�F��;G(O[e���0�"
x̄
\G�9�/;$�t�/,$%9��"

{x̄, x1 = F (x̄), x2 = F (x1), . . .}
4��+�';G0��"G���/0�*/�',1./�a"$�

x0

X
�z(;$� ¡ �E�#���t�/,1%���"#�:!

x̄
��;#�C*/�'0�"$�)(���D7o;1"$,$����"5�D7�"$�_"$���F���C!M"G�!

x0

X
∃n ∈ N

;1������"$�)(:"G!u�/,
k ≥ n

?
F k(x̄) < x0

X
�<7 ' I)( ?

F n(x̄) < F n+1(x̄) < F n+2(x̄) < . . . < x0

X
�#���F;1�'2A���'09�'�O(%&�Q*/�F��;#%&�/��094��'4�(0�4n�3�0��"5�0��U��0���,$�'(;$��0�.�?
;$� (

lim
n→∞

F n(x̄) = ¯̄x
) X

�<7��'�/0�"5��0A����"P7?
F (¯̄x) = F

(

lim
n→∞

F n(x̄)
)

= lim
n→∞

F n+1(x̄)

= ¯̄x�#�A��;�?
¯̄x
��;G(O0��C\ d9B>�'4�[e���0�"�X

�z(;$�-r>�E�#���t�/,1%���"#�:!
x̄
��;#�C*/�'0�"$�)(���D7o;1"$,$����"5�D7�"$�_"$���F,$��./��"G�!

x0

X
∃n ∈ N

;1������"$�)(:"G!u�/,
k ≥ n

?
F k(x̄) > x0

X
�<7 ' ILI)( ?

F n(x̄) > F n+1(x̄) > F n+2(x̄) > . . . > x0

X
�#���t(%&�Q*/�t;$��2+�9�'0����-��;#%&�/��094��'4�(0�4n�3�0��"5�0��U4��'��,$�'(;$��0�.�?
;$� (

lim
n→∞

F n(x̄) = ¯̄x
) X

�<7��'�/0�"5��0A����"P7?
F (¯̄x) = F

(

lim
n→∞

F n(x̄)
)

= lim
n→∞

F n+1(x̄)

= ¯̄x�#�A��;�?
¯̄x
��;G(O0��C\ d9B>�'4�[e���0�"�X

�z(;$�ak9�E�#���t�/,1%���"#��;#��09d�0���"$�'��73�!M"$�'0V"5�O"5���F����!M"G(094�,1��./��"G�!
x0

X
� ��"

x′ = sup{F n(x̄) : F n(x̄) < x0}
?

(094
x′′ = inf{F n(x̄) : F n(x̄) > x0}

X
�]��(���n�

F (x′) ≥ x′′ X

�



�N;1;$�����
F (x′) ∈ (x′, x0)

X
F
��;#���/0�"5��0A�����;'?);1�3�����+�/;1�

ε > 0
;1��(���@�'09�/��./�n;$�����

"5�)(:"#!u�,
x ∈ N(x′, ε), F (x) ∈ N(F (x′), δ)

\G�9�',$�
0 < δ < min{|F (x′) − x′|, |F (x′) − x0|}

X
�<7o�#�����/,$��� - ? ∃i ∈ N

;1������"$�)(:"
F i(x̄) ∈ N(x′, ε)

X
�g�'09�'�

F i+1(x̄) ∈ N(x0, δ) ⊆ (x′, x0)
⇒⇐ x′ = sup{F n(x̄) : F n(x̄) < x0}

X
∴ F (x′) /∈ (x′, x0)�N;1;$�����

F (x′) = x0

X
�<7 ' ILILI)( ?

x0

��;G(O���+��(:����73(:"1"5,$(��"$��0�.�d9B>��4p[&�/��0�"�?9;$�
∃γ > 0

;1�����n"$�)(:"G!u�/,
x ∈ N(x0, γ)

?
lim

n→∞
F n(x) = x0

X
F
��;#���/0�"5��0A�����;G;$�������>�;$�

ε > 0
;$�3(���@��0��/��.�n;1�����

"5�)(:"S!u�/,
x ∈ N(x′, ε)

?
F (x) ∈ N(x0, δ)

!u�,
0 < δ < γ

X
�<7o�#�����/,$��� - ? ∃F i(x̄) ∈ N(x′, ε)

X)�g��0��'�:?
F i+1(x̄) ∈ N(x0, δ) ⊆ N(x0, γ)

(:0�4
lim

n→∞
F n(x̄) = x0

X
⇒⇐ 4���d)09��"5���/0V�!

x̄
X

∴ F (x′) 6= x0�N;1;$�����
F (x′) ∈ (x0, x

′′)
X

F
��; �'�/0�"$��0A���/��;�?:"$�+�9;������+�/;$�

ε > 0
;$�3(������0��/��./�a;$�����

"5�)(:"#!u�,
x ∈ N(x′, ε)

?
F (x) ∈ N(x0, δ)

\G���',1�
0 < δ < min{|F (x′) − x0|, |F (x′) − x′′|} X�<7o�#�����/,$��� - ? ∃i F i(x̄) ∈ N(x′, ε)

X
�g�'09�'�?

F i+1(x̄) ∈ N(x0, δ) ⊆ (x0, x
′′)

⇒⇐ x′′ = inf{F n(x̄) : F n(x̄) > x̄} X
∴ F (x′) /∈ (x0, x

′′)
X

∴ F (x′) ≥ x′′ X�<7��#���'�/,1�'� - ? ∀ ε > 0
? ∃ F i(x̄) ∈ N(x′, ε)

XE�#�A��;�?�%A7
"$���F�'�/0�"5��0A����"P7��!

F k
?
k ∈ N

?)�����+�/;$�
ε > 0

;$�3(���e�'0����./�
;1������"$�)(:"#!u�/,

F j(x̄) ∈ N(x′, ε)
?

F j+1(x̄) ∈ N
(

F (x′), δ1

) (0�4
F 2(x′) ∈ N(F i+1

(

x̄), δ2

)

F 3(x′) ∈ N(F i+2
(

x̄), δ3

)

XXX
F n(x′) ∈ N(F i+n−1

(

x̄), δn

)

\G���',1�
0 < δn < x̄ − x′ (:0�4 F i+n−1(x̄) ∈ (0, x̄)

\G�������
��;#./�)(:,5(0�"5���'4V"5�_�CB>��;1"h%�7o�/��,G��(:;$�t(;$;1����[9"5���/0@X

�#����0 ∃ n ∈ N
?
n > 1

?);$�9����"5��(:"
F n(x′) ∈ N

(

F i+n−1(x̄), δn

)

⊆ (0, x̄)
X

�]��(���n�
F n(x′) ≤ x′ X�N;1;$�����

F n(x) ∈ (x′, x0)
X
F
��;#���/0�"5��0A�����;'?�;$�

F k ��;
�



�'�0A"$��0A���/�9;G!u�,
k ∈ {1, 2, . . . , n} X)�h�'0����?������+�/;$� ε > 0;$�3(���@�'0����./�V;$�����n"5�)(
"h!u�,

x ∈ N(x′, ε)
?9"5�9�F!u������Q\G��0�.

�+�'�'�9,$;'�
F (x) ∈ N(F (x′), δ1)
F 2(x) ∈ N(F 2(x′), δ2)XXX
F n(x) ∈ N(F n(x′), δn)\G��"5�

δn < min{|F n(x′) − x′|, |F n(x′) − x0|}
X

�<7o�#�9�'�/,1�'� - ? ∃i ∈ N
;1������"$�)(:"

F i(x̄) ∈ N(x′, ε)
X

�g��0��'�:?
F n+i(x̄) ∈ N(F n(x′), δn) ⊆ (x′, x0)

⇒⇐ x′ = sup{F n(x̄) : F n(x̄) < x0}
X

∴ F n(x′) /∈ (x′, x0)
X

∴ F n(x′) ≤ x′ X�]��(���n� ∃x̃ > 0
;$�9����"5��(:"

x̃ < F n(x̃) < x′ X�<7 ' ILs ( ?
F (0) = 0

?9"5�A��;
F n(0) = 0

X
F
��;#�'�/0�"5��0A���/��;h(:"

�9?);1�
F k
��;#���/0�"5��0+�9�/��;g(:"S��!u�/,
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√
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√
3− 6

A

3A(A−2)(A−2)3

=
−3(2A−1)

√
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2 A ∈ (3, A′)
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��;#./�)(,$(0�"5�'��4n"$���U!u�/�����Q\G��0�.�[9,$�/[&�',L"5����;'�
�6� � F (x)

�)(;G�CB9(�C"5�D7o�/0��Ud9B>�'4�[e���0�"
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⇒⇐ � �/,

1 < B < PB

?
F
�)(;#�WB�(:��"5�D7o�/0��Ud9B>��4p[&�/��0�"G��0
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)
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(
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√
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√
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√
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(
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√
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F
\G�D"5�

1 < B < PB

��(;G�CB9(��"$��7o�0��Rd9B>�'4�[e�/��0�"
x0 ∈ (0, 1)

X
∴ x̄ = x0

(0�4
x0 ∈
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(
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