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Abstract

Let G be a finite abelian group and let ZS(G) and MZS(G) be the
set of zero sequences and minimal zero sequences of G, respectively. One
way of relating two zero sequences of a finite abelian group, is by using
the extraction degree. In this paper, we attempt to classify the sets of
possible extraction degrees for all combinations of two zero sequences.
These results sometimes vary depending on whether G is cyclic or not.
To begin with, we address some general properties of the extraction degree
when there are no restrictions on the zero sequences. Then, we explore
the sets of possible extraction degrees for all combinations of two zero
sequences. Ultimately, we have been able to determine most of the sets
of possible extraction degrees, when restricting one or both of the zero

sequences, as minimal zero sequences.



1 Introduction

Let G be a finite abelian group. Then, by the Fundamental Theorem of Finite
Abelian Groups, we can represent G' canonically as G = Z,,, @ Zp, ® -+ ® Ly,
such that n;|n;4q for all 1 < ¢ < s [4]. Then, the rank of G is s, and when s = 1
we simply write G = Z,,. For convenience, we denote X, a sequence in G, as
X =g"g5"g;"
i,j € {1,2,...,k}. Each «; is the multiplicity of g;, that is, ; is the number

where each ¢g; € G and g; = g; if and only if i = j for all

of times g; appears in X. The multiplicity of g; is also notated as (g;)x, so that
(9i)x = a.
We say that X is a zero sequence of G, that is X € ZS(G), if

k
ZO@ -9 =0.
i=1

The bold zero represents the zero element in G, namely (0,0, ...,0). In addition,
we say X is a minimal zero sequence of G, that is X € MZS(G), if there is no
proper subset of X whose sum is zero[1, 2, 3, 5].

We must introduce two other notations we use, which we adopt since they
are helpful in many of our results. First, we define the floor of a zero sequence,

and second we define the restriction of one zero sequence to another.

Definition 1.1. Given any zero sequence, X, the floor of X, denoted | X, is
the set of all distinct elements of X, that occur at least once, repetition not

allowed.

Definition 1.2. Given any two zero sequences, X and Y, the restriction of Y

to X, denoted Y'|x, is the set of all g € Y such that g € X, and (9)y = (9)y|x-

1.1 The Extraction Degree

One avenue of study with zero sequences of finite abelian groups, that has
not been explored much, is the extraction degree. The extraction degree was

introduced in [6] and is defined as follows.

Definition 1.3. Given X,Y € ZS(G), the extraction degree is given by
A(X,Y) = sup {ﬁm €722°aez27° X C aY}
«

where X means § copies of X.



We use this definition in the following example to demonstrate how the

extraction degree is found for two zero sequences.

Example 1.4. Let G = Z1o. Let X = 5'2'3! and Y = 11223'5'7L. If we let
B =1 then in order for X C aY, @ > 1 and the maximum g = % If we let
B = 2, then in order for X C aY, a > 2 and the maximum g = % = 1. Since
this is true for all 5 > 0, A(X,Y) = 1.

Throughout this paper we look at the set of all extraction degrees possible
when X and Y are confined to certain subsets of ZS(G). If X is confined to
A C ZS(G) and Y is confined to B C ZS(G), then A\(A, B) will represent the
set of all possible extraction degrees where X € A and Y € B. For example, if
X, Y € MZS(G), then N\(MZS(G), MZS(G)) is the set of extraction degrees
for XY € MZS(G).

Since little to nothing is known about the extraction degree of zero sequences
of finite abelian groups, we first introduce some properties of the extraction
degree, many of which are useful throughout this paper. Then, we look at what
sets of extraction degrees are possible for all combinations of two zero sequences,

including when either X or Y is restricted as a minimal zero sequence or fixed.

2 Properties of the Extraction Degree

2.1 General Properties

We begin with five very general properties of the extraction degree; some of
these general properties are extremely helpful when proving later results; the
properties we do not directly use in this paper may warrant further study.
This first result is used often throughout our paper. As we began studying the
extraction degree of finite abelian groups, we noticed that finding the extraction
degree using the definition was very cumbersome. Then, by discovering the
following theorem, we now have a way to calculate the extraction degree of any

two zero sequences that is much easier.

Theorem 2.1. Let X = g{"g5*---gp* and Y = gl gfj

Bi>0,and 1 <i<k<j. Then

where a; > 0,

AMX,Y) :min{ﬁil <i< k}
Q;



Proof. Let X = g{"g5%---gp* and Y = glﬁlgg2 . ~gfj where a; > 0, 8; > 0,
and 1 < ¢ < k < j. Let g = min{g—ﬂl <1< kz} and let T = A(X,Y). So,
vX C Y. Then foralli € {1,2,..., k},, (9i)yx < (gi)sy. Note that, (g;)x = o
and (g;)y = B3 s0 (9i)yx = v, and (g;)sy = 63;. Then, we have that ya; < 0;
= 3<d X Y)<L

Now, we show that X C «Y. Assume not. Then, there exists m €
{1,2,...,k} such that (gm)sx > (gm)ay. Since (gm)sx = Bam and (gm)ay =
af, we have that Ba,, > af, = g > g—’" for some m € {1,2,...,k}, which
contradicts that g = min {%H <1< k} Thus, X C aY. Then, by the defi-
nition of A\(X,Y), 2 < A(X,Y).

So, g <AX,Y) < g Therefore A(X,Y) = g = min{g—i

1§z’§k:}.

This theorem implies that there is at least one element, g, in X such that
% = MX,Y). We call this element the critical element. The existence of a
critical element proves extremely helpful in many of our results.

Our next two general properties look specifically at factoring one zero se-
quence into the union of finitely many zero sequences. First, we will examine
what happens when X € ZS(G) is factored into a finite number of zero se-
quences. Then, we will examine what happens when Y € ZS(G) is factored

into a finite number of zero sequences.

Theorem 2.2. Let G be a finite abelian group. Let XY € ZS(G). If X can be
written as X1 U Xo U -+ UX,, where X; € ZS(G) for all i such that 1 <i<m
then

1 1
X Y) S ;)\(Xi,Y)'
Proof. Let XY € ZS(G). Let X = X;UX3U---UX,, where X; € Z5(G) for
all 7 such that 1 <7 < m, and let g be the critical element for X and Y. Then
MX,Y) = % and and (g)x = f:(g)x From Theorem 2.1, A(X;,Y) < %
for all 7 such that 1 < i <m. Thle:ri we have that

m

1 _ @x _ iZ::l(g)Xi . in: (9)x, < Z 1
XXY) T (v @y Aoy S AT




Note that if g is critical for all X; and Y where 1 < i < m then the inequality

becomes an equality because A(X;,Y) = ((g)y for all i such that 1 <7 <m.

Theorem 2.3. Let G be a finite abelian group. Let X, Y € ZS(G). If Y can
be written as Y1 UYaU---UY,, whereY; € ZS(G) for all i such that 1 <i<m
then

> zm:)\(X Y,
i=1

Proof. Let XY € Z5(G). Let Y =Y, UY,U---UY,, where Y; € ZS(G) for
all 7 such that 1 <47 <m, and let g be the critical element for X and Y. Then
AMX,Y) = (4% and and (g)y = 3~ (g)y.. From Theorem 2.1, A(X,Y;) < s
for all ¢ such that 1 <i <m. Thenlwe have that

Note that if g is critical for all X and Y; where 1 < i < m then the inequality

becomes an equality because A\(X,Y;) = ((‘;));Z for all ¢ such that 1 <i < m.

This next general property, although not explored further in this paper,
may warrant further study as it examines the extraction degree of three zero

sequences.

Theorem 2.4. Let G be a finite abelian group, and let X,Y,Z € ZS(G). Then

AX,Y) MY, Z) < MX, Z).

Proof. Let g be the critical element for X and Z. Then A\(X, Z) = @z From

9)x
Theorem 2.1, A(X,Y) < gg;y and A\(Y, Z) < E ;i Then

A

(9) @z _ 9z _
AXY) MY, 2) < (g% toy = (s = ME2)-




This next general property is useful when working in higher ranks of finite
abelian groups. For example, when a result is obtained for a finite abelian group

of rank 2, we are able to extend the argument to all rank, using this general

property.

Theorem 2.5. Let G and H be finite abelian groups. If there exist X,Y €
ZS(Q) such that A\(X,Y) = § then there exist X', Y' € ZS(H ® G) such that
AMX',Y') = 6. Moreover, if X € MZS(G) then we can find X' € MZS(H®G)
and if Y € MZS(G) then we can findY' € MZS(H @ G).

Proof. Let X,Y € ZS(G). Let X = ¢g{"g5?---gp* and Y = glﬁlgg"’---gj@j
where j > k. Then A(X,Y) = min{% 1<i< k;} Let h; = (0,¢;) for all 4
such that 1 <7 < j where 0 is the zero element in H. Then, each h; € H ® G.
Let X' = h{*hs® - h* and Y’ = h{"hi? - h’. Then, X',Y' € ZS(H & G),
and if X € MZS(G) then by the way we constructed X', we have that X’ €
MZS(H ®G). Similarly, if Y € MZS(G), then, by the way we constructed Y,
we have that Y/ € MZS(H & G).

Therefore, A(X’,Y") = min {%u e{1,2,..., k}} = A(X,Y). n

From this theorem, we have that A(MZS(G),MZS(G)) C N(MZS(H &
G),MZS(H & Q)), \(MZS5(G),ZS5(G)) CXMZS(H® G),ZS(H & G)), and
NZS(G), MZS(G)) C NZS(H & G), MZS(H & G)).

2.2 Zero and One

This section explores four general properties that are more specific, as these
address the properties of X and Y that yield A(X,Y) = 0, A(X,Y) = 1,
AMX,)Y)>1,0or 0 < AX,Y) < 1.

Theorem 2.6. Let X,Y € ZS(G). A\(X,Y) =0 if and only if | X |Z|Y].

Proof. Let X,Y € ZS(G). Let X = g{'g5*---gp* and ¥ = 916192,6’2._.951’
where j,k € ZT. Then, \(X,Y) = 0 if and only if g— = 0 for some g; € X if
and only if 5; = 0 if and only if (¢;)y = 0 and (¢;)x = «; if and only if g; € X
such that ¢;¢Y if and only if | X |Z|Y]. |

Theorem 2.7. Let X, Y € ZS(G). MX,Y) =1 if and only if X C Y|x and

there exists at least one element g; € X where (g;)y = (9i)x-



Proof. Let XY € ZS(G). Let X = ¢g{"g5%---gp* and Y = gflg§2--~gfj,

where j,k € Z+ and j > k. Then, recall Y|x = g¢'g5* --- g*. Then, X C Y|x

such that for some i € {1,2,...,k}, (gi)y|x = (9)y = (9i)x if and only if
B —1and 2 > 1 forall I+ if and only if 1 = min {221 <m <k} if and
i 1 Qm

only if 1 = A(X,Y). |

Theorem 2.8. Let X, Y € ZS(G). AM(X,Y) > 1 if and only if for all elements
9i € X, (9)x < (9i)y = (9i)y|x-

Proof. Let XY € ZS(G). Let X = ¢g{"g5?---gp* and Y = 91619252”,9?;’
where j and k are positive integers and j > k. Then, recall Y|x = g’fl ggz o -gf’“.
First, suppose that A(X,Y) > 1. Then, by Theorem 2.1,
min{%ﬂgigk} >1= % > 1forall i such that 1 < i < k. Thus, §; > o
for all i = for all elements 9: € X, (9:)x < (9)y = (9)vy|x-
Second, suppose that for all elements g; € X,(g:)x < (9:)y = (9i)y|x-
Then, 8; > «; for all i such that 1 < i < k. Thus, g— > 1 for all i =

min { Bi
a;

i

1<i< k} > 1. Then, according to Theorem 2.1, A\(X,Y) > 1. |

Theorem 2.9. Let X, Y € ZS(G). 0 < MX,Y) < 1 if and only if | X|C|Y|
with at least one element g; € X where (g;)y < (¢i)x-

Proof. Let X,Y € ZS(G). Let X = g{"¢9?---g.* such that & > 0 and
Y = gflg§2 . ~gfj, where j,k € ZT and j > k. (Since, trivially, if j < k, then
| X |Z|Y |, which implies that A(X,Y) =0.)

First, let 0 < A\(X,Y) < 1. Since 0 < A\(X,Y), according to Theorem 2.6,
| X |C|Y]. Now, by Theorem 2.1 min{%: 1<i< k} = AMX,Y) < 1= there
exists at least one g; € X such that g— = MX,Y) < 1. Thus, 8 < o =
(9:)y < (gi)x-

Second, let | X |C|Y | with at least one element g; € X where (g;)y < (g:)x-
Now, as shown in Theorem 2.6, since | X |C|Y |, A(X,Y) > 0. And, since for
some g; € X, (9;)y < (9:)x = i < ;. By algebra, we now have g— < 1. Thus,
by Theorem 2.1, A(X,Y) < % < 1. |

2.3 X or Y Minimal Zero Sequence

As we continue to get more specific, when examining general properties of the

extraction degree, we now place restrictions on X or Y, such that one of them



is a minimal zero sequence. In doing so, we obtain the following nine results.

The following theorem makes it possible to only look at a special subset of
the zero sequences of finite abelian groups, by creating an automorphism that
is applicable as specified in the theorem. This theorem is useful in simplifying

the proofs of later theorems.

Theorem 2.10. Let G be a finite abelian group. Let X € MZS(G) such that
X =gMgy* gt and gi = (¢:V, 0P, ..., ;")) for all i such that 1 <i <k
where gi(j) € ZLn,; for all 1 < j < s. If there exists | where 1 < 1 < k such
that a; > %+ then there exists an automorphism ¢ : G — G such that ¢(g) =
(91(1)791(2), e agl(571)7 1)

Proof. Let X € MZS(G) such that X = g{"g5?--- g,* and

gi = (g:V, ;P ..., ;) for all i such that 1 < i < s where ¢;\/) € L, for all j

such that 1 < j <s. Let 1 <[ < k such that o; > % Since X € MZS(G) and

ap > 3, |gl(5)| = ns. Then there exists r € Z,,_ such that r-g;®) =0 (mod ny).
Let ¢ : G = G bedefined as ¢((gM, g ..., ¢g™))) = (¢, g@, ..., g1 1).

Since ¢((1,0,...,0)) = (1,0,...,0) and ¢((0,0,...,0,1)) = (0,0,...,0,7), ¢ is

an automorphism, and ¢(g;) = (¢, @, ..., g, 1). [ |

This next theorem and the resulting corollary construct minimal zero se-
quences in groups of rank two and higher. These specific constructions are used

often in later proofs dealing with sets of extraction degrees.

Theorem 2.11. Let G = Zy, ® Zy, such that nq|ns.
If X = (0,1)*(1,1)"2=%(r,0)!, where a € {1,2,...,n2}, r = (n1 — [n2 — o))
(mod ny), and (r,0) € X whenr >0, then X € MZS(QG).

Proof. Let X = (0,1)%(1,1)"2%(r,0)}, where 1 < a < na, 7 = (n1 — [n2 — a))
(mod ny), and (r,0) € X when r > 0.

First, suppose that 1 < a < ng such that ni|(na — ). Thus, there exists
some m € ZZ° such that mn; = ny — a. Now, r = ny — (ng — a) = ny —
(mni1) = (1 —m)(n1) = 0 (mod ny). Then, X = (0,1)*(1,1)"2~. Thus,
X =a0,1) + (ne —a)(1,1) = (ng — a,a +n2 — a) = (mny,n2) = 0. Since the
second coordinate sums to exactly ng, X € MZS(G).

Second, suppose that 1 < a < ng such that ny t (n2 — «). Since ny ¢t
(ng —a), ny = (ng—a) (modny) #0 =1 <r < (n; —1). Thus, X =



(0, 1)%(1, )"2=(r,0)! = a(0,1) + (n2 — a)(1,1) + (r,0) = (ng —a+ny — (ng —
a),a+ng —a) = (n1,n2) = 0. Since the first and second coordinates sum to

exactly ny and ng respectively, X € MZS(G). [ |

Corollary 2.12. Let G = Zy, ®Zy, B - - B Ly, where s > 3 and n;|n; for alli,j
such that 1 <i < j <k. If X = (0,...,0,1)%(0,...,0,1,1)™~%(0,...,0,7,0)!,
where 1 < a < ng, r = (ns—1—[(ns—a)l]) (mod ns_1), and (0,...,0,r,0) € X
when r > 0, then X € MZS(QG).

Please note that the structure and arguments from Theorem 2.11 are iden-
tical here, in Corollary 2.12. Slight notational changes are the following: The
first and the second coordinates in Theorem 2.11 are now the s — 1 and the s
coordinates, respectively, and the " coordinates where 1 < i < s — 1 contain

zeros for each element in X.

Continuing to examine what happens when either X or Y is a minimal

zero sequence generates the following results.

Theorem 2.13. If X € MZS(G) where X = g7 g3* ---g,*, then
1 < a; <ng forall i such that 1 <i <k.

Proof. Let X € MZS(G) where X = g{"g5%---gp*. Since X is a minimal
zero sequence the maximum number of times one elements can appear in X is
ns. S0, a; < ng for all i such that 1 < i < k.

Furthermore, if G is cyclic there is a restriction on the number of times
one element can appear in X (since X € MZS); Let G = Z,_. Then, since
a; < ng for all ¢ such that 1 < i < k, suppose there exists m where 1 < m < k
such that o, = ns —1; then X = (g,n)"* " 'gp. Then (ns — 1)gm + g, = 0

)" g = (gm)™. So when

= 9p =ns — (ns — 1)gm = gm- S0, X = (gm

G is cyclic, a; # ng — 1 for all 1 < i < j. Therefore, when G is cyclic,

a; €{1,2,...,ns —2,ns} for all 1 <i < k.
When G is not cyclic, if a,, = ns — 1 for some m € {1,2,...,k}, then

let X = (0,...,0,1)™1(0,...,0,1,1)(0,...,0,a,0) such that a = (ns_; — 1)

(mod n)s—1. Then, since the last coordinate sums to exactly ns, and X =

0, X € MZS(G). Thus, when G is not cyclic o; € {1,2,...,n,} for all ¢ such

that 1 <i <k.



Corollary 2.14. If X € MZS(G), Y € ZS(G) then

1

MX,Y)=0o0r A(X,Y) > —

N
Proof. Let X € MZS(G) and Y € ZS(G) such that A(X,Y) = g Then from
Theorem 2.13 o < ns. From the definition of A\(X,Y), 8 € ZZ°. If 8 = 0 then
A(X,Y) =0. Now, let 3 € Z". Then 3 >1s0 2 > L. [ |

Theorem 2.15. If X € ZS(G) and Y € MZS(G) then
AX,Y) <1.

Proof. Let X € ZS(G) and Y € MZS(G) where X = ¢g{"g5?---gp* and Y =
g g ---g?j. If j < k then | X | Z |Y] and by Theorem 2.6, A(X,Y) =0 < 1.
So, let j > k. Assume A(X,Y) > 1. Let g = AMX,Y) > 1. Then a < 3.
From Theorem 2.1, g = min{% 1<i< k‘}, which implies that 5—1 > g > 1so
0B; > a; for all i such that 1 <7 <k. Then X C Y. However, Y € MZS(G), so
X ¢ ZS(G) which is a contradiction so g <1 |

It is important to note that when Y is a minimal zero sequence of a cyclic
group, there is another bound on the extraction degree. The following lemmas

and theorem state this bound.

Lemma 2.16. Let 8 <n—2 and a > 3. Theng > "T*Z if and only if 6 = a—1

and 5 < a <mn.

Proof. First, let = a — 1 where

n
2

a—1 n—=2 B n—=2

nafn>na72a§T>T:>a>T.

< a<mn Since 3 <a=n<22a=

Now, let g > ”T_Q We want to show that 8 = a—1and § < a <n. Assume
not, then 3 #a -1, a < 3, or a > n.

First, let 8 # o — 1. Since 8 < «, we have that 6 < a — 2. Now, a < n or
a >n. If a > n then g < "T_2, which is a contradiction. Now, let & < n. Then
200 < 2n = na — 20 > na — 2n = % > O‘T_Q > g, which is a contradiction.
Since we reached a contradiction for all «, we have that 0 = a — 1.

Second, let v < %. Then 2a < n = na — 20 > na—n = =2 > O‘T’lzg,
which is a contradiction, so o > 3.

Now, let &« > n. Since 8 < n — 2 we have that g < "T_z which is a
contradiction, so a < n.

So, we have that 3 =a — 1, and § < a <n. |



The following term, is needed for this next lemma: If a zero sequence Y

sums to n € Z, then we say that Y is basic [7].

Lemma 2.17. LetY € MZS(G). If Y = 1Bg§2 ~~~gfj where 3 > "T_l then Y

is basic.

Proof. If any combination of g;’s has a sum greater than n — 3 in Z,, then
because (1)y = 3, we know we can find a proper subset of ¥ whose sum is zero
in Z,. So, each element and each combination of elements, not including the
combination with all the elements, has a sum less than n — 3. So, if we look at
the sequence ga, g3, - .., 95%, 95203, 95" 93, -, 95>g* - gi* ", the sum of each
term modulo n is less than n — 3. So, in Z™ the sum of each term is less than
n— (3 or greater than n. Since go < n—(, if there is a term in this sequence that
is greater than n, we must have at some point jumped from being less than n— (3
to being greater than n, which implies that we added on some g; whose value
is greater than 8. Then 8 < g, <n—-pfF=p0<g <n—-pF-1=<n—-1-0

=20<n—-1=p8< "T_l, which is a contradiction, so every term is less than

k
n—pBinZ" so B+ >.¢;- B3 =n in Z. Therefore, Y is basic. |
i=2

(2

Theorem 2.18. Let G = Z,, wheren > 4. If Y € MZS(G), X € ZS(G) then

AX,Y) < ”

or M(X,Y)=1.

Proof. Let X € ZS(G),Y € MZS(G) such that \(X,Y) = £. From Theorem
2.13, 3 € {1,2,...,n — 2,n} and from Theorem 2.15, & < 1. So assume 22 <
g <.

Let "T_Q < g < 1. Either 8 =n, or 8 <n—2. If 8 =n, then the floor of Y
consists of one element, call it g, where |g| =n. If | X | € |Y| then by Theorem
2.6, A(X,Y) = 0 < =2 which is a contradiction, so let [X| C |Y]. Then
| X | = {g} which implies that X = ¢g®. In order for X to be a zero sequence,
o = m-n where m € Z*. If m = 1 then g = 1, which is a contradiction.
So, m > 2. This implies that g < % < an since n > 4, which is also a
contradiction, so § < n — 2.

Since g < 1, B < a. Then, since § < n — 2, we can apply Lemma 2.16.
Since % < g, we know that g = ("T—l and § < a < n. Now, we work towards
showing that this is not a valid extraction degree when Y € M ZS(G). First,

we will show that without loss of generality, we can assume that the critical

10



element, call it g, is 1.

Since 3 = a — 1 and o > 5, we have that 8 > ”7*2 = [ > ”?*1 If nis
even then %1 ¢ Z so f > 2 = . If B = Z then |g| > 2. If |g] = Z, then
because Y € MZS(G), Y = g%. Since A(X,Y) #0, | X] C Y], s0 X =g=F!
However, since n > 4 and |g| = 5, X ¢ ZS(G) which is contradiction, so
lg| # % = |g| < §,which is also a contradiction. Thus, § # § = 8 > §. So,
from Theorem 2.10, we can assume g = 1. Now, if n is odd, then neither an
nor 4 divides n, so |g| > § = |g| = n, so from Theorem 2.10, we can assume
g =1. So, we write X = 19g5*---gi* and Y = 1°g5* -- -gfj where j > k. Then
from Lemma 2.17, Y is basic.

Now, we will show that o; < f3; for all i € {2,3,...,k}. Assume not, then
there exists m € {2,3,...,k} such that a,,, > G- So, > G + 1. We will
look at the cases when «,, > n and when «,, < n.

If ay, > n, then g—m < % = % < "T_z < g which implies that A\(X,Y) # g,
which is a contradiction so a,, < n.

Now, let 8, + 1 < «a,,, < n. Here we have two subcases: G, + 1 = a,
and B, +1 < a,,. In the first subcase, §,, + 1 = a,,, which implies that
Bm = @ — 1. Since the maximum number of elements in any minimal zero
sequence with more than one distinct element is n — 1 and 8 > "?*1, we know
that 3; < 251 for all i € {2,3,...,k}. Since m € {2,3,...,k}, B < 251
So, we have that a,,, — 1 = 3, < "7_1 <pB=a-1 Ifﬁm:"T_l:ﬂ, then
Y = l%g:?l and X = 1";19? because « = 8+ 1, o, = B + 1, and the
maximum number of elements in Y is n — 1. Then the sum of the elements in

X isn+1+gy,. Since g, <n—pFand g > "T_l,gm < ”7“ <n—1sincen >4,

so the sum of X does not equal zero. So, 8, # 0 = amym — 1 < o — 1. Then

g— = agi_l < % = & which is a contradiction.
In the second subcase, §,, + 1 < a,,. We then have that (,, + 2 < a,,
SO g—m < am=2 < "T_Q < g which is a contradiction. Since we have reached

Am -

a contradiction in all cases where «,, > 3, we know that «; < (3; for all
i€{2,3,...,k}.

So, we have shown that when g > "T*Q, Y is basic and «; < f; for all
i€{2,3,...,k}. Now, we will show that g is not a possible extraction degree
when Y € MZS(G). We will first look at the case when a; = f; for all
i €{2,3,...,k}, then we will look at the case when there exists m € {2,3,...,k}
such that o, < Bm.

11



k
Let o; = 0; for all 4. Then, since Y is basic we have n = > ¢;0; + o — 1 =
i=2
i K3
> gia; +a—1=n—1. Since n > 4, we have a contradiction.
i=2
Let au, < B, for some m € {2,3,...,k}. Then a,, < 3, — 1. Since g, > 1

we have, gmam < gm(Bm — 1) = gmbBm — 9m < gmBm — 1. Since Y is basic
k k

we have n —1= > g0 —14+a—-1> > gia;+a—1=n—1, which is a
i=2

1= =2
contradiction. Since we have a contradiction in both cases, we know that when
bt > n=2 "there is no X € ZS(G) and Y € MZS(G) such that A\(X,Y) = g

a n ’

Therefore, g < "T_Q [ |

3 Sets of Extraction Degrees

Moving beyond general theorems, we now examine the sets of possible extraction
degrees for zero sequences, X and Y. This first theorem tells us what all the pos-
sible extraction degrees are when neither X nor Y have any restrictions. Then,
the following theorems deal with specific subsets of ZS(G). Furthermore, in this
theorem and in many subsequent theorems A(ZS, ZS) = \(ZS(G), ZS(G)), so
the G is implied.

Theorem 3.1. Let X, Y € ZS(G) then
NZS,ZS)=Qt u{o0}.

Proof. 1t suffices to show that QT U{0} C X\(ZS, ZS). Let r € QT U{0}. Then
there exists 3 € ZZ° and a € ZT such that r = g Let X and Y be sequences
such that X = (0,0,...,1)%(0,0,...,n; — 1) and Y = (0,0,...,1)"

(0,0,...,n% — 1)6. Then, X, Y € ZS(G). From Theorem 2.1, A\(X,Y) = s,

Therefore, \(ZS,ZS) = Q" U {0}.

Although for Theorem 3.1, the set of possible extraction degrees is the same
for all finite abelian groups, there are some situations where if X, Y, or both
are restricted, then the set of possible extraction degrees is notably different for
finite abelian cyclic groups. This is mainly because of the restriction for cyclic
groups when working with minimal zero sequences as discussed in Theorem 2.13.
Thus, when our set of extraction degrees is notably different for cyclic groups,

it will also be mentioned.
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3.1 X and Y Minimal

We will now restrict both X and Y to be minimal zero sequences. We will
first look at certain results in rank two. This lemma explains about a hole that
appears when G = Zy@®Z,, such that n € 2Z2*, which then leads to the theorem
for the set of possible extraction degrees in this case. Also, in this lemma, since
we are working in rank two, the maximum number of elements in Y € M ZS(G)
isn+1[8].

Lemma 3.2. Let G = Zy © Z,, such that n € 2Z2*. If X,Y € MZS(G) such
that there exists an element, g € X where (9)x =n—1 and (g9)y =n —2, then
A(X,Y) =0.

Proof. Let X,Y € MZS(G) such that there exists an element, g = (a,b) € X
where (9)x = n—1 and (¢g)y = n — 2. We need to show that we can use
the automorphism defined in Theorem 2.10. First, suppose g = (a,0). Then,
since n € 2224 n —1 > 2. Thus, (a,0)?2 = 0 and (a,0)? < (a,0)""! C X.
This contradicts X € MZS(G). Thus, b # 0. Second, since (g)x =n — 1, we
want [b| > Z. Thus, suppose |b| < Z < n — 1. Then, since (a,b)/’ = 0 and
(a,b)"! C (a,b)""! C X this contradicts X € MZS(G). Thus, |b| > 2. Now,
according to Theorem 2.10, there exists an automorphism ¢ : Zo®Z,, — Zo®Zy,
such that ¢((a,b)) = (a,1). Since a € Za, ¢((0,b)) = (0,1) and ¢((1,b)) = (1,1).

Using this automorphism, we will construct the possible X, Y € MZS(G).
For the first case, suppose that ¢ = (0,1). Then, X = (0,1)"~1(1,1)(1,0),
which according to Theorem 2.11 is in M ZS(G). Now, according to Theorem
2.6, | X|Z|Y] if and only if A\(X,Y) = 0. So, to prove by contradiction, assume
AMX,Y) > 0. Thus, Y = (0,1)""2(1,1)7(1,0)%¢¢,, where 4,6 > 0 and g,, € Y
only when € > 0. As mentioned above, the maximum number of elements in
Y € MZS(G) is n+1. Since v, > 0 we have two possibilities: First, v+ = 2.
Then, v = § = 1. Then, Y = (0,1)""2(1,1)(1,0) = (0,n — 1) # 0. Thus,
we need € = 1 where g, = (0,1) = g. Then, Y = (0,1)""1(1,1)(1,0) = X
and (g)y # n — 2. Second, v+ 6 = 3. Then, either v = 1 and 6 = 2 or
v =2and § = 1. If § = 2, then (1,0)2 € MZS(G) and (1,0)?> C Y, this
contradicts Y € MZS(G). Now, if v = 2 and § = 1, then ¢ = 1 where
g = (1,0). Thus, once again (1,0)> C Y = Y¢ZMZS(G). Thus, if g = (0,1),
then | X|Z|Y]| = A(X,Y) = 0.

For the second case, suppose that g = (1,1). Then, X = (1,1)"~1(0,1)(1,0),
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which according to Theorem 2.11 is in M ZS(G). Similarly, assume A\(X,Y) > 0.
Thus, Y = (1,1)"72(0,1)7(1,0)%¢5,, where 7,6 > 0 and g, € Y only when
€ > 0. Once again, the maximum number of elements in Y € MZS(G) is n+ 1.
Since, v, > 0 we have the same two possibilities: First, v+ =2=~v=§ =
1=Y =(1,1)""2%0,1)(1,0)(1,1) = X = (g1)y # n — 2. Second, v+ = 3.
Ifd=2= (1,02 CY = YZMZS(G). Now, if y =2 and § = 1, then ¢ = 1
where g, = (1,0) = (1,0)2 C Y = Y¢MZS(G). Thus, if g = (1,1), then
| X|ZY] = MX,Y)=0. |

Theorem 3.3. If G = Zy @ Z,, such that n € 2Z2*, then

§Z§1,5¢”i,1gagn}u{0}.

ANMZS, MZS) = {
a’ n—

Proof.  First, let A\(MZS,MZS) = % (and show that

1 C {§|§ <1, g Z—j, 1<a< n}) Then, there exist X € MZS(G) and

Y € MZS(G) such that ¥ = X\(X,Y). From Theorem 2.13, since X € M ZS(G)

andY € MZS(G), 6 <n and vy < n. From Corollary 2.14, since X € MZS(G),

2> Lor 2 =0. From Lemma 3.2, since X,Y € MZS(G), I # 2=2. Last,

n—1"

suppose that 7 > 1. Then, according to Theorem 2.8, for all g € X, (g9)x <
(¢9)y- This implies that X C Y. Then, Y¢MZS(G), contradiction. Thus,
<1

Now let I € {§|§ <1, g #0=2 1 §a§n} U {0} (and show that 7 C
ANMZS,MZS)). First, we will show that 0 € A(MZS,MZS). Let
X = (0,1)""2(1,1)? and let Y = (0,1)". Then X,Y € MZS(G) and |X| €
Y|, thus A(X,Y) = 0. Second, we will show that 1 € A\(MZS,MZS). Let
XeMZS(G). Let Y =X. Then Y € MZS(G), and A\(X,Y) = 1.

Third, we will show that 3 € {§|§ <1, g + Z—:f, 1<a< n} To show
this, there are the following three cases, where § and ~y are positive integers: Case
one, let 6 = n then 0 <y < §. Let X = (0,1)" and Y = (0,1)7(1,1)" 7(a,0)
where a = (2 — [n —~]) (mod 2), and (a,0) € Y when a > 0. Then, according
to Theorem 2.11, X,Y € MZS(G) and for all such values of § and v,% =
1 < 1. Case two, let 0 < 6 < n —1 and ¢ be an odd positive integer then
0<y<dandy #n—2 Let X = (0,1)°(1,1)"%(1,0) and when v €
2ZF, Y = (0,1)"2k1(1,1)2%172(1,0)(1,2) such that k; > 2 and when 7 is
an odd positive integer, Y = (0,1)"~(k2=1)(1,1)?k2=1(1,0) such that ky > 1.
Then, X,Y € MZS(G) and for all such values of 7, % < 1. Case three, let
0<éd<n—2andd € 2Z" then 0 < v < 6. Let X = (0,1)°(1,1)"% and
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when v € 2ZF, Y = (0,1)"~2k2(1,1)2*s such that k3 > 1 and when v is an odd
positive integer, Y = (0,1)?~(kat+1)(1,1)2k4+1(1,0) such that k; > 2. Then,
X,Y € MZS(G) and for all such values of § and ~, T < 1. [ |

By excluding the case addressed in Theorem 3.3, we obtain this inclusive

result.
Theorem 3.4. If G = Z,,, ® Z,, such that n; > 3 and ni|na, then

NMZS, MZS) = {g —<11 SaSnQ}U{O}.

Proof.  First, let A\(MZS,MZS) = % (and show that

1 c {281, 1<a<m}). Then, there exist X € MZS(G) and Y €
MZS(G) such that T = A(X,Y). From Theorem 2.13, since X € MZS(G) and
Y € MZS(G), § < ns and v < ny. From Corollary 2.14, since X € MZS(G),
1> rle or 3 = 0. Next, suppose that % > 1. Then, according to Theorem 2.8,
for all g € X, (¢9)x < (g9)y. This implies that X C Y. Then, Y¢MZS(G),
contradiction. Thus, ¥ < 1.

Now, let ¥ € {g\g <l,1<a< n} U {0} (and show that

T CNMZS,MZS)). First, show that 0 € A\(MZS,MZS).
Let X = (0,1)"27%(1,1)(a1,0) where a; = (n; — 1) and let Y = (0,1)"2. Then,
according to Theorem 2.11, XY € MZS(G). Then, X,Y € MZS(G) and
| X] € Y], thus A(X,Y) = 0. Now, show that 1 € A(MZS,MZS). Let
X € MZS(G). Let Y = X. Then Y € MZS(G), and A\(X,Y) = 1.

Next, show that ¥ € {§|§ <l,1<a< n} To show this, there are
the following three cases, where § and ~ are positive integers: Case one, let
0 = ng then v < §. Let X = (0,1)"2 and ¥ = (0,1)7(1,1)"27 "7 (ag,0) where
az = (n1—[n2—2]) (mod nq), and (az,0) € Y when ay > 0. Then, according to
Theorem 2.11, X,Y € MZS(G) and for all such values of § and v, ¥ = ;= <1
Case two, let § < ny — 1. First, let v < 6 — 1. Then, let X = (0,1)%(0,b1)
where by = (ny — §) (mod n)y and Y = (0,1)?(0,b1)(0,b) where by = (§ — )
(mod ng). Then, X, Y € MZS(G) and for all such values of § and 7, 3 < 1. Sec-
ond, let ¥ = § — 1. Then, let X = (1,1)%(as, b3) where az = (n; — §) (mod n);
and by = (ny — d) and Y = (1,1)°" (a3, b3)(1,0)(0,1). Then, X,Y € MZS(G)
and for all such values of § and v, T < 1. Case three, let § = ny — 1. First,
let v = 0 — 1. Then, let X = (1,1)%(1,0)(0,1) and Y = (1,1)°~%(1,0)2(0, 1)2.
Then, X,Y € MZS(G) and for all such values of § and v, % < 1. Second, let
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4 < & —1. Then, let X = (1,1)°(1,0)(0,1) and Y = (1,1)7(1,0)(0, 1)(ay,bs)
where ay = (n1—[y+1]) (mod n;) and by = na—(y+1). Then, X,Y € MZS(G)
and for all such values of 6 and v, 7 < 1. [ |

Now we exclude rank 2, and discover the hole addressed in Lemma 3.2 is

filled in for higher ranks in this following lemma.

Lemma 3.5. If G =Zo® -+ ® Ly ® Ly, such that ng € 272% and s > 3, then
there exists X, Y € MZS(G) such that \(X,Y) = 2==2,

ns—1

Proof. Denote G = Zy, ® -+ ® Zn,_, ® Ly, where 2 = {nq,...,ns_1} and
ns € 2Z2* and suppose Rank(G) = k > 3. Now, let G = H; @& Hy where
H=7Z,® - - ®Z,, ,and Hy=2,, ,®Zy, ,®ZL,,. Then, denote 0y, ,0,,
and Og as the zero elements in Hy, Hs, and G respectively. (Note: if k = 3
then G = Hy and there are no elements from an H; to be in X or Y.)

Now, let X = (04,,0,0,1)"~(0y,,0,1,1)(0y,,0,1,0).

According to Corollary 2.12, X € MZS(G).

Let Y = (0p,,0,0,1)"~2(0p,,0,1,1)(0g,,0,1,0)(04,,1,0,1)(0z,, 1,0,0).
Since the sum of all the elements in Y equals (0p,,0m,) = O¢ and the s-
coordinate sums to exactly ns, we know Y € MZS(G).

Now, for all g € X, min {§|(g)x =aq, (9)y = ﬂ} = ZS_? Thus, according

to Theorem 2.1, A(X,Y) = Z==2, [ |

= ns—1

This next theorem utilizes Lemma 3.5 to generalize this set of extraction

degrees to all finite abelian non-cyclic groups.

Theorem 3.6. If G = Zy, ® Zpy, -+ ® L, nilnip1 for all1 < i < s> 3,
then
AMZS(G),MZS(G)) = {g g <l,1<ac< ns} u{0}.

Proof. Let XY € MZS(G). Since X,Y € MZS(G), from Theorem 2.13,
forall g € X, (9)x = @ € {1,...,n}, and since all g € X may or may not
beinY, (9)y =08 € {0,1,...,n}. Also, suppose that g > 1. Then, accord-
ing to Theorem 2.8, for all ¢ € X, (9)x < (¢)y. This implies that X C Y.
Then, YEMZS(G), contradiction. Thus, % < 1 for all ¢ € X. Therefore,
ANMZS(G), MZS(G)) C {g\g <1, ac {L...,ns}} U {0}.

Now, we must consider the cases where n;_1 > 2 and where ns_; = 2. First,
let ng—1 > 2 and let G = H; & Hy where Hy = Zy,, ® Zp, ® -+ @ Ly, , and
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Hy =172y, , ®Zy,. From Theorem 2.5, A\(MZS(Hz), MZS(Hz)) C

ANMZS(Hy ® Hy),MZS(H; ® H)) = ANMZS(G),MZS(G)). Then, since

ns—1 # 2, from Theorem 3.4, A\(MZS(Hz), MZS(H3)) =

{§|§ <1 ac {1,...,ns}} U {0} . Thus, {§|g <1, ac {1,...,nk}} u{0} =

ANMZS(Hy), MZS(H3)) C N(MZS(G),MZS(G)).

Therefore, \(MZS(G), MZS(G)) = {§|§ <1l,ac {1,...,715}} u{0}.
Second, let ns_1 = 2. Again, let G = Hy & Hy where Hy = Zy,, ® Zyp, &

o ®Zp,_, and Hy = Z,,_, ® Z,,. And, as shown above and from Theorem

2.5, \(MZS(Hz), MZS(Hz2)) C M(MZS(G), MZS(G)) €

{§|§ <l,ac {1,...,ns}} U {0} . Then, since ns_; = 2, from Theorem 3.3,
NMZS(Hy), MZS(Hs)) = {g|g <1, B#m2 qef1,... ,ns}}U{O}. Now,
from Theorem 3.5, since k > 3 there exists X,Y € MZS(G) such that A(X,Y) =
n=2 Thys, \(MZS(G), MZS(G)) = {§|§ <1, ac {1,...,ns}} u{o}. m

ns—1°

Now, in the cyclic group case, we obtain a similar but noteworthy result.

Theorem 3.7. Let G = Z,, where n > 4. Then

NMZS, MZS) = {ﬁ Ln-2

(0%

lo € {1,2,...,n—2,n}}u{0,1}.

Proof. ANMZS,MZS) C {g <22lae{l,2,...,n— 2,n}} U {0,1} follows
directly from Theorem 2.13, Theorem 2.18, and the definition of the extraction

degree.
Now, let § € {g < "T*2|oz e{1,2,....,n— 2,n}} U {0,1}. Then we can rep-
resent 0 as g where g < "T_z and o € {1,2,...,n—2,n}. We want to show

that there exist X € MZS(G) and Y € ZS(G) such that A(X,Y) = g Now,
A(1"722,1") = 0 and A(1",1") = 1, so let 0 < g < =2 Then we have four
cases: a=n,a=5,a < g,and g <a<n-—2.

First, let @« = n. Then let X = 1% and let Y = 1%(n — 1)%. Then, from
Theorem 2.1, A\(X,Y) = g

Next, let a = 5. Then let X = 2% and let ¥V = 2017=28_ Then, from

Theorem 2.1, A(X,Y) = 2.

Now, let a < 5. Since g < "T_z we know that g <l,sof < a =

20 <2 <n = n—28>n-—2«aso0 Z:gz > 1. Let X = 291"72% and let

Y =2P1"28  Then g <1< 2228 then from Theorem 2.1, A(X,Y) = g

n—2a

Finally, let § < a <n—2. Then, from Lemma 2.16, 3 # a—1,s0 8 < a—1,
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so a—f > 1. Also, since o < n—2 we know that n—a > 1. Let X =1%(n—«)
and let Y = 1% (n — a)(a — ). From Theorem 2.1, A(X,Y) = g |

3.2 X Minimal

In this section we only place the restriction that X has to be a minimal zero
sequence. Again, there is a different result for the cyclic case that is addressed

in the second theorem, as we would expect from Theorem 2.13.

Theorem 3.8. Let G = Zy, ® Zp, ® -+ ® Ly, where njn;yy foralll <j<s
and s > 2. Then

NMZS,ZS) = {iu <a<n, B€ Z>O}.

Proof. ANMZS,ZS) C {§|1 <a<ng, B€ ZZO} follows directly from Theo-
rem 2.13 and the definition of the extraction degree.

Now, let § € {§|1 <a<ng BE ZZO}. Then ¢ is of the form g where
1 <a<ngand g € Z2°% If a = n, then we can let X = (0,0,1)"
and Y = (0,0,1)?(0,n,_1 — 1,n5 — 1)#(0,1,0)”. Then, from Theorem 2.1,
AX,Y) =L

Let @« < ng. Then, let X = (0,0,1)%(0,1,ns — «)(0,n5—1,0) and let
Y = (0,0,1)%(0,1,ns — a)tT™m1m:(0,n5_1,0)2T™27:(0,1,d) where d = a — f3
(mod n), and my,my € Z=° such that 1 + myn, > g and 2 + man, > g
Then, from Theorem 2.1, \(X,Y) = g So, {g\a €{1,2,...,ns}, B € ZZO} -
AMZS, Z8). n

Theorem 3.9. Let G = Z,, where n > 3. Then,

MNMZS,ZS) = {§| ae{l,2,...,n—2,n}, BEZZO}.

Proof. A(MZS,ZS) C {§| aef{l,2,....n—2,n}, B e ZZO} follows directly
from Theorem 2.13, and the definition of extraction degree.

Let g € {§| a€{l,2,....,n—2n}, BEZEO}. Now,a=nora<mn—2.
Let @ = n. Then let X = 1" and let Y = 1%(n — 1)#. Then from Theorem
2.1, MX,Y) = % Now, let « < n—2. Let X = 1%(n — «) and let ¥ =
1%(n — a)%(n — 1)P* where 8y = 1+ mn with m € Z* such that 3, > g,
and 3 € Z* such that f3(n — 1) = a — 3 (mod n). Then, from Theorem 2.1,
AX,Y) =L [
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3.3 Y Minimal

Now, we place the restriction that Y must be a minimal zero sequence. Referring
to Theorem 2.6, | X | € |Y| yields A(X,Y) = 0. In order to obtain non trivial
results when restricting Y, this imposes restrictions on X. This makes it difficult
to obtain a complete answer. Here, we work through the cyclic case first. It is

important to note that in the following theorem we use @& to denote a (mod n).

Theorem 3.10. Let G = Z,, where n > 4. Then

{gw < g g e )\(ZS,MZS)} - {5 < n;2|ﬁ< g aez+} U{1}.
Proof. {218 <3, 2 enZs,MZS)} C {£ <225 < 3, aczt} follows

directly from the definition of the extraction degree and Theorem 2.18.
We want to show that {ﬁ <2218< 2 ac Z"‘} u{1} C

{218 <3, 2ezs,M2S)}. Fist, let § < 5, X = 291" and Y =

261726 Then A(X,Y) = 1. Now, let £ ¢ {g <n=2j3cn g¢ Z+}. Then
g <1,8<Z and a € Z*. Smce < 1, 8 < a. Then all the possible cases for
« are: ﬁ:a,a—0,6<a<§, =g, a=n—-1,g<a<n-—2 o a<f

First, let 3 = a. Since 8 < 3, 28 < n. So, let X = 2017726 and let
Y = 2P17=28 Then from Theorem 2.1, \(X,Y) = g

Now, let @ = 0 or @ = 3. Since 8 < 3, 28 < n. So, let X = 2% and let
Y = 2°1"=28, Then from Theorem 2.1, A\(X,Y) = 2

Now, let 8 < & < 3. Then 28 < 2a <nson —28 >n—2a > 0. So, let
X =291"720 and let Y = 2°1"~2%, Then from Theorem 2.1, \(X,Y) = g

Now, let @ = n — 1. Since 8 < § we know that 8 < ”T’l and n — 20 > 1.
So, let X = 2%1% and let Y = 271720, Since n—23 > 1, | X| C |Y |, and since
8 < ”7_17 we have that g < ﬁ From Theorem 2.1, A(X,Y) = £

Now, let § < & < n — 2. Here, we have two subcases: 8 = a — 1 and

B < a—2. First, let 8 =a—1. Since @ > § and 8 = @ — 1 we know from

Lemma 2.16 that & # « because if it did Q > "T_Q, so a > n. Now, we know

that a —1 =< 5 <asof="5 and a ="TH.So7letX:2O‘1”_1and

let Y = 261. We need to show that ’B < nll' Since o > n we know that
n—1

a>n+ 2 = Sntl So,g 3"2+1:3n+ < L—%gﬁsincenzél.Then

<
by Theorem 2.1, A(X,Y) = g
Second, let 8 < @—2. Then & — 3 > 2 so we can write @ — 3 = 27237 where
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Ba, 33 € Z29. Since & < n—2 we have n —& > 2 so we can write n — @ = 2%23%3
where as, a3 € Z2°. Then let X = 19222323 and let Y = 16202+062305+0s
Then we have that 8+ 2(as + 82) +3(as + 03) = B+n—a+a—f =n so
Y e MZS(G) Also, if aig > 0 then L% > 1 and if ag > 0 then %Ttﬁd > 1.
Since 2 = <1, by Theorem 2.1, A\(X,Y) = ﬂ

Flnally, let 0 < @ < B. Then a > n. These next few paragraphs construct
X € ZS(G), Y € MZS(G) such that A(X,Y) = £ for all n > 12.

Assume n — 8 and n — « are odd. Then let X = 19293 where 23 =n — «
and let Y = 1923 where 2°3 = n — 8. Then X € ZS(G) and Y € MZS(G).

n—3-3

Then%: —2—_ — n=f-3 Ifnisoddn—ﬁZ”THandn—agn—Q. So,
2

n—a—3
ntl
Z:gzgzni%g*z&_j’):%' Ifnisevenn— (3> 22 andn—a <n-—1. So,
n—pf-3 o 53 n-4 _ 1
n—a—3 = n—1-3 = 2(n—4) — 2
Assume n — 3 is odd and n — a is even. Then let X = 192232 where
2932 = n — « and let Y = 1723 where 2°3 = n — 3. Then X € ZS(G) and
_ﬁ 3
Y € MZS(G). Then%: n(,(, = = gngnlsoddn—B> ntl and
< 1. S n53>nT+17 >1 71f >n+2 d
n—a<n— 0, T2 > 2o = 2(n 7)_5. nisevenn— g > an
n+1
n—a<n-—2<n-—1.So, 2=8=3 > —3 _ _n—4 1

’naG—n13 (n—7)Z§'
Assume n — § and n — « are even. Then let X = 1%2% where 2 = n — «a and
let Y = 172% where 2 = n — 3. Then X € ZS(G) and Y € MZS(G). Then

-5
b= —nb ZThenwhethernisoddorevenn—ﬁ2%Handn—oz<n—1.

a n_o n—

+

So, % > = > 1

Assume n — ﬂ is even and n — a is odd. Then let X = 192232 where
2033 = p — o and let Y = 102032 where 2”32 =mn — 3. Then X € ZS(G)
and Y € MZS(G). Then ¢ = iig = 280 Jf i odd n — B > %L and
n—a<n-—2. So, Z_g_g > :%1279 = 2(7:;1111) =1 Ifnisevenn— 3> 22
andn—a<n-—1. Sonﬁ6>ﬂ;2—6: n—10 l

n—a—9 = n—1-9 _ 2(n—10)
Sogziandggl. So§<§1nallcasesso 8 _ (X,Y).
Since this works for n > 12 we need to address 4 < n < 11. Because n < 11
and 3 < 5 we know that 3 <5. Then, since a < 3, 3 —a < 4.
First, let 3 —a =1. Since f < § we have 26 <n—-1 = 38<n+3-1
= n+g_1 < % Since 26 < n—-1 = 2604+1<n = 433+2 < 2n =

4B+24+n<3n = n-28+2<3n-63 = 1< ﬁ;;'ﬁz. Let Y = 201725 and

X =291""2% Since@ = f—1, weknow a > n+5—1,and n—2a = n—25+2.

So we have that 2 < n+g_1 <i< n’j;gig = =25 Then from Theorem 2.1,
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AX,Y) =L

Now, let 8 —a = 2. Then 3 > 3. Since 3 < %, we know n— 3 > 4 so we can
write n— 8 = 272373 where 35 > 1 and 33 > 0. We also have that n—a = n—3+2
so we can write n —a = 2021130 Let X = 122021130 and Y = 10292305,
Since « > n, o > n+ G — 2. So, g < n+g72 < 3;72 < % = % < 5511' Then
from Theorem 2.1, A\(X,Y) = g

Now, let 8 —a = 3. Then 8 > 4, and n — & = n — 8+ 3. Then
a>n+p-32>233-32>38-0b =26 Since 3 >4 and 8 < 3,
know n — 3 > 5. Then we can write n — § = 223% where 33 > 1 and 35 > 0.
We can also write n — a = 2923%3F1, Let X = 19272303+ and Y = 19272305,
Then £ < —2— < J = 1 < J%. Then from Theorem 2.1, A\(X,Y) = £.

Finally, let 0 —a& = 4. Then f§ > 5 and n —a = n — (8 + 4. So,
a>n+pB-42>38-42>38—-08 =23 Since 3 >5and g > 5 we
know that n — (3 > 6. Since n < 11 we know that n — 3 < 6 so we have that
6<n—p3<6 =n—F=06. Thenn—a=10. Let X =122% and Y = 1723,
Then g < % =1 < 2. Then from Theorem 2.1, A(X,Y) = g

Now, that we have covered all cases, we have shown that there exists X €
ZS(G) and Y € MZS(G) such that A(X,Y) = £ for all

8 B -2 +
EE{ESnT|ﬁ<ﬂOZEZ}. ||

we
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Furthermore, we were able to construct X € ZS(G) where | X| C {1,2,3}
and Y € MZS(G) where |Y] C {1,2,3}. This leads directly to the next

theorem.

Theorem 3.11. Let X € ZS(G) and Y € MZS(G) such that A(X,Y) =
where 3 > & then there exists X' € ZS(G) and Y’ € MZS(G) where [X'|
{1,2,3} and |Y'] C {1,2,3} such that A(X',Y’) = g

IN 2l®

Proof. Let X € ZS(G), Y € MZS(G) such that A\(X,Y) = £ where 3 >
Since § > & we can let X = 1%¢{"" ---gp* and Y = 18g0 ~-~gfj where j > k.
Since £ = A(X,Y), £ < Z: Vi € {2,3,...,k}. Now, for all i € {2,3,...,k}
we know that each g; = 2%3% so g = (2%:3%)% = 2%32bi Now, let
X' = 19(2u3br)er ... (2uk3bk)%k and V' = 1P(2013b1)Pr ... (2953585 So,

k k k
o = 2)x = daq, & = 3)x = Y aib, § = (2)yr > > Bia;, and §7 =
i=1 i=1 i=1

w[3

>
a

S aiag

k k
k , > Bia; > . '
3)y: > S b Then & — Zi = 5 i = 8 and 8 =
- = (A o’ - - i ‘ o o'’

97|04
vV

«
1
=
.
I
—
I
—
Q
-
o>
&
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= = g Therefore, g = \MX",Y"). |

Since when 8 > 5, we can form every possible extraction degree only using
{1,2, 3} for the floor of X and Y, we now define a function that compares every
possible combination of 2’s and 3’s for n — 3 and n — a when given 3 and «.
This function allows us to answer the question of which extraction degrees are

possible when 3 > 3.

Definition 3.12. Given g where 3 > & and o > n thenn—3 = 20'38" (2-332)a
and n — o = 2%'3%"(27332)% where 3" o € {0,1}, 0 < a < %, and 0 <b < %

Then v, is defined to be min{%, %}, and p(fB,«) is defined to be

max{%7b|0§a§%, Ogbg%}.

Theorem 3.13. Let G = Z,. Let 3 > %, and o > n. Then there exist

X € ZS(G), Y € MZS(G) such that N(X,Y) = 2 if and only if £ < p(B,a).

Proof. Assume there exists X € ZS(G),Y € MZS(G) such that A(X,Y) = g
Then from Theorem 3.11, then there exists X' € ZS(G) and Y’ € MZS(G)
where [ X'] C {1,2,3} and |Y’| C {1,2,3} such that \(X',Y’) = % Then
we can write X’ = 192223 and Y’ = 192723 Since g = MX",Y’), from
Theorem 2.1, g < % and g < 2—2 Then g < min{%, 2—;} Note that we can
find o’ € Z2°, o € {0,1}, b > 0 such that 2223% = 29'3%"(27332)0 We can
also find 8’ € Z2°, 8" € {0,1}, a > 0 such that 2723% = 25l3ﬁ”(2_332)“. Then
g < min{%, 5—2} = min{gt‘;‘z, g’/’igZ} = Ya.b < p(0, ). This last inequality
follows directly from the definition of p(g, ).

Now, let g < p(B, ). We can write n —a = 203" and n — 8 = 2°°38"
where o/, 3" € {0,1} and o/, 3 € Z=°. Then from the definition of p(83, ),
there exist a where 0 < a < 8 and b where 0 <b< %/ such that p(83, @) = V4 =

3
min { 23 S2h So, £ < min {225, A% L Lot X = 1090 dge

/

a’—3b? a’’42b a’—3b’ o’ +2b

and YV = 18928 —3a38"+2a  Because min { gl,:g‘z, g,iig‘;} = min {—g;; , —831 },

and Theorem 2.1, A(X,Y) = g |

Although this function completely answers the question of which extraction
degrees are possible for cyclic groups when Y is a minimal zero sequence, it is

not nice. We were not able to determine a simple formula for calculating p(5, @)
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or even its minimum. Now, we look to higher ranks, and use some of our results

from the cyclic case.

Theorem 3.14. Let G = Zy, ® Ly, ® - -- & Ly, where njnjq foralll < j <s
and s > 2, ng > 4. Then

{ﬁw <M B )\(ZS,MZS)} - {ﬁ <1< ac Z+}.
« 2« 2

o
2 «

rectly from the definition of the extraction degree and Theorem 2.15.
Now, {£<1p< aczt}\ ({Z<m2p<n aezt}uy) =
{ﬁ

a — ng
";—:2<§<1,ﬂ<& an*}. From Lemma 2.16, since g > anz we
know that ng > a > % and 3 = a—1. Then we have that a —1 =3 < 5 < a.

Proof. {gm <ne B )\(ZS,MZS)} c {g <1B< ac z+} follows di-

2

This can only happen if n, is odd, a = ”ST'H and 3 = ”T_l

Now, we will show that g € MZS(G),MZS(G)). Since ns > 4 and ny is
odd, we know that ngs > 5. Then an > 2 so we can write ng — a = 242393
where ag, a3 € Z=% So, let X = (0,...,0,1)%(0,...,0,2)%2(0,...,0,3)*. If
ne_1=2,let Y =(0,...,0,1)%(0,...,0,2)2(0,...,0,3)%(0,...,0,1,1)
(0,...,0,1,0). If ns_1 > 3, then ny_; — 1 = 27235 where 35, 3 € Z=°, so let
Y =(0,...,0,1)2(0,...,0,2)%2(0,...,0,3)%2(0,...,0,1,1)(0,...,0,2,0)%
(0,...,0,3,0)%.
Then either way, Y € MZS(G) and A(X,Y) = g

Now, we will show that
({g <m2gon ge Z+} U {1}) - {gw <me B¢ /\(ZS(G),MZS(G))}.
If we write G = Hy ® Hy where Hy = Zyp, ©Zp, ® -+ ® Zy,_, and Hy = Z,,,

then from Theorem 2.5,

{gw < % g . /\(ZS(H2)7MZS(H2))}

{21 <% L eazs.mzse).

a
Now, from Theorem 3.10,

({Z<m2p<t ez o)

« N

(e

c {% <l A(ZS<H2>7MZS<H2)>}
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g{@ﬁ<%ﬁ§eA@S@%MzaG»}

Thus,
{5”8_2<5<1’5<"8,aez+}
a ng a 2
ﬁ Ng + ﬁ ng — 2 n +
=<2 <1 — Z — < — Z 1
{a_ B< 5 ac Vg S o p<3 a€ u{1}

c {gw < g c ,\(ZS(G),MZS(G))} ,as needed.

Extending Theorem 3.10 to all finite abelian groups is straightforward. How-
ever, finding a function similar to p(f, «) for all finite groups is a possible area
of further study. This could include simplifying the problem as Theorem 3.11

does for cyclic groups.

4 Fixing A Zero Sequence

In this section we fix either X or Y to be a specific zero sequence and allow the
other to vary within a subset of ZS(G). We then analyze the set of possible

extraction degrees.

4.1 Fixing X

To begin with, allowing Y to be any zero sequence, and fixing X as a zero

sequence produces the following theorem.
Theorem 4.1. If X € ZS(G) where X = g7 g5 --- gp* then

B

(&%)

)\(X,ZS):{ |1<i<k, ﬁeZZO}.
Proof. MNX,ZS) C {O%| 1<:i<k, Be ZZO} follows directly from Theorem
2.1.

Now, we will show that {§i| 1<i<k fe ZZO} C A(X, ZS). We need to
construct a Y € ZS(G) such that some element g; € X (90)y < L9 fo1 )

P (gi)x — (95)x
j such that 1 < j < k. This construction is different for cyclic and non-cyclic

finite abelian groups.
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If g; € G, then we write g; = (gj(-l),g]@), ... 7gJ(-S)). Now, let
Y =gl g7 gP"h, where for all j such that 1 < j < k, ; = aj + d; - n,
and d; is chosen such that 2—; > (% For h = (R, h®) ... 1)) we define each
R(™) as (M) = ziiﬁj -gj(-m)—&—jzl;ﬂﬁj -g](-m) —B-ggm) (mod n.y,) forall 1 <m < s.
Thus, Y € ZS(G). Now, if h # g;, then from Theorem 2.1, A(X,Y) = aﬁ So,
let h = g;, then either g; has at least two non-zero coordinates or g; has exactly
one non-zero coordinate.

First, suppose that g; contain at least two non-zero coordinates. Then we
can write g; = (0,...,O,giu),O,...,O,gl(v),07...,0) such that v # v and u,v €
{1,2,...,s}. Then, since Y € ZS(G), we can replace h € Y with h; and
hy where hy = (0,...,0,¢™,0,...,0) and hy = (0,...,0,9\"),0,...,0). Then,
from Theorem 2.1, \(X,Y) = aﬂ

Second, suppose that g; has exactly one non-zero coordinate. Here we have
two subcases: when G is not cyclic and when G is cyclic. To start, we will assume
that G is not cyclic. Then we can write g; = (0, .. .,0,g§“>,0, ...,0) such that
1 <wu <s. Then, since Y € ZS(G), we can replace h € Y with hy and he where
hi=(0,...,0,¢™,0,...,0,1,0,...,0) and hy = (0,...,0,(n—1)®),0,...,0)
such that u # w and 1 < w < s. Then from Theorem 2.1, A\(X,Y) = aﬁ Now,
we will assume that G is cyclic. Then we can write G = Z,,. Since Y € ZS(G)
we can replace h with f” where f # ¢;, |f| = n and f-r = h. Then from

Theorem 2.1, A(X,Y) = £. [

Corollary 4.2. If X € MZS(G) where X = g7 g5 - g,*, then
MNX,MZS) = {5 1<i<k Be ZEO}.
o

Proof. Theorem 4.1 applies here, because X € MZS(G) C ZS(G). |

Theorem 4.3. Let G = Zy,, ®Zp, S - -B Ly, such that njnjrq foralll < j <s.
If X € MZS(G) where X = g7 5% --- gp* then

o
Proof. Let g— € MX,MZS). Then there exists a Y € MZS(G) such that
MX,)Y) = g— According to Theorem 2.1, this implies that there exists g; € X

such that (¢;)x = «; and (g;)y = B;. Also, since Y € MZS(G), as shown
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in Theorem 2.15, 2— < 1. Since «; > 0, g— < 1 implies that 3; < «;. Thus,
Lel{l<i1<i<h f<al. u

Note that Theorem 4.3 is not a complete answer for the case of X, a fixed
minimal zero sequence, and Y € M ZS(G). Based on the general properties and
the results from Theorem 3.6, we believe that this containment is actually an
equality, as shown in the Conjectures below. Furthermore, the second conjecture

is needed because of Lemma 3.2.

Conjecture 4.4. Let G = Zy, @ Ly, & -+ ® Ly, such that njlnjy1 for all
1 < j < s, excluding the case where s = 2 with n, = 2 and ny € 2Z2*. If
X € MZS(G) where X = g7 g5% --- gp.* then

ANX, MZS) = {§| 1<i<k, B gaz}u{o}.

Conjecture 4.5. Let G = Zy ®7Z,, such thatn € 2274, If X € MZS(G) where
X =g7"95% - gp* then

. ; -2
A(X,MZS)={§1_| 1<i<k, Bi <a, andﬁ?#fb_l}u{o}-

Although we do not have the complete answer for all finite abelian groups,

we do have an answer for cyclic groups.

Theorem 4.6. X € MZS(G) where X = g7 952 --- g%, o1 > ag--- > oy If
Y € MZS such that Xgl_1 CY, then

)\(X,MZS):{O,l}U{ﬁ léiék,lﬁﬁﬁai—l}.

Qg

Otherwise,

/\(X,MZS){O,l}U{ﬂ 5§a12}u{6| 2§i§k’,1§ﬂ§ail}-
o1 Q;

Proof.  According to Theorem 2.18 and Theorem 2.13, A(X, M ZS) C {0,1} U
{g\ 1<i<Fk, ogﬁgal}.

{0,1} C A(X,MZS) follows directly from Theorem 2.6 and Theorem 2.7.
To show that {0%| 1<i<k B<ai— 1} \ {aa—*l} C NX,MZS), we will
first construct a Y that satisfies aﬂl = MX,Y), for any f < a3 — 2. Let
Y = g7 g2 - gp¥h, h = (oq — f)g1 (mod n), and B < a; — 2. It is important
that we show that h # g;. Assume that h = g1, then Y = gfgg‘2 o gpkh =
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g{”lgg‘2 ~-gp® C X. This contradicts the fact that X € MZS(G), and

hence h # g1. Clearly, whether h = g; # g1 or not, 2 is the minimum of

b @
{%}7 where 3; = (¢;)y. Therefore, O% € MX,MZS). Now, we will con-
struct a Y’ that satisfies aﬁ = MX,Y"), for any f < a; — 1 and ¢ # 1. Let
Y =gMlgye .. gz gu¥h, h = (a; —)gi+ 91 (mod n), and 3 < a; —1. We

will show that *i= Lozl anl 1ol 7 1 Gipee L § L we
(7] (7] (7] ; [e73 Qp (67

get *i— L < = r Usmg the same reasoning as above, it follows that = is the
minimum of {aél o=l 27 } where 3; = (g;)y. Therefore, O% ENX,MZS).

Now consider the case where ajl—ll € MX,MZS). We will first show

that ag—zl is not in the set of A(X,MZS) if a1 > 5. Assume that "‘}l—:l €

AMX,MZS). “;—:1 =1-2+ >1- 711 = 1-2 = =2 js a contradiction

(e 5] n

to Theorem 2.18. If a; < § and *2— L 6 MX,MZS), then there must exist a

Y € MZS(G) such that al—l is the minimum of {—} Bi = (9i)y. We will show
that Y must contain a subsequence Xgr'. By Theorem 2.1, if A(X,Y) = 22=1

al

then (g1)x = a1 and (g1)y = a3 — 1. Also, all remaining elements heXandY
must have (h)" al*l Hence, (h)y > (h)x. Therefore, 4= € A\(X, M ZS)

a1

(h)x
only if a; < 2 and ay € MZS(G) such that Xg; ' C Y. [

The final case is when X is a fixed zero sequence and Y € M ZS(G). Since
we do not have a complete answer for \(ZS, M ZS), generating one when X is
fixed is an area for further study. However, we were able to find a bound for

the cyclic case.

Theorem 4.7. X € ZS(G) where X = g7 g5%---gp*. If k=1, then
MX,MZS) = {07 %} Otherwise,

MX,MZS) C {6 b < min{gill}}.
a o o

Proof. k=1, MX,MZS) = {O, (g;%} follows directly from the character-
ization of A(X,Y).

Let Y be any minimal zero sequence. Assume that A(X,Y’) > min {‘gaﬁ}
If g; is the critical element and ‘ng ! — min {M}, then ﬁ > min {w;ﬁ}
implies that there are at least |gj| copies of g; in Y. Since glg” e MZS(G)
and glg" € Y, this contradlcts the fact that Y € MZS(G). If g; is the criti-
cal element and |g] L £ min { ‘gl‘v } then by definition of A(X,Y), 2 T the
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minimum of {%} However, Y must have (; copies of g;, 3; < |gz| Since

min { L } < min {wiaﬁ} < (57 it contradicts the assumption that = is the
i j aj
minimum of {g—} Therefore A(X,Y) < min {lg;ﬁ} |

By restricting X to have only two distinct elements, we were able to prove
a theorem for the special case where X = g7'¢5? and there doesn’t exist a
Y € MZS such that |Y'] = {g1,g2}. The following example illustrates the set
of extraction degrees for such an X in Z(12). Let X = 3%43, which is obviously
a zero sequence. The possible minimal zero sequences Y in Z(12) that give
AMX,Y)#0 or 1, are: 113341101; 3341111 334271, 324172; 31415%; 324210%.

The resulting A(X,Y) € {3,3,4’4

Theorem 4.8. X € ZS(G) where X = ¢7"g5?. If there does not exist a
Y € MZS such that |Y | = {g1, 92}, then
-1 -1
ANX,MZS) = {1, 0}u{ﬁ b in{|gl|,g2},i€{1,2}}.
2

(651 o

Proof. {0,1} C MN(X, MZS) follows directly from Theorem 2.6 and Theorem
2.7.
Now, we will show that A(X,MZS) C

{c% 8 < min{%, 'gaﬁ} Qe {1,0}}. Let £ € A(X,MZS), and ¥ =
gflggz with AM(X,Y) = g According to Theorem 2.1, there must exist an ele-
ment g; € X, such that 8 = (¢g;)y and @ = (g;)x = ;. SinceY € MZS(G), f is
less than or equal to |g;| — 1. Otherwise, glg’| € MZS(G) is a subsequence of Y,
which contradicts the fact that Y € MZS(G) and that Y| = {91,92}. There-
fore, 5 < ‘g‘l L Ttis important to show that 5 < Ig] ] # 4. Using the same

reasoning as above we have §; < |g;| —1, Where B = (gj)y and j # i. By defi-
nition of A\(X,Y) < Bi < |9J‘ L Therefore, 2 - B < mm{lgl\ loal=1 lg2|— 1}.

’a—a o2

To show that {£| £ < mm{%,m}} - )\(X, MZS), it suffices to

1 o
show that =~ € A(X,Y). Construct Y = g; g|292| h, where 8 < |g1],

h=n-— {ﬁgl + (lg2| — 1)g2 (mod n)}. Obviously, Y is a zero sequence. We will
now show that Y € MZS(G). Assume that Y ¢ MZS(G), then there must
exist a Y/ = gflggzh such that Y € MZS(G), and 51 = 3,02 < |g2| — 1, or
81 < B,82 = |g2| — 1, or B < 5,082 < |go| — 1. All three cases imply that
gf_ﬁlgélg2‘71)7ﬁ2 € MZS(G). If both 8 — 1 and (|g2| — 1) — (2 are non-zero,
then glﬁ_ﬂlgél‘mfl)*ﬁ2 € MZS(G) contradicts the assumption that there does
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not exist a Y such that |Y] = {g1,92}. We will next show that 3 — (3 or
(lg2] — 1) — B2 being zero is not possible. Both [, 3; are less than |g1|, and

hence 3 — 1 < |g1|. Similarly, (|ga| — 1) — B2 < |ga|. Trivially, either g¢ "* o
ggg—(\g2|—1) cannot be zero sequence. Therefore, Y € MZS(G). Then h # g1

or h # g follows directly from the hypothesis, because Y cannot contain only
the elements g1 and go. Therefore, C% < min { loa =1 |g2| 1} e XNX,Y).

[e51]

4.2 Y Fixed

The final sets that we investigated are those in which Y is a fixed zero sequence
and X is contained in either M ZS(G) or ZS(G). As discussed previously, by
placing restrictions on Y, we impose restrictions on X. Using some of our

previous results we were able to state some bounds for these sets.

Proposition 4.9. If Y € ZS(G) where Y = gflgzﬁ2 . ~gfj and X is any mini-

mal zero sequence, then

AX,Y) =0, or min{ by I gigj} <AX,Y) <max {31 <i<j}.

|9i|

Proof. Let Y = g{'gy*---g} and let X € MZS(G). If | X| |V, then
from Theorem 2.6, A(X,Y) = 0. So, assume |X | C |Y]. Then there exist m

where 1 < m < j such that A(X,Y) = @mly — . Since X € MZS(G),
(gm)x — (g Jx

1< (gm)x < |gm|- Then (22 < Zn < &2 Then we have that

min{@gllgiéj}g@—g‘gx(x,n B < max {81 <i < j}. [ |

For the case when Y is a fixed minimal zero sequence, note that if Y &
MZS(G), M(X,Y) <1 from Theorem 2.15. Specifically, if G = Z,,, A(X,Y) <
%2 from Theorem 2.18 .

Now, for the last two cases where X is any zero sequence and Y is either
a fixed minimal zero sequence or zero sequence, we can combine the previous
upper bounds with the fact that if X is any zero sequence, A(X,Y) can be
arbitrarily close to zero. For example, let X = mY where m € Z*. Then
MX,Y) ==
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5 Conclusion

We set out to find the sets of possible extraction degrees for all combinations of
two zero sequences. In the end, we were able to determine complete results for
many of these combinations. However, difficulties arose when placing restric-
tions on Y, as addressed in Section 3.3 and Section 4.2. These problems are

open to further study.
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