A CHARACTERIZATION OF THE HENON MAP FROM R? TO
2 2
R? FOR a >0 AND =212 o o (-0)

XITAOLING L. ANG

ABSTRACT. In this study we seek to characterize the recurrent dynamics of
the map
F(z,y) = (y,9> + az + )

from R%to R2, for a > 0, and ¢ < %. In §3 and §4 we define two regions
in the parameter space A = {(a,c)|a > 0} that have no chain recurrent points
other than the fixed points. In §5 and §6 we explore the dynamics of the rest
of A to demonstrate that the dynamics in the regions defined in §3 and §4 are
unique in A. In §7, we conduct a survey of the dynamics of F for 0 < a < 1
and ¢ = 0.

1. INTRODUCTION
The map
(1.1) T:(z,y)— (1+y—az®br)a=140b=0.3

presented by Hénon in 1978 as the simplest, smooth map that contains a strange
attractor sparked interest in the study of polynomial plane automorphisms. In
recent years, there has been a flurry of research activity concerning generalized
Hénon maps, which are defined as maps of the form

g:(z,y) = (y,2) = (y,p(y) — dz);
(1.2) 0 = det Dg

[5]
whose importance is confirmed by Friedland and Milnor’s discovery that every pla-
nar polynomial automorphism is conjugate to a composition of generalized Hénon
transformations [5].

This study seeks to utilize the tools developed for planar polynomial automor-
phisms in C?by Bedford and Smilie [2][3], Friedland and Milnor[5], and Shafikov
and Wolf[9] to characterize the recurrent dynamics of a specific family of Hénon
maps in R?, given by the equation:

(1.3) Fla,o)(®,y) = (y,y* +az +¢),
for a > 0. We pay particular attention to the families of functions F{, ) for which

2 2
a > 0,a # 1 and # <c< %, where we prove that the only chain
recurrent (and hence nonwandering and periodic points) are the two fixed points,
and then show that these are the only regions that exhibit this behavior for a > 0.
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2 XIAOLING L. ANG

In order to punctuate the surprisingly regular behavior of maps in this parameter
space, we characterize the recurrent dynamics of the case wherec =0and 0 < a < 1.

2. BACKGROUND INFORMATION

In this section we list the definitions and theorems necessary for our proofs.
2.1. Definitions.

Definition 2.1. [6] A map F : R? — R? is C1 if all of its first partial derivatives
exist and are continuous. F is C> if all of its mized k*" partial derivatives exist
and are continuous for all k.
Definition 2.2. [8] A function f: X — X from a metric space X to itself is called
a diffeomorphism provided it is

(1) one-to-one

(2) onto
(3) continuous

(4) its inverse F~1: X — X is continuous.

Definition 2.3. [6] Let F™(p) =p

(1) p is a sink or attracting periodic point if all of the eigenvalues of
DF™(p) are less than one in absolute value.

(2) p is a source or repelling periodic point if all of the eigenvalues of
DF™(p) are greater than one in absolute value.

(3) p is a saddle point otherwise, i.c., if some of the eigenvalues of DF™(p)
are larger and some are less than one in absolute value.

Definition 2.4. [8] For a map f : X — X a point p is called nonwandering
provided for every neighborhood U of p there is an integer n > 0 such that F™(U)N
U # (. Thus, there is a point ¢ € U with F™(q) € U. The set of all nonwandering
points for f is called the nonwandering set and is denoted by Q(f).

Definition 2.5. [6]A closed region N C R? is a trapping region for F if F(N)
is contained in the interior of N.

Definition 2.6. [3] The stable and unstable sets of a point p are defined as
W2(p) = {q: lim d(f"(p), f"(a)) = O},
W(p) = {q: lim d(f"(p),f"(q)) = 0}

Definition 2.7. [3] We can construct a conjugacy invariant, which we call the
dynamical degree, as follows:
d=d(f) = lim (deg f*)= = lim (deg fo---o f)n

n—oo

Definition 2.8. [3]

K* ={qeC?:{f*"(¢) :n=1,2,3,...} is bounded},
JE =0K*

K=K+tnK-

J=J"nJ"
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Definition 2.9. Let f: A — A and g : B — B be two maps. [ and g are said to
be topologically conjugate if there exists a homeomorphism h : A — B such that
ho f=goh. The homeomorphism h is called a topological conjugacy.

Mappings which are topologically conjugate are completely equivalent in terms
of their dynamics. [6]

Definition 2.10. [8] Let r > 0 be an integer. Let f,g: R — R be C" functions and

J C R be an interval (usually closed and bounded. Define the C" distance from
ftoghby

drs(f,9) = sup{| f(x) = g(@)|. |f'(@) = g'(@)], -, |V (2) =g (@) s 2 € T}

Definition 2.11. [6] Assume r > 1. Let f : R — R be a C" function. A function
f is C" structurally stable provided there exists an € > 0 such that f is conjugate
to g on all of R whenever g : R — R is a C"-function with dr,R(f,g) < e. A
function f is said to be structurally stable provided it is C' structurally stable.

Definition 2.12. [6] Let F' be a diffeomorphism. A point ¢ is chain recurrent
for F, if, for any € > 0, there are points x = xg,x1,%2,...x, = = and positive
integers ny,...nyg such that

|Fn‘ (il'ifl) — ZL’Z| < €

for each i.

Definition 2.13. [1] Let f be a C” diffeomorphism on a C* manifold M, with the
uniform C” topology, 1 < r < oco. Then f satisfies Axiom A if and only if:

(1) Q(f) has hyperbolic structure, and

(2) The periodic points are dense in Q(f).

2.2. Theorems.

Theorem 2.1. [6] Let F be a diffeomorphism in R? Suppose F has a saddle point
at p, Then there exists € > 0 and a smooth curve, i.e., a C! curve

v (—€€) — R?
such that

(1) 7(0) =p.
(2) (1) #0
(3) 7¥/(0) is an unstable eigenvector for DF(p).
(4) ~yis F~Yinvariant.

(5) F~"y(t) — p as n — oo.

(6) If |F~"™(q) — p| < € for all n > 0 then ¢ = ~(t) for some t.

The curve + is called the local unstable manifold at p. This implies that the
stable and unstable manifolds are smooth curves that emanate from the fixed or
periodic point.

Theorem 2.2. [3] Let f be a polynomial diffeomorphism of C?satisfying d(f) > 1
Let p be a saddle point of f. Then JT is the closure of the stable manifold W*(p)
and J~ is the closure of the stable manifold W*(p) and J~ is the closure of W*(p).

Theorem 2.3. [3] when |det Df| < 1 the chain recurrent set of f is equal to the
set of bounded orbits (in forward and backwards time) not in punctured basins.
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Theorem 2.4. [5] If g is hyperbolic, then the periodic points are dense in J, i.e.
Per(g|y) = J.

Theorem 2.5. [2] If g is a hyperbolic polynomial diffeomorphism of C?, then it
satisfies Axiom A.

Theorem 2.6. [9] Let f be a hyperbolic regular polynomial automorphism of C™
and let p be a point in C™. Then one of the following exclusive properties hold
(1) There exists q € J such that |f*(p) — f*(q)] — 0 as k — oo;
(2) There exists an attracting periodic point o of f such that | f*(p)—f*(a)] — 0
as k — oo
(3) {f*(p) : k € N} converges to 0o as k — oc.

Theorem 2.7. [9] Let f be a hyperbolic regular polynomial automorphism of C™
with |det Df| < 1. Then
(1) We(J) =J*;
2) w(J)=J \{a,...,an}, where the a; are the attracting periodic points
of f;
3) Qf)=JU{a,...,an}.

Theorem 2.8. [9] Let f be a hyperbolic regular polynomial automorphism of C™.
Then f is Axiom A.

Theorem 2.9. [2] If |detDg| = 1 then int K+ = int K~ = int K. If |detDg| < 1
then int K= = (,If |detDg| > 1 then int KT = (.

Theorem 2.10. 2] g: (z,y) — (y,2) = (y,p(y) — az)
there exists a constant R > 0 so that |y| > R implies that either |z| > |y| or|z| > |y|
or both.

2 2
3. RESULTS FOR 0 < a < 1,754 < ¢ < =0

—3(1—a)2 —a)?

Let P = {(a,¢)|0 < a < 1, % <e< %} andlet Fp = {F(,,¢)(7,y)|(a,c) €
P}. From here on we shall simply refer to F, ) as F'.
Note that in Fp,

(3.1) DF(z,y) = ( 2 ;y )

So |det DF (z,y)| = |a| =a < 1.
In order to apply the theorems in §2, we must first understand the behavior of fixed
points of the maps in Fp.
The eigenvalues at a point(x,y) are given by

(3.2) A=y + V(P +a)

A2 =y —+/(¥?+a)

And if (xf,yy) is a fixed point then

Ty =¥Yr
(3'3) yf:y]zp—f—a:rf—‘rc
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So
Yr =yi+ays +c
0=yf+(a—1ys+ec
(1—a)++/(1—a)?2—4c
2

Denote the fixed points by (z4+,y+), (x—,y-).

- _ (1=a)+y/(1—a)2—4c
(3 4) Ty =Y+ = 2
’ (1—a)—+/(1—a)2—4c
2

=Ty =Yy =

x_:y_:

Through computation, we show that the character of the fixed points is similar
for all maps in Fp, which allows us apply the theorems in §2 in a systematic manner.

Lemma 3.1. If % > c > 0 then F has an attracting fized point, t, and a fived
saddle point p.

Proof. Since ¢ > 0, /(1 —a)? —4c < 1 — a. Hence

0<y, = (d-a)t ;17(1)2740 < 2(12_a < 1 and
y_ = (l—a)—\/;l—a)g—élc > 0 yet

~ (l=a)—y/(1—a)2—4c 1-a
Yy = 5 < 5.

Suppose 0 < y < 1. Then

y+vVyt+a<l

(3.5) =>Vy2P+ta<l—y
' =y?+a<l—2y+y?
1—
=y < 5
and

y—Vy*+a>1
(3.6) —Vy*+a>1-y>0

=<

It follows from (3.6) that |As] < 1 for y; and y_. If follows from (3.5) that
[A1] > 1 for y4 and [A;] < 1 for y_. So (z4,y4+) is a sink, and (z_,y_) is a saddle
point.

(]

Lemma 3.2. If ¢ < 0 then F has an attracting fized point, t, and a fived saddle

point, p, if and only if ¢ > M.

Proof. Let y > 1

Then clearly |y + /y?> +a|l =y + /y?>+a >y > 1. Consider |y — /y?> +a| > 1.

Then

ly— VP tal=ViPta-y>1
=y 4+a>142y+y°
(3.7 =a—1>2y
:>O>“T_1>y
S
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Consider y < 0.

Suppose |y +/y? +a| > 1

Then
ly +Vy? +tal=Vy*+a—lyl <1
= vVy2t+a<l+|y|
(3.8) =y?+a <1420yl + ]y
= oL <yl
=y> 1

Hence |y + v/y? + a] > 1 for all y < 0. Suppose |y —/y?+a| <land 1<y <0

Then
ly —Vy2+al <1
Vyita+ly <1
(3.9) VYR t+a<l-—ly|

y? +az <1—2y|+ |y|?
a—1< =2yl
T <y

It is clear that if ¢ is negative, then y, = (-a)ty élia)z%c > 1_7‘1, which fulfils

the criteria of either (3.7) or (3.5) in Lemma 3.1.So (y4,y+) is a saddle point.

So we have to consider the behavior of y_ = -a)-y ;1_(1)2_40. From (3.8) and
(3.9) we see that, in order for our parameter space to be connected, the following
must hold:

(1—a)— élfa)zfﬁlc S act

2
—/(1—=a)?—4c>2(a—1)

(3.10)
(1—a)®2—4c<2(1—a)
(1—a)?—4c<4(1—a)?
—3(1—a)?
c< (4 )
So (y—,y—) is an attracting fixed point. a

Now that we’ve established the character of the fixed points and the non-existence
of points of period 2, we can consider how the map in C? \ R? interacts with the
map in R2.

Define A = {(z,y) € C?|f"(z,y) € R? for some n € N.

Proposition 3.1. ANR? = 0.

Proof. Suppose ANR? # (. Then there exists (zg,y0) € U such that F(zo,yo) € R2.
Then F?(z,y) € R? since F(z,,y,) € R? V(z,,y,) € R%

(3.11)

F2(x0,y0) = (22, 42) = (1,47 + 21+ ¢) = (yp + axo + ¢, (y5 + azo + ¢)? + ayo + ¢)

Since y2 + axg + ¢ is real, and (y2 + azg + ¢)? + ayo + c is real, it follows that
(y2 + axg + ¢)? + c is real, ayp is real, which implies that yq is real.
But since yq is real, y3 + ¢ is also real, so 2o must be real. So (zg,y0) € U. =< O
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This permits us to consider only points initially in R?when studying the dynamics
of the system, which is particularly useful when considering the stable and unstable
manifolds of a saddle point.

Lemma 3.3. There are no points of period 2 for F(z,y) € Fp.

Proof. If there are periodic points of period 2 then they must satisfy the following
system of equations:

x:y2+ax+c

3.12
(3.12) y= (> +ar+c)?+ay+c
So,
_ .2
(3.13) yow e

Y= 1—a

Substituting for y,

x2+c 2

T = (1_a) +ar+c

(3.14) (1—a)z=(2*+c)*+(1—a)ax+c
0=a*+2c2? — (1 -a)z+c((1-a)*+c)

0=(*+(1-a)®+((1—a)?+c)(z®>—(1—-a)z+c)

Since the equation 0 = 22 — (1 — a)z + ¢ corresponds to the fixed points, if there
are points of period 2 they must satisfy the equation

(3.15) P +(1-a)z+((1—a)*+¢)=0
But consider the discriminant to (3.15):

(1—a)?—4)[1—-a)®>+ >0
(3.16) —3(1—a)®—4c>0
_3(14—(1)2 > c

Which implies that F'(z,y) ¢ Fp. =<«
O

Theorem 3.1. The two fixed points, t, an attracting point, and p, a saddle point,
are the only periodic points for F in R2.

Proof. d(f) = nlzlgzo(Q”)% =2.

By Theorem 2.2, J© = W§,(p) and J~ = W (p). By definition, if a point is in
& (p) NR? then it must attract to p under backwards iteration, so W (p) N\R? =

W (p)-

Assume v is a periodic point. By Theorem 2.9, since |det Df| =a < 1, int K~ = {).

Because the orbit of a periodic point must be bounded under backwards iteration,

ve K- COK™ =J =W¥(p).

Since, by the unstable manifold theorem, W*(p) can be parameterized by smooth

curves, if g € J\ {t} \ {p} then

Case 1: ¢ € W¥(p)
f*(v) = pasn— oo
. v is not periodic. =<«
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Case 2: g€ J~ \ W"(p)
Since W*(p) is a smooth curve, ¢ is one of at most two limit points® of
W (p) that is not in W"(p).
Case A: Let g be a fixed point. Then there are three fixed points. But
under F~1(z,y),

(3.17) 2-1 = (o — 25 = ¢)
Y-1="=2o

Since x_1 = xg and y_; = yo for a fixed point, zg = é(:co — a3 —¢).

Hence the existence of three fixed points violates the Fundamental
Theorem of Algebra.
Case B: Let q be a periodic point.
Denote the other limit point of W*(p) not in W*(p) by ¢’. Then if ¢ is
periodic, it must be of period 2, or else there will be a point in W%(p)
in its orbit. But there are no points of period 2 by Lemma 3.3. =<«
So there are exactly two periodic points, which are the fixed points.
O

Lemma 3.4. J NR? C {t,p}, where t is the attracting point and p is the saddle
point.

Proof. By Theorem 2.7, Q(f) = JU{a1,...,amn}, so JNR? C Q(f) NR? =
{t.p}. O

Lemma 3.5. Let r € R? and m € C2\ R2. Then |f*(m) — f*(r)] - 0 as k —
implies that F*(r) — p or F*(r) — t.

Proof. Consider Theorem 2.6. When r € J or r € Per(F), r is a fixed point. So
consider following cases:
Case 1: m € J\ Per(F)
Since J is F-invariant, F¥(m) — R? = F*(m) — JNR? C {¢,p}.
Case 2: m € Per(F)
Suppose m is periodic of prime period j. Since F*(m) € C? \ R2Vk € N,

min{d(F(m), R2)}22, = min{d(F(m), R:)}_y = § > 0
= d(Fi(m), Fi(r)) > d(F(m),R?) > § > 0

= |[F¥(r) — F¥(m)| » 0 as k — o0

S

By (iii) in Theorem 2.6, if neither of these cases hold, then F¥(r) — oo as k —
0. g

Theorem 3.2. There are no chain recurrent points of F in R2.

Proof. Suppose ¢ is a chain recurrent point. Then its orbit is bounded under
forwards and backwards iteration by Theorem 2.3. Since it is chain recurrent, it
cannot be in the basin of attraction of the attracting point, so it must lie in Wi, (p).
Since int K~ =0, K~ NR? C J~NR? C W (p). Note that we can disregard points
in [(JTUJT)NR?Y\ (Wi (p) UWE(p)) because from Theorem 2.6 and Lemma
3.5, they must converge to co under iteration. So a point can be chain recurrent if

LThis fact remains to be verified, but we are confident that it is true because the stable and
unstable manifolds are Lipschitz [8].
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and only if it is in W, (p) N WEa(p). If ¢ # p, then ¢ is a homoclinic point, which
implies the existence of periodic points of infinitely many periods. But there are
no periodic points other than the fixed points. =<« O

(12 _2\2
4. RESULTS FOR a > 1, =17%° < ¢ < (120)

Let M = {(a,c)|la > 1, _3(14_'1)2 <ec< (1_4’1)2}.

In our treatment of this region, we realize that the same ideas that apply to the
map under forward iteration also apply to it under backwards iteration.

Theorem 4.1. If F € F); then F has a repelling fixed point, r, and a saddle point,
p.

Proof. Recall that the fixed points are given by the equations

_ (1=a)+y/(1—a)2—4c

Y+
(4.1) (1—a)—/(I—aP—ic

Yy- = 2

and the eigenvalues of a point are given by

(4.2) M=y+Vy +a
Ae=y—\y*+a

Consider a > 1,y < 0. Then

ly+Vy? +al >1

= —lyl+ V2P +a>1
(43) = y2+a>1+|y|

=92 +a>14+ 2y +y?

= ol > |yl

= <y

Clearly, [y — /y2 +a| > | — V1| = 1.
2
or ———— > ¢ > 0 it follows that y; > 5% and y_ < =52, so y4 is an attracting
For 1= 0 it follows that y; > 15% and =4 50y, ttract
point and y_ is a saddle point.
Now consider y > 0,a > 1.

Clearly y 4+ /y2 +a > V1 > 1.

Suppose
ly —Vy*+al <1
=y—y2+a>-1
(4.4) Sy+1>?+a
=y +2+1>y’+a

a—1
=y > 93

—~

—~No

—
[SIIEN)
S}

Consider the case where (a,c) € U,c < 0. Suppose y4 > “5*. Then

l-a)++v/(1—-a)—4c>a—1
(I1-a)2—4c>2(a—-1)
(4.5) (1—a)? —4c > 4(1 — a)?
“4¢ > 3(1 — a)?
—3(1—a)?
e
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So when (a,c) € U,c < 0, (y4+,y+) is a repelling fixed point and (y_,y_) is a
saddle point.
[l

It follows that under backwards iteration, (y4,yy) is an attracting fixed point
and (y_,y—) is a saddle fixed point. Since

(16) P (ey) = Gy — o~ 0),2)

The Jacobian of which is given by

—2x 1
-1 — a a
(4.7) DF~ (z,y) = < 1 5 >
and
. —1| 1
|det DE = (z,y)|=|—|=-<1
a a
and
d(FY =2

Using arguments analogous to those in §3, we can conclude the following about

U:

Theorem 4.2. The chain recurrent set (and hence Q(f) and the set of periodic
points) for F € U consists exclusively of {r,p}.

_ _ 2
5. PERIODIC POINTS FOR a > 0, ¢ < M

This section demonstrates how the maps in Fy, where N = {(a,¢)la > 0,a #

2
l,e< w}, have infinitely many periodic points.

Proof. In the following proof we are only considering a > 0.

Case 1: y >0
If y > 1, then clearly y + /y%2 +a > 1. If y < 1, then

y+vVyi+ta>1
(5.1) Vyi+a>1—y

y2—|-1a>1—2y—|-y2
—a
Y>3

and for all y > 0

ly —vVy?+al>1
Viyit+a—y>1

(5.2) Viyi+a>1+y
yi+a>1+2y+y?
sl >y

Case 2: y <0

ly+vy?+al >1
(53) V vy +a— |y| >1

v +a>1+2)yl +y?
asd > |yl



HENON MAPPING 11

If |y| > 1, clearly |y — v/y2 +a| = |y| + Vy2 +a> 1. If [y| < 1,

ly—Vy>+a[ <1
ly|+ Vy2+a<l1

(5.4) \/21‘/2 +a <11yl
v +a<1-2yl+y?
ly| < 15
y > 45

Case A: 0<a<1
Suppose y_ = (17a)—y/(17a)7 e > 2=1 Then

2
(1—a)—y/(1—-a)?—4c>a—-1
2(1—a) > /(1 —a)?—4c
(5.5) 4(1—-a)®>> (1 —a)?—4c
3(1—a)? > —4c

The fact that @ < 1 makes (5.3) a contradiction, so |A;] < 1, and (5.5)
and (5.4) implies that [A2] > 1, so (y—,y_) is a saddle point.
Since ¢ < 1, 1 —a > 0, so y; > 0, and by (5.1) and (5.2), (y+,y+) is a
saddle point.

Case B: a>1Sincey+>0,y++\/yi+a>\/ﬁ>1,so/\1>1.
Suppose y4 < “Tfl Then

(I1—-a)++v/(1—-a)2—-4c<(a—1)
(I-a)2—4c<2(a—1)
(5.6) (1—a)®>—4c<4(a—1)2
—4c < 3(1—a)?
> —3(14—@)2

So y4 > %5+, It follows from (5.2) that Ay < 1, so g is a saddle point.
Consider y_. Since a > 1,

(5.7)
[(1—a)—+y/(1=-a)2—4dc|=1-a|+/(1—-a)?—4dc>|1—a|+|1—a|=2(a—1)
= ly-| > %5+

It follows from (5.3) that |A] < 1. Since a > 1,(5.4) becomes a contradic-
tion, so |Ag] > 1, and we have a saddle point for y_.
U

Lemma 5.1. For F € Fy, F has two points of period two.

Proof. From Lemma 3.3, we know that if a point (x,y) of period 2 must satisfy the
following conditions:

r=vy*+ar+c

5.8
(5:8) y=(y"+ar+c)’+ay+c
Substituting for (y? + ax + ¢) we see that
=z +y+c
(59) y m2+c y
y= l1—a
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Hence if z is real, since a # 1, it is guaranteed that y is real.
From Lemma 3.3, if there is a point of period 2, then

(5.10) P?+(1-a)z+((1—a)+e)=0

Clearly, it is necessary that there are two real solutions, or else the orbit of the
periodic point does not exist. So the discriminant must be greater than zero.

(1—a)®>—4(1)(1—-a)?+¢)>0
—4¢ > 3(1 —a)?

Al )2
¢ < 3(14 a)

So for all F' € Fy there are periodic points of period 2. O

Let {p1,p2} be the fixed saddle points.
Theorem 5.1. For F € Fyy, there are infinitely many periodic points.

Proof. Consider vy, va, the points of period 2.

Claim: v; is a saddle point. In calculating eigenvalues, we can treat the x
value that we solve for in the equation 4+ (1 —a)z+((1—a)+c¢)=0asay
value, since it should be the y value of the other point of period 2. Solving
for a:

_ (a=D+y/(1-a)2—4((1-a)+c)
2

. (a—1)—+/(1—a)2—4((1—a)+c)

2

(5.11)

Case 1: a>1
Consider z4. Then zy > “7_1, so A1 > 1 and g < 1.

Case 2: a <1
Consider z_. Then z_ < 271, By (5.3) and (5.4), z_ is a saddle
point.

Recall from 2.2 that if d(F) > 1 then J© = W (p) and J~ = W (p). It follows
that J* NR2 = Ws(p;) = Ws(p2) and J~ NR? = W4(p;) = Wu(pg). We will
hitherto refer to J* NR2, J~ NR2, and J NR2%as J*,J—, and J for simplicity.
Let v1 = (x4,2_) for a < 1. Suppose vy is an attracting point. Then any point
that has an orbit that attracts to O(vq) also attracts to O(vy), which implies that
v1 is also attracting. But v; is a saddle point by (5) =<«. From Theorem 2.7 we
know that v, € Q(F) = JU{a1,...,qam}, so it must be in J. Since W*(p;) is
a smooth, continuous curve in R?, there are at most two points in J= \ W*(p;),
and one which is py. Similarly, p; € J* \ W#5(p2). But then these must be the
endpoints of J, which implies that v; € W#(py). Similarly, v; € W¥(p1). So vy is
a homoclinic point, which implies the existence of infinitely many periodic points.
An analogous argument follows for (zg,z4) for a > 1, if we consider backwards
iteration in order to invoke Theorem 2.7.

O

This result leads us to conclude that no map in Fiy can have the same recurrent
dynamics (and hence cannot be topologically conjugate) to any map in Fyy or Fp.
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6. CLASSIFYING THE PARAMETER SPACE

This section confirms that the dynamics of maps in Fp and Fy are unique for all
a > 0, by expounding on the differences between maps in these sets and all other
maps on in the parameter space.

N2
Let © = {(a,c)|c > %}
Fact 6.1. If F € Fg then F has no fixed points.

Proof. In order for a point to be a fixed point, the equation

(6.1) 0=9>+(a—1)y+c
must have a real solution. But in this case the discriminant is
(6.2) (1—a)?—4c<0

Let 7 = {(a,c)|c = U=},
Fact 6.2. For F € Fr there is only one fized point.

Proof. The fixed points are given by (y., vy ), (y_,y_). Furthermore, y1+ = (Ima)ty él_a)2_4c.
But (1 —a)? —4c =0, so y+ = y_, so on this curve the fixed points collapse to one
fixed point. O

Let U = {(a,c)la=1,¢ < 0}.
Fact 6.3. For F € Fy, the fized two fized points are saddle points.

Proof. For a =1, the fixed points are given by

C(1-a)£y/(1-0a)®—4c /A
- 5 -

(6.3) Y 5 = V¢
Consider A\y. For /—c
A =V——c+|—c+1>1
Suppose |A_| > 1. Then
lV—c—+/|—cl+1]>1
VIi—d+1l—y=c>1
VIi—d+1>14++/—c
|—c|+1>1+2y/=c+]|—¢
0>+V—c=>«
So (vV/—c¢,v/—c) is a saddle point. Similarly, |A_| = | — V/—c — /| —¢|+ 1| =

V—c++/|—¢+1>1.

Suppose [Ay| > 1

| —vV=—c+|—c+1|=-/——c+|]—c+1>1
(6.4) |[—cl+1>+v—c+1
0>+V—c=><«

So (—v/—c¢, —v/—c) is also a saddle point. O
Fact 6.4. For I € Fy, there are no points of period two.
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Proof. From the proof of 3.3, in order for a point (z,y)to be of period two, it must
satisfy the equation

22 +c
1—a

(6.5) y=
whose solution is undefined for ¢ = 1. O

Fact 6.5. For a =0, F is not a diffeomorphism.

Proof. If a = 0, F(x,y) = (y,¥*> + ax + ¢) = (y,y*> + ¢). Since F(1,0) = (0,¢) and
F(153642,0) = (0,¢), F' is not one-to-one, and hence is not a diffecomorphism. O

7. A SURVEY OF ¢=0,0<a <1

The following section serves an an example of the behavior of the maps in Fp,
and classifies the dynamics of the set F{(, ), 0 < a < 1. Our approach is to tile the
plane with regions and to explain the behavior of the points within these regions
under iteration as well as the relationships between the regions, in order to create
a global picture of the dynamics of the system.

In the remainder of the paper the following notation will be used:

flz,y) = (y,y* + ax).
Let f~Y(x,y) = g(x,y) = (b(y — 2?),x), where b = % Clearly, b > 1.

f™(z0,40) = (Tn,yn) denotes the n*" iteration of an initial value (z¢,o)-
[Nz, y) = g(z,y) = (by — 2?),z), where b= 1. Clearly, b > 1.
Define the following regions:
Q1 ={(z,y)|lz =20,y > 0}
Q2 ={(z,y)|x <0,y >0}
Q3 = {($>y)|x <0,y < O}'
Q4 = {(a:,y)|x >0,y < 0}

Define the following regions in Q)1:
S1={(z,y)lx > 0,y > 0,y < z°}

Sy = {(z,y)|z >0,y > 0,y > 2* + a\/x}

Ss = {(z,y)|z > 0,y > 0,22 +af>y>a? +aa:x>y7y2}

Sy = (x,y)|x>0y>0m< x+a\f>y>x +ar,z<l—a,y>1—a}
S5 = {(z,9) %y >}
56:{(x,y)|x>0y>0x> x+ax>y>$,y<x}

Sz ={(z,y)lz >

ng{xy)|x>0y>0z>y, >x}

={(x y)|x>1—a,y>1—a}
{(x,y)|ac<1—a,y>1—a}
={(z,y)lr<l—-a,y<1l—a}
— (o> 1-ay<1-a)

The reader may verify that these regions cover the plane.
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Proposition 7.1. f has a fized attracting point at (0,0) and a fixed saddle point
at (1 —a,1—a).

Proof. By computation, we find that the fixed points are (0,0) and (1 —a,1 — a).
The Jacobian of f(x,y) is given by

Di(ea) = (o

So the eigenvalues are given by y + 1/y? + a.

At (0,0), )\1 = \/E, )\2 = —\/E

Since 0 < a < 1, [v/a| < 1. So (0,0) is an attracting point.

At (1 —a,1—a),

M=(0-a)++/(1—-a)’+a
VI-a?+a=vV1-2a+a>+a=/(1-a)+a2
a<l=>1-a)>0=>1-a)+a*>a’>=/(1-a)’+a®>>a
=|1-a)++/(1—-a)+al>|1-a)+a|l>1

M > Aa=0-a)—y/(1-a)?+a

Suppose |Ag| > 1. Then a + /(1 —a)? +a > 2
=4v(1-a?+a>2-a

=1—-2a+a®>>4—4a+ a?

= 3a >3 =>«

|)\2|<1

So (1 —a,1—a) is a saddle point. O

Fact 7.1. Q1 is a trapping region under forward iteration.

Proof. 1 =y >0
x0>0:>ax0>O:>y1=x3+ax0>O.
S, 11) € Q. O

Proposition 7.2. Let R = {(z,y)|z,y € R,|z| < (1 —a),|ly| < (1 —a)}. Then R
is the largest open square such that lim f™(R) = (0,0).

Proof. Claim 1: The {k;}, defined by the y-values of f*(ko, ko), where kg <
1 — a, are strictly decreasing.

Since kg < 1—a, it is geometrically evident that (ko, ko) € {(z, y)|w <
|z|}. Tt follows that ky = k3 + ako < ko.
Assume that k,, < k,,_1 for all integers less than or equal to m. Then
k?n. < k?nfl and kp,_1 < kpm_o.
From a Fact 7.1, we know that k; > 0 for alli € N. So k11 < k2, +ak,,_1 <
k2,1 + aky, = kp,.

Let Wy = {(17,y)||1‘| < ko, |y| < ko, 0<ky<1l-— CL}.
For every (xq,y0) € W,
|y1‘ = |yg —|—ax0| < ]i?g + aky = k1 = |£C2| = ‘y1| < k1
Furthermore, |y1| < |k1| < |ko| and |yo| < |ko
= [y < |ky|?
= |y2| < y1l* +alyo| <k + ako = ko < k1.
It follows that f(Wy) € Wi = Wy and f2(W;) C Wa, where Wy =
{(z.9)llal < Ky, Iyl < Fr
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Define W,, = {(z,y)||z| < kn_1, ly| < kn_1} where k; = k? | + ak;_s.
Claim 2: f2(W,,_1) C W, for alln € N,n > 2.
Let (20,y0) € Wa. Then
|zo| < ko, |yo| < k1
= |.’1?1| = |y1| < kg and |.’)32| = |y1| = |y§+ax0| < |y0\2+a|x0| < k%-ﬁ-k’% = ko.
Similarly, |y2| = |y% + ay0| < k% + k‘% = k3 < ko. So f(WQ) - Wo and
[2(Ws) C W
By induction, assume that f(W,,—1) C Wy, for m =2,3,...m.
Let (zo,y0) € Wi Then |z| < kpy < k-1, ly| < km
= |Zma1] = lym| = [y + azm_1| <|ym—1* +alzm| <k + k3 =
km-i-l SimilaﬂY7 ‘ym+1| = |y72n + aym—1| < k72n+1 + k72n = km+2 < km-l-l'
So f(Wm) - Wi, and f2(Wm) - Wm+1-
Clearly, the absolute values of (z;,y;) are dominated by the values of
(ki—1,k;) under iteration, so f7(Wy) C Wj,j > 2.
Claim 3: Asi— oo, k; — 0.

From a previous result L =7 — oclimk; > 0
undersett — oolimk; = lim ki{l + limak;—o = L = L% +aL
So L=(1-a) or L=0. Since the k; are strictly decreasing and ky < 1 — a,
L#1—a.SoL=0.
It follows that lim W; = (0,0).
Take Wy to be R. Then it follows that lim, . f"(R) = (0,0).
R is the largest such square because (1 —a,1 — a) is a limit point of R, so any
open square that contains R will also contain (1 — a,1 — a). Since (1 —a,1 —a) is
a fixed point of f, this implies that any such square will not converge to (0,0). O

Proposition 7.3. For f(z,y) = (y,4*> + ax), R = 1+ a, where R is the value
defined in Theorem 2.10.

Proof. If |x| > |y| the conditions of Lemma 2.10 are fulfilled.
Consider |z| < |y|. If y is fixed, then
inflz| = infly* + azx| = inf(|ly* — alz|]) = [y|* - aly|
= R’>—aR>R
= RR—-(1+a)>0
Since R>0,(R—(1+a))>0=R>1+a.
Let m(|y|) = (ly|* —aly|) = [y|. Then m'(z) = 2|y| - (1+a), soif |y| > 1+a, then
m(x) < (|z|—]y|) is increasing, and hence is always greater than 0. So R = 1+a. O

Propositions 7.4 to 7.10 consider f~!(z,y) = g(z,y).
Proposition 7.4. If (x,y) € Q4 then the xo; are strictly decreasing.

Proof. Let (z9,y0) € Q4.

9*(w0,y0) = (b(zo — b(yo — x3))?, b(yo — 7)) Since (b(yo — 25))* > 0, xo — (b(yo —
2)2

mO)) S o,

= z9 = b(zg — (b(yo — 23))?) < bry < 0. O

Proposition 7.5. There are no periodic points in Q3.

Proof. ||(zi,y;)]| is strictly increasing.
Consider k£ > 1.
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9" (0, 90) = (Tk, yr—1)

ng(xo, Yo) = (Try1, Tn)

For k even, by Proposition 7.4, 2341 < 2 < 0. For k odd, since (x1, y1) may be re-
indexed as (x(,y;) as the sequence of (z},y}), by Proposition 7.4, 2341 < xx—1 < 0.
19" (z0,y0) || = Ik, ze—1)[| = v/ (k)2 + (24-1)?,

and||g"* (20, yo) || = | (@rr1, 20)ll = V/(@r)? + (2311)2.

Thy1 < Tp—1 < 0= xiﬂ > xi71

= [lg*(zo0, o) | < lg"** (20, yo)lI-

For k =0,

9°(x0,90) = (20, Y0)

91(90073/0) = (xl,xo)

Since b > 1,90 < 0, byo < yo = byo — bxd < yo < 0.

Similar to the argument above, ||g°(zo, yo)|l < ||(g* (%0, o)l

Since the norms of the points in the orbit are strictly increasing, there are no
periodic points in the region. ([

Proposition 7.6. If (z,y) € Q2 and y < 2% then g(z,y) maps (x,y) to Q3.

Proof. Consider (zg,yo) in the region defined in the proposition.
9(x0,y0) = (b(yo — 23), o) = (21, 41)-

Clearly, y1 = z¢ < 0.

Yo < w3 =1yo— 22 < 0= 21 =b(yo — 2%) < 0.

S(m1,y1) € Qs

Proposition 7.7. If (z,y) € Q4 then g(z,y) € Q2.

Proof. Let (x9,y0) € Q4. Then y; = x¢ > 0. Since yo < 0 and 22 > 0,yg — 28 <
0=z =b(yy —23) <O0.
(xhyl) S Q2~ [l

Proposition 7.8. If (z,y) € Q2 and y > 2% then g(z,y) maps (x,y) to Q4.

Proof. Let (zg,yo) in the region defined in the proposition.

9(x0,y0) = (b(yo — 23), o) = (21, 91)-

Clearly, y1 = z¢ < 0.

Yo > 13 = yo — 22 > 0= 21 = b(yo — 23) > 0.

S(m1,y1) € Qa. 0

Corollary 7.1. There are no periodic points of odd period in Qo or QQy4.

Proof. Suppose (zg,y0) is a periodic point in Q4. Then its orbit must oscillate
between Q2 N {(x,y)|ly > 2?} and Q4. Then for every n € N, its 2n iteration is in
Q4. But then its (2n + 1) iteration must be in Q2 N {(z,y)y > 2?}. =<«.

An analogous argument follows for (zg,y0) € Q2 N {(z,y)|y > 2?}. O

Proposition 7.9. If (xg,y0) € Q4 then the odd x;’s are strictly decreasing.

Proof. Let (z9,yo) € Q4.

f(zo,90) = (b(yo — 3), wo)

Since yo < 0 and 23 > 0, z1 = b(yo — 22) < 0.

fz(x()ay()) = f(xlayl) = (b(yl - 1’%),%1) = (anyQ)

F@o,y0) = fla2,92) = (b(y2 — 23),22) = (b(y2 — 23),22) = (23,y3) = (b(21 —
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x%,yg) Since 21 < 0 and 22 > 0, 23 = ¥ fwg = f:cg <z <O0.

Remark that the either ¢*"*2(zg,10) maps into Q3 for some n € N jotherwise
%" 2(0,y0) maps back into Qy, so for all odd i, x; < 0.

By induction, assume that 1 > x3 > -+ < To,_1-

g*" Hxo,yo) = (T2n—1, Tan—2)

g2n($03 yO) = (xQna x2n—1)

> (@0, 90) = (Tant1, Ton)

Topt1 = b(l‘gnfl — x%n < Xop_1 < 0. ]

Proposition 7.10. There are no periodic points of even period in Q2 or Q4.

Proof. Suppose (g, yo) is a periodic point in Qs.

Claim: x5 < xg

f2(z0,90) = (b(y1 — 21),21) = (b(zo — a),21)
20 < 0= 20— 2% <30 = 13 = b1 — %) < 2o — 2% < 7.

We can take the even xq; for ¢ > 0 to be the odd z of the orbit of (x{,y() = (x1,y1)-
By Proposition 7.9, the x9i are strictly decreasing. So there can be no points of
even period in Q.

Since every periodic point in Q4 must oscillate between Q2 and Q4, every orbit of
a periodic point in ()4 must contain a periodic point in (3. But there are no such
points in @2, so there are no periodic points in Q4. ([l

Proposition 7.11. Ss is a trapping region, and there are no periodic points in Sg.

Proof. Consider (xg,yo) € Ss.

= Y1 = Yp + axo < yo = 1.

Furthermore,

Y1 < Yo =i <Yj

=yt + ayo < y§ +azo =y

= 20> g

.. Sg is a trapping region.

It is evident that they y; are strictly decreasing in Sg, which implies that there are
no periodic points. O

Proposition 7.12. Sy is in the basin of attraction of (0,0).

Proof. Sg lies below the line y =1 — a.

For all (z,y) € S, y_ayz —y>0.

So (1 —a)y > y?, and since y > 0,y > 1 — a. Suppose that ilirgoyi =L

Then L? +aL = L

=L=1-a,0.

So L =0. O

Proposition 7.13. There are no periodic points in Si.
Proof. Let (xo,y0) € S1.

Then yo — 23 < 0 = 21 = b(yo — z3) < 0.

Since y; = z1 > 0, g(x0,90) € Q2.
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We know from a previous result that there are no periodic points in @2, so no
periodic orbit can contain a point in S;.

O
Proposition 7.14. There are no periodic points in Ss.
Proof. Consider (zo,yo) € Sa.
9(w0,y0) = (b(yo — 37(2))7560) = (20, y1)-
Then y > 22 + a\/z
= Yo — JC(Z) > a+/Tg
= @1 = b(yo — 28) > v/To = /o
= zi > .
Hence g(z0,y0) € S1U Q2 U Q3 U Qy, so there are no periodic points in So.
|

It is clear that Ss,S4, S5, Sg, and S7 cannot map into S; or Sy under forward
iteration, because this would imply that they are in S; or Q2 U Q3 U (QQ4, which is
a contradiction since these regions are disjoint.

Proposition 7.15. S5 maps into S5, and there are no periodic points in Ss.

Proof. Let (x9,y0) € S5. Then z¢ < yo = 71 and yo < y2 + axe = y; implies that
x1 < Yq.
Suppose

(7.1) Y1 > x% +ax, = yg + ayg > yg +arg =y =<

So y; < 2 + x1. Clearly, from y; > 2.

It follows from (7.1) that y; < v3 + ayo < v} + ayo = y3 + z1.

(l’l,yl) € Ss.

Since the y; are monotonically increasing, there are no periodic points in S;. [

Proposition 7.16. S3 maps into Ss.

Proof. Let (zo,y0) € Ss.

Y1 > Yo = y1 > x1 and x1 > .

Suppose y; > 12 + axy

Y1 >y +yo > yg+arg =y =<

So y1 < 2% + axy. As in Proposition 7.15, y; < y2 + ayo < v} + ayo.

(l’l,yl) € Ss. O

Corollary 7.2. There are no periodic points in Ss.

Proposition 7.17. If (xg,y0) € S¢ N Ty then (z1,y1) € S3US5.

a2
Proof. Since =% < x4, y1 > yo, s0 y1 > 1.
Suppose y; < 23 + axy.
=y < y2+ayoe. But mo > yo = y1 > y3+ayo =<«. Soify; < 1then (z1,y1) € Ss.
Otherwise, (z1,y1) € S5. O

Proposition 7.18. T} is a trapping region.
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Proof. Let (zo,y0) € Th.

Then y; = y¢ +axg > (1 —a)*> +a(l —a) =1 —a.

Also, z1 =yp > 1 —a.

(.Ifl,yl) el U

Proposition 7.19. f(S7) C S¢NTy.

Proof. Let (xo,y0) € S7.
Then yo > x¢ by geometry. Hence 1 > xg.
2
%>$0$y0>y1:>$1>y1.
Furthermore, y; = y3+axo > 3. Since 19 > 1—a,yo > 1—a, (z1,y1) € T1NSs. O

Corollary 7.3. There are no periodic points in T;.
Proposition 7.20. There are no periodic points in Sy U (Sg NTy).

Proof. Let (x0,y0) € Sy. Since Sy C Ts, x1 =y > 1 —a. So (z1,y1) € Th U Ty.
If (z1,y1) € Th, then (zo,yo) or (zo,y0) € Ty USy then (zg,yo) is not a periodic
point. Otherwise, (x1,y1) € Sg NTy. But if (z1,y1) € Ty then zo = y; < 1 — a,
50 (z2,y2) € To UT5. If (x2,y2) € T3 then it is in the basin of attraction of (0,0)
and is not a periodic point, as shown in a previous result. An analogous argument
can be made with (zg,yo) initially in Sg N 7Ty. It follows that if there are periodic
points in Sy U (Sg NT4), then they must alternate between T5 and Ty.

Let (2o, y0) € Sy, and suppose g > Za.

Then

Xo > y(z) + axg

= (1—a)zg >y

But since zg < 1 —a and yg > 1 — a, this is a contradiction.

So the z9; are strictly increasing in Sy, and as a result the ys;41 are strictly de-
creasing in Sg N Ty. O

Theorem 7.1. There are no periodic points of f in R? other than the fized points.

Proof. This follows from all the previous propositions and corollaries, since a peri-
odic point under forward iteration implies one under backwards iteration, and vice
versa.

(I
Proposition 7.21. S; N W*(p) = 0.

Proof. This follows from Propositions 7.19 and 7.17, and the strictly increasing y;’s
established in the proof of 7.15. O

Proposition 7.22. (Se NTy) NW*(p) = 0.

Proof. Let (z9,y0) € SoNTy. If (xo,y0) € My its orbit does not intersect the stable
set, by Proposition 7.19.

If (z0,y0) € SoNT1 \ My, then yy > yo, and y1 = y§ + axo > y§ = 23, so (z1,51) €
TN (S2US3USsUSgUS7) =T1\ (S1NTy). Aslong as the (x;,y;) € SaN (11 \ S7),
the y; are strictly increasing. In all cases, the y; eventually increase strictly, so
SoNTy =0. O

Proposition 7.23. (S;NTy) NW*(p) = 0.
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Proof. y; = y2 +awg > y3 = x2. From Propositions 7.21,7.22, 7.17, 7.15, and 7.16,
(51 ﬂT1)ﬂWS(p) = 0. O

Corollary 7.4. Ty N W*(p) = 0.

Corollary 7.5. The orbits of the points in W*(p) N Q1 must alternate between T
and Ty.

Proof. By Corollary 7.4 Ty N W#(p) = (). By Proposition 7.2, all points in T3 are
attracted to (0,0) under forward iteration, so T3 N W*(p) = 0.

So W#(p) € So U Sy. Suppose (zg,y0) € Se N W?3(p). Since 1 = yo < 1 — q,
(x1,y1) € Th. Similarly, if (xg,y0) € So "W*(p), 21 =yo > 1 — a, so (z1,y1) € Ty.
Clearly, this holds for all (y;,y;) € W*(p) N Q1. O

This following theorem implies that the stable or unstable manifold cannot be
self-intersecting.

Theorem 7.2. Let ® be a region in R2. Then f*(®) C int f7(0®), and f~"(®) C
int f~7(0D).

Proof. Let 3 be a rectangle in R? with sides parallel to the axes;
B={(z,y)lc<z<d s<y<t}

Label A = (¢,s), B = (¢,t),C = (d,t),D = (d, s).

Then

f(AB) = (yo,y3 + ac) = (v1,23 + ac),s < x1 < t)

f(CD) = (yo,y2 + ad) = (z1,2% + ad),s < x1 < t)

f(AD) = (5,8 + axg),c < w9 < d)

f(BC) = (t,t? + azg),c < 29 < d)

Let (z5,y5) € B. Then f(xp,ys) = (ys,y5 + axp) = (251, Yp1-
T > =Ygl zyé—&—axﬁ >y§+ac

28 <d=ysm :yg—i—axﬁ <y%+ac

And clearly, s < yg = z51 <t. So f(8) Cint f(90)

Ib-‘ Q‘tb-

This argument can be extended to show that f™(®) C int f*(9P)
® can be covered by a finite number of (not necessarily equal) §; whose interiors
n
do not intersect. As n — oo, |JB; — @, and the parts of the perimeters of the i
i=1
that are not common between two 3; approximate the boundary of ®.

From above, f(8;) C int f(98;) for all <. Since f is C*°, the image of a
n

closed curve remains closed and the image of |J3; remains connected, so the
i=1

image of points on its boundary are boundary points in its image under f. So

foUs) cint £(U5).

This implies that f(®) C int f(0®). This process can be repeated infinitely
often, by partitioning the f™(®) with rectangles, Bi,, as was done for the base
case. It follows that f™(®) C int f?(9®).

An identical process can be followed for 1, since if we impose the restriction
that either ¢ > 0,d > 0, or ¢ < 0,d < 0, then
F7HAB) = (bly — ?),c),s<y<t
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= (b(y — dz),d)8<y<t

= (b(s —2?),2),c<x<d

= (b(t — ), x)e<wz<d

Let (24,y5) € 6. [~ (x5, yp) = (b(ys — =}),25) = (¥p1,yp1), where b= ¢.
Clearly, ¢ < 23 = yp1 < d.

For ¢ > 0,d > 0, ¢ < xp < d = blyg — ¢*) > byp — x3) > b(ys — d*), and for
c<0,d<0c<zp<d=bys — ) <blys — x3) < b(ys — d*).

Hence f~1(B3) Cint f~1(93)

X
fY(AD
=

Corollary 7.6. W#(p)NW*"(p) = {p}

Proof. Suppose (zo,y0) € (W*(p) " W*(p)) \ {p}.

Then (x9,yo) is a homoclinic point. This implies the existence of periodic points
of infinitely many periods. But there are no periodic points other than the fixed
points. =<« (I

Since for consecutive iterations of a point (zo,yo), d(f(x0,%0), f(20,%0)) =0 < €
for all € > 0, the definition of a chain recurrent point can be stated as follows:

Definition 7.1. Let F' be a diffeomorphism. A point x is chain recurrent for Fif,

for any e > 0, there are points r = xg,x1,x2,...,X, = x, such that
‘F(Jﬁi_l) — .’171| < €
for each i.

Lemma 7.1. Suppose ® is a trapping region under f (f=1) where the y; (x;) are
strictly increasing(decreasing), and whose boundaries are not determined by lines
parallel to the axes. Then there are no chain recurrent points in ®.

Proof. Suppose (x,yo) € ® is chain recurrent. Let f(xo,y0) = (2f,y,). Construct
T = {(z,9)|yo <y < yo}. Consider YN P. Since YT N ® is a closed subset of R?,
it is compact. By compactness, ¥(2o,50) € T N ®, for some § > 0, 4o’ > yo + 4.
Choose € < %.

Consider (x1,y1), as in Definition 7.1. Then

Case 1: (z1,11) € TN .
Then y} > y1 > yo + 9, 80 y2 cannot be in an e-neighborhood of yq.
Case 2: (z1,11) € TN .
Then y1 > yi. So yi > y1 > yo > Yo + 0, so yo cannot be in an -
neighborhood of .
By induction, it follows that either

o (z,,y,) €TND

or
® Y > Y-

So d[(zo,Yy0), (zi,yi)] > lyi — yo| > 6, so (x4, v:) ¢ Ne(xo,y0), so there are no chain

recurrent points in ®. (I

Lemma 7.2. Suppose I is a trapping region under f=% (f) where the norms of
the iterates are strictly increasing(decreasing). Then there are no chain recurrent
points in T.
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Proof. Suppose (xg,yo) € I is chain recurrent. Let f~!(zo,y0) = (x(,y)). Con-
struct U = {(x, y)||[(xzo, vo)|| < [[(z, )| < |[(zh, yo)|I}- Consider 'MW, Since I'N'W
is a closed subset of R2, it is compact. By compactness, (2o, 7o) € I'NW¥, for some
5> 0, (1o, 5o)l| > |0y o) + 6. Choose ¢ < 3.

Consider (z1,y1), as in Definition 7.1. Then

Case 1: (z1,y1) e I'n .
Then [|(z1, y1)[ > [[(z1,y1)ll > [(z0,90)ll + 6, so (@2, y2) cannot be in an
e-neighborhood of .
Case 2: (z1,y1) ¢ TN Y.
Then ||(z1,y1)ll > [[(z,y0)ll- So (1, y)ll > [I(z1,y)ll > (o, yo)ll + 6,
so yo cannot be in an e-neighborhood of yyq.
By induction, it follows that either

e (zi,yi)) €NV
or
o [Itz1, y)ll > 115, o) -
So dl(z0,90), (24, 9:)] = [y — yo| > 8, 50 (w3, i) & Ne(wo, yo), s0 there are no chain
recurrent points in I'. ([

Theorem 7.3. There are no chain recurrent points of f in R2.

Proof. If the orbit of (zg,y9) € A alternates between disjoint regions A and B
with increasing (decreasing) y; (x;) in A, since € can be chosen so that € <
inf d[(zo, yo), 0B], so all odd iteration will not be in an e-neighborhood of (xg, o),
and Lemma 7.1 can be applied to even iterations. In light of the strictly increasing
(decreasing) arguments made in the proof of Theorem (where we show there are
no periodic points), and Lemma 7.1 and Lemma 7.2, there are no chain recurrent
points of f in R2. O

8. FUTURE QUESTIONS

Since this research was conducted over an eight week summer program, many
questions remain. The project has furnished us with an overview of the recurrent

2
dynamics in R?for the maps F in the parameter space a > 0 and # <c<

2
7(1_;) , but we seek to extend this result by proving,

Conjecture 8.1. All maps in Fp are structurally stable.
Conjecture 8.2. All maps in Fy are structurally stable.
Conjecture 8.3. All maps in the Fp are topologically conjugate.
Conjecture 8.4. All maps in the Fy are topologically conjugate.

Conjecture 8.5. All maps in Fp under forward iteration are topologically conju-
gate to maps in Fy under backwards iteration.

The approach we are currently pursuing to prove Conjectures 8.3 and 8.4 involves
proving Conjectures 8.1 and 8.2 by compactifying R%in a manner that is consistent
with the dynamics of F', and appealing to
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Theorem 8.1. [7] Let M be a compact C* manifold without boundary, and for
r > 1 let Dif f(M) be the set of C" diffeomorphisms of M with the uniform C”
topology. Consider F € Dif f(M) which satisfies

(1) Q(f) is finite,
(2) Q(f) is hyperbolic,

(3) Transversality Condition.
Then f is structurally stable.

Furthermore, we seek to construct conjugacies between maps of the families
Fla,0),0<a<1and F(a,0), a>1.

Other potential questions include classifying the dynamics for maps in regions

of the parameter space where a < 0, on the line z = 1, and for regions where
(1-a)
c> 7 -

We shall continue pursuing these questions through the remainder of the summer
and into the academic year.
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