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ABSTRACT. We are interested in being able to pinpoint the existence of f-
invariant d-scrambled sets in the turbulent stratification presented by Block
and Coppel[1] which builds on Sarkovskii’s Ordering. In this paper, we give the
properties which guarantee that map of odd period will admit an f-invariant
d-scrambled subset. We also demonstrate that any map f which admits such a
set has the property that f2 is turbulent. We follow with independent proofs
that f-invariant §-scrambled sets exist in all maps that are strictly turbulent,
and that maps with f-invariant §-scrambled sets have periodic points of period
2k for every k > 0.

1. INTRODUCTION
Throughout this paper, let f : I — I be continuous where I is an interval in R.

Definition 1.1. The point z is a fixed point f if f(z) = z. The point x is a
periodic point of period n if f™(x) = x.

As presented by Devaney [2], Sarkovskii was able to demonstrate when the exis-
tence of points with certain periods in a map imply the existance points with other
periods for continuous maps in some interval of R.

The following is Sarkovskii’s Ordering of the natural number:
35T ... >2%3>2%5>...>2%2%3> 22 % 5>
> 255> .. 22 >22 201

Theorem 1.2. [2] Suppose f : I — I is continuous. Suppose f has a periodic point
of period k. If k> in the above ordering, then f also has a periodic point of period
L.

Notice that maps with a periodic point of period 3, have periodic points of all
other periods.

Definition 1.3. A map f: I — I is turbulent if 3 compact subintervals J and K
with at most one common point where

JUK C f(J) N F(K).

f is strictly turbulent if J and K can be chosen disjoint.

We can now define a chaotic map in the sense used by Block and Coppel [1].
1
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Theorem 1.4. [1] The following conditions are equivalent for f:

(1) f has a periodic point whose period is not a power of 2
(2) f™ is strictly turbulent for some positive integer m
(3) f™ is turbulent for some positive integer n

Definition 1.5. [1] A map f is chaotic if any of the above conditions hold for f.

Let Si, denote the set of maps f for which f* is strictly turbulent, T}, the set of
maps f for which f* is turbulent, P, the set of maps with periodic points of period
k, and K the set of all chaotic maps. With this notation, Block and Coppel [1] used
Sarkovskii’s Ordering to come up with the following turbulent stratification.

SiCTiCP3CPsC...CSyCTy CPgC P C
W CSy C Ty CPiy CPy C
.CKc..cPsCcPyCcPyCP?y
We looked at the above stratification to investigate where specific sets might be

in this stratification.

Definition 1.6. A set S C I is §-scrambled if for § > 0, S is uncountable, and
1. Vs1,82 € S,

) limsup(d[f" (s1), ["(2)]) = 8
(2) lim inf(d[" (s1), /" (s2)]) = 0

1. Vs € S and for any periodic point z,
(3) limsup(d[f"(s), f"(2)]) = &

n—oo

Definition 1.7. A set S C I is f-invariant if for any s € S, f(s) € S.

Our goal is to say where in the turbulent stratification maps must admit §-
scrambled and f-invariant sets. It is well known that all chaotic maps admit a
d-scrambled set, but it was not previously known if they would admit one which is
additionally f-invariant. We attacked this problem from two angles. First, tried to
prove that certain positions in the turbulence stratification forced maps to admit
f-invariant J-scrambled sets, such as maps that are strictly turbulent or of odd
period. Second, we tried to determine where in the stratification maps which admit
d-scrambled f-invariant sets were forced to be by that property.

2. EXISTENCE OF f-INVARIANT §-SCRAMBLED SETS IN MAPS WHICH ADMIT
PoiNTs oF ODD PERIOD

It was shown by Harrison-Shermoen [4] that V strictly turbulent maps 3 an f-
invariant d-scrambled set , and by B-S Du [3] that V turbulent maps there exists
an f-invariant d-scrambled set . We begin with an investigation into the properties
under which we know that a map of odd period admits an f-invariant d-scrambled
subset instead of a f2-invariant é-scrambled set.

In the setup for this characterization, we will draw on a proof of Sarkovskii’s
Theorem which appears in Devaney [2]. For two closed intervals I; and I we say
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I — I if and only if Ir C f(I1). Let « € I be a periodic point of period n, where
n is the minimum odd period of a point under f. Vi € [1,n] UZ™" let z; be the
points in the orbit of x, enumerated from left to right. Choose the largest i for
which f(z;) > z;. Let I} be the interval [z;, 2;11]. Then we must have I; C f(I;),
so I — I. Because n is odd, n # 2, so f(I;) # I;. Thus there must be some
other such interval of the form [z;,2;41]. Let Q2 be the union of intervals of this
form that are covered by f(I2). Let some interval of this form be called Iy C o,
and observe that Iy — I5. Recursively let Qi1 be the union of intervals of the
form [z}, 2;41] covered by the image of some interval in . Note that if Ij4 is
any interval in Q1 1, there is a collection of intervals Iy, ...I; with I; C €Q; which
satisfy Iy — Iy — ... = I, — I41. Because there are finitely many such z;s, there
is some k for which €}, = Q1. Because x; has period n for all j < n, we know
that € contains all intervals of [x;,x;+1]. Because n is odd, there are more x;s
on one side of Iy than the other, so at least one must change sides under f, which
means that there is some I; for which I; C f(I;). Now consider a chain of intervals
of the form Iy — Iy — ... — I; — I, where all of the intervals are chosen distinct.
By Devaney [2], these conditions mean that j = n — 1. Let this chain determine
the names of the n — 1 base intervals we will use in this proof. We know that each
point in I; has a pre-image in I;_1 mod » and that each point in I; has a pre-image
in Il.

Let a; € [1,n —1]NZ",Vi € Z*. Given compact intervals Iy, I, I3, ...I,_1, let
I, 4, be the compact subinterval of minimum length for which 14,4, C Iy, f(Zaya,) =
I,,. Recursively define I,,q,...4, as the compact subinterval of I,,4,...q, , of mini-

n

mum length for which f(I4,a,...0,,) = lasy...a, -

Definition 2.1. Let X" be the space of infinite binary strings (aias...) with a; €
1,n—1]NZ*

Definition 2.2. Let o be the shift operator on a binary string « = (ajasas...) € X"
such that o(a) = (azas...).

o0
Definition 2.3. For a € X", define I, as () lajas...a, -
n=1

Because I, is the nested intersection of countably many compact intervals, I, is
either an interval or a point. Consider the case where I,, is a point. Observe f(I,) =

F(N Tayas.an) € N fUaras...an) = () lay...an = Lo(a)- But by uniform continuity,
n=1 n=0 n=1

oo o0
we can see that I, () is also a point, so in fact f( () layas...an) = () f(Taras...an)-
n=0 n=0
Observe that all we know about the intervals we are using is that Vi € [1,n—1]N

77, I; has a pre-image in I;,_1, and I; has an additional pre-image in I;. Therefore,
the only strings of the above type of either finite or infinite length which we may be
sure exist by construction of the above intervals have the property that if a; = h,
ai+1 = (h—1 modn—1)if h # 1, else a;41 may equal 1 or n — 1.

Proposition 2.4. If f admits a periodic point of period n, and Vk € [1,n — 1] N
7T, I, may be picked so that one or more of the following conditions hold:
(1): I1111... s a point

(2): clo(int[Iy\int(I1111...)]) is connected
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(8): WLOG assume I3 is to the right of I, then Jx € I1\intl1111... s.t. f(x) >
max]ull_”, f(lE) = max]2

Then f admits an f-invariant 6-scrambled set.

Proposition 2.5. If none of the above properties hold for f, then f admits an
F2-invariant §-scrambled set.

We will begin by proving the first proposition, and then sketch to the second.

Lemma 2.6. If (1) does not hold but either (2) or (3) does, we may select J C I
for which J — J and J — I, for which if we reassign I = J, (1) will hold for the
new Iy.

Proof. Assume (2) holds. Then let J =clo(int[/;\int(/1111...)]), and note that J is
a compact interval. Because Iy — I, I; — I3, and I111;1... is invariant under f, we
know that the parts of I; whose image covers J and I are in J. Thus J — J and
J — 12.
Now assume that (3) holds and (2) does not. Let y = min{z € I;\intl1111. |z >
min [1111., f(z) = max Io}. Thenlet z = max{x € I1)\intl1111. |z > min 117, 2 <
y. Then let J = [y, z]. By continuity, J — J, J — I5.

U

Redefine I; as J, changing the definition of I, as necessary.

Let v € (0,1). Vi € Z* U {0}, let v; be the ith digit after the decimal place in
the decimal expansion of v, that is, v; = [(10°*v mod 10)]. Let ¢; be the string of
ones of length [10°*v]. Let r = (n—1)(n—2)(n—3)...(1)(1), that is, the decreasing
string beginning with n — 1 and ending with 11. Let w; be a string of ones of length
i. Then let u; = rw;rw;r - - - rw;r, so that w; is repeated ¢ times. Consider the set:

S = {l.|a = (trurtaustzustsuy...), p(ly) = 0}

Observe that a has no adjacent js, where j # 1, which means that a € ¥". Clearly,
S’ is uncountable, as its composition encodes uncountably many irrational numbers
as long strings of ones, and there cannot be uncountably many intervals within a
finite interval, so there must be uncountably many singletons. For each o € S, let
v, £, uf' be the numbers or sequences v, t;, and u; respectively for that particular
Q.

Let S = {f™(s)|n € Z+ U{0},s € S'}. By construction, S is uncountable and
f-invariant.

Lemma 2.7. Let ki, ke € ZT U {0}. Given distinct strings o*(a) and o*2(B) for
which 1,15 € S',3 some n € ZU{0} for which o™+ (a) begins with (n — 1)(n —
2)(n — 3)...(1)(1) and a*2"(B) is a string of ones of length n + 1.

Proof. If a # 3,35 € Z* for which v # vf . Without loss of generality say v > vf .
Then Vi > j, |t;| is greater in « than in 8. Whatever the initial displacement of
the strings at this point, from now on there will be longer strings of ones in the «a
string than in the 3 string. That is, there is some integer j, for which if o¥1+71 ()
is the first character of the string u$, and oF2*n2(3) is the first character of the
string ufz, then ny > no. Redefine k1 as k1 + no, and redefine ko as ko + ng. As
the gaps between the sequences get arbitrarily large, we will be able to pick some ¢
after this point for which the entire run t’f uf will line up entirely with ones from «.
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Now pick an n to advance the beginnings of the sequences to the n — 1 beginning
uf and the condition will be fulfilled.

If « = B3, let k = |ky — ko| pick some j € Z* for which |¢;| > k + h. Then if we
pick an n which advances us to the beginning of this subsequence in the string that
is further ahead, we still have at least h ones left at the beginning of each sequence,
fulfilling the condition. O

Lemma 2.8. Let ki,ky € ZT U {0}, and let h € Z*T. Then, given distinct binary
strings o, 8 € S/, Vh € Z*, 3 an n for which the next h characters of both ™% ()
and o™ *2(3) are all one.

Proof. Let j = |k1 — k2|. Repeat the steps in the previous Lemma to redefine the
sequence so that without loss of generality a’s sequences of ones are longer. Then
we will again be able to pick some ¢ after this point for which the entire run tiﬁ uf
will line up entirely with ones from «. If |tf | > j + h, pick an n which advances
the sequence to the first character of tf and the condition will be fulfilled. Else,
because the sequence of lengths tiﬁ is strictly increasing we will eventually be able
to find another such tiﬁ for which the property holds. O

Lemma 2.9. Let i, j,jo,k € Zt U{0},le 1,n—1]NZT, ae S, andz € I s.t. 2
is periodic of period k. Then let z; = fi=1(2). Now we may pick some n € Z+ for
which f*(z) = zi and f*I(1,) begins with I.

Proof. Pick some i € Z1T U {0} for which k divides n + %, i > kn. Let la,i3,i4 €
[1,m — 1] NZ*. Then pick some n which advances a to the beginning of the string
u;. Then every n + i times we iterate f, we will move all the z;s forward by one
relative to the string «. In particular, by the time we have iterated fk(n+1) times,
we will have lined up each element in the interval u; with a z; at least once. By
construction, k(n+i) < i(n — 1+ 1), the size of the interval, so we do not leave the
interval during this process. Then for some ny < k(n + i) by iterating fng times
after the first n, we will line up an [ with zg. ([

Now we are ready to prove the first proposition.

Theorem 2.10. If f admits a periodic point of period n, and Vk € [1,n—1]NZY, I},
may be picked so that one or more of the following conditions hold:
(1): I1111... is a point

(2): clo(int[Iy\int(I1111...)]) is connected

(3): WLOG assume I is to the right of I, then 3z € I\intl1111... s.t. f(z) >
max 11111,”, f((E) = max]2

Then f admits an f-invariant 6-scrambled set.

Lemma 2.11. Given two points f*(1,), f(Ig) € S such that a # 3 and e € RT,
In € Z* such that d(fI+7(1,), f*47(I5)) <.

Proof. Without loss of generality assume j < k.

Because I111... is a point, the sequence of intervals I, 4,...a,, Where a; =1Vi € 7+
has length converging to zero as n approaches infinity. Then given any ¢ € Z¥,
we may find an i € ZT for which the length of I,,4,. 4, is less than e¥n > i

n
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By lemma, pick some n; € Z* for which the first i terms of 0"+ (a) are 1 and
overlap with the first i terms of 0" *#2(3). Then d(f7+"(I,), f¥*"(I5)) < €, where

oo
n = Y.np. Because € and the starting points were arbitrary, this proves that
h=1

lim inf(df" (1), f"(s2)]) = 0. O

Now we will divide into cases based on the period of n:

Case I: n = 3.

We will begin by restricting what we mean by I; and Is.

Case I A: min(I;) < min(l,). Let a = max{z € I;|f(z) = max(l5)}. Then let
b = min{x € I|f(z) = a,z > a}. Redefine I; = [a,b], and observe that we still
have Il — Il and Il — 12.

Case I B: min(f;) > min(I;). Let b = min{z € I,|f(z) = min(ly)}. Then let
a = max{z € I|f(x) = a,x < b}. Redefine I} = [a,b], and observe that we still
have Iy — I; and I; — Is.

If d(Il,IQ) = O, let 6 = min{d([zn,ll),d([lg,fg),u(h),u(fg)}. If d([l,lz) > O’
let § = min{d(I12, 1), d(Io1y, It), p(11), p(I2), 210}
Then ¢ > 0 iff min{d(I2, I2),d(I211,11)} > 0.

Lemma 2.12. d([gll,ll) >0

As above, I} = [a,b], let Iy = [e,d].
Case I a: a < min(Iy).

Proof. We know f(b) = a, and that Va € I1\b, f(z) # a, so b € I1;. Because I3
is a subinterval of I1, min(I11) > a.We know that f(c) < a, so ¢ ¢ I>11. Because
f is uniformly continuous, and d(min(f;1),a) > 0, we know that d(Iz11,¢) > 0.
Then because c is the closest point in Iy to I, we have that d(Iz11,11) > 0, which
completes the proof. O

Case I b: a < min(/lz).

Proof. We know f(a) = b, and that Vo € I1\a, f(z) # b, so a € I1;. Because I1;
is a subinterval of I, max(l;1) < b.We know that f(d) > b, so d ¢ I>1;. Because
f is uniformly continuous, and d(max(I11),b) > 0, we know that d(l211,d) > 0.
Then because d is the closest point in I5 to I;, we have that d(Is11, 1) > 0, which
completes the proof. O

The proof that d(I12,3) > 0 is similar.

Lemma 2.13. Given two points f¥1(1,), f*2(I3) € S such that o # 3, In € ZF
such that d(f*+n(1,), f*=Tm(Ig)) > 6.
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Proof. By Lemma 1, pick some n for which %1+ () begins with 211 and o*27(3)
begins with 1. Then by definition and the nested property of our intervals,
d(fFrF(1a), fH21(Ig)) = 6. 0

Lemma 2.14. Given some periodic point z and some f7(I,) € S,
tim sup(dlf" (=), £+ (L,)]) > 6.
n—oo

Proof. Case I a: The orbit of z at some point leaves the series of intervals we are
considering.
WLOG, let this point be the (k — 1)st iterate of z, where z has period k. Then
by construction of 4,3 some [ € {1,2} for which d(zx,I;) > 6. By Lemma 2.9, we
know we may find an n for which f"7(I,) C I; and f"(z) = 2.

Case I b: The orbit of z is constantly within the series of intervals we are
considering.
Then we may encode z’s trajectory through intervals in a sequence of 2 variables.
Let v € ¥2, for which v = (cicac3...) such that fi(z) € I..,. Because the trajectory
of z is periodic, v must also be periodic. Assume v contains a 1. WLOG, say
2, € I;. Then we may use Lemma 2.9 to pick an n which forces f**7(I,) C Iy
(which means it will be a subset of 211, by construction) and f"(z) = 2, which
will force our Lemma to be true. Otherwise, v must contain a 2, we may assign
zr € Iz, and we may again apply Lemma 2.9 to force z to line up with an element
of I,2, proving our Lemma.

Case I ¢: The point z is an endpoint of more than one interval.
Then z will be the periodic point & on which these intervals are based, and we
may easily line up one of the points in its orbit that does not bound I; with an
arbitrarily long string of 1s, giving a distance greater than J.

O
Case II: n # 3

Because there are 4 or more intervals we are considering, and each has at most
1 point in common, we know that there are some pairs of intervals which are
completely disjoint. Let 6 = inf{d(I;, I)|k,j € [1,n — 1] NZT,d(I;, I};) > 0}.

Lemma 2.15. Given two points f¥1(1,), f*2(I3) € S such that o # 3, In € ZF
such that d(f¥+7(1,,), f*=7 (1)) > 4.

Proof. Assume (8 and « are distinct, then by Lemma 2.8, we know that we may
pick some n for which without loss Of generality o1+ () begins with (n —1)(n —
2)...(1)(1) and o*2t"(B) is constantly 1. Because 1 < j < n — 1, we know we
may pick some slightly greater n for which o¥1+"(a) begins with j and o*2+7(3)
begins with 0. Then by definition of § and the nested property of our intervals,
d(FPn(1,), f (1)) > 6.

Now assume 3 and « are identical.
Case I a: The displacement |k; — ko| = 1.
We know by Devaney [2] that there is some j € [2,n — 1] N Z* for which I; is on
a different side of I; from I;;;. When the strings are displaced by 1, we will have
this j lined up with j 4+ 1 every time they occur, so if we advance the sequence by
n to that place, we will find d(f*+"(1,), f*2T"(1,)) > 0, and thus by definition of
5, d(fF (L), fF4n(1,)) > 6.
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Case I b: The displacement |ky — ka| > 1.

Before and after the strings u;, we will have displacements of 2 or more on each
side. This means that we will have a minimum of 4 intervals lined up with ones.
Because the intervals are distinct, there are at most 2 which are adjacent to I, so
by advancing the sequence by n to an overlap of some j for which d(I;, ;) > 0 with
1, we will have d(f*1+7(1,,), f*" (1)) > 4.

Lemma 2.16. Given some periodic point z and some f(I,) € S,
lim sup(d[ " (). /" (I,)]) > 6.
n—oo
Proof. Case I a: The orbit of z at some point leaves the series of intervals we are
considering. WLOG, let this point be the k — 1st iterate of z, where z has period
k. Then by construction of §,3 some [ € [1,n — 1] NZ™" for which d(zy, ;) > 6. By
Lemma 2.9, we know we may find an n for which "7 (I,) C I; and f*(z) = 2.
Case I b: The orbit of z is constantly within the series of intervals we are
considering. Then we may encode z’s trajectory through intervals in a sequence of
n—1 variables. Let v € ¥, for which v = (¢icacs...) such that fi(z2) € I.,. Because
the trajectory of z is periodic, v must also be periodic. Since we have 4 or more
intervals, we may pick any h € [1,n — 1]NZ" for which z € Ij,, and we know that
there will be an [ € [1,n — 1] NZ™" for which d(I;,I;) > §. Then we may apply
Lemma 2.9 to find the appropriate n for which f™(z) = 2, and f"*9(1,) € I, to
complete the proof.
Case I c¢: The point z is an endpoint of more than one interval.
Then z will be the periodic point x on which these intervals are based, and we
may easily line up one of the points in its orbit that does not bound I; with an
arbitrarily long string of 1s, giving a distance greater than ¢. O

O

Now consider the case where none of the three properties of the first proposition
hold. Then let I,y = [maxIi111..,max ;] and redefine Iy = [min Iy, min 1117, ].
With this notation, observe that I;,/1;/;;- Wwill be a point on the boundary of the
removed invariant interval and I,/,,/,/;  will be its image. We may define a set S
as before, except now instead of strings of ones we will use strings of double length
of 11's. Then if we allow only f? iterates of points in the set to be used, we may line
up arbitrarily long sequences of 11's and reproduce the above lemmas for lim inf.
Because I,_; — I and I,_; — I;1/, we may follow either ones or 1's by n — 1s, so
we may alternate between sequences of even and odd length. This will insure that
we may line up an I; or I;; with some I; and get a distance greater than ¢ in a
method parallel to the above construction.

3. MAPS WITH f-INVARIANT §-SCRAMBLED SETS ARE IN Ty

Here we use a theorem proved in Block and Coppel [1] to argue by contradiction
that any map f which admits an f-invariant d-scrambled set is in Ty. Here are
some relivant definitions.

Definition 3.1. [1] A trajectory {f™(c)} will be said to be alternating if either
f¥(c) < fi(e) for all even k and all odd j, or f*(c) > fi(c) for all even k and all
odd j.
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Definition 3.2. [1] We define the limit set of a point x € I to be the set

wz) =wz )= J @
m>0n>m

Equivalently, y € w(zx) if and only if y is a limit point of the trajectory v(x), i.e.
f™ (x) — y for some sequence of integers ny — oo.

The following is a useful Lemma from Block and Coppel:

Lemma 3.3 (Block and Coppel IV.4). A limit sets w(z) contains only finitely
many points <= x is asymptotically periodic.

If w(x) contains infinitely many periodic points, then no isolated point of w(x)
is periodic.

Theorem 3.4. [1] Suppose f? is not turbulent. Then ¥Yc € I exactly one of the
following alternatives holds:

(i): the trajectory {f*(c)} is bimonotinic and converges to a fived point of f

(ii): the trajectory {f*(c)} is alternating from some point on and the limit set
w(e, f) is an f-orbit of period 2.

(iii): the trajectory {f*(c)} is alternating from some point on and if we set

(4) a = minw(c, f?), 8 = maxw(c, f?),

(5) v =minw(f(c), f?),6 = maxw(f(c), *),
then [, 8] and [v,9d] are disjoint non-degenerate intervals which contain no fized
point of f.

Proposition 3.5. If f admits an f-invariant 6-scrambled set, then f? is turbulent.

Proof. Let S C I be an f-invariant d-scrambled set. Let ¢ € S. TAssume (i) or
(ii) holds. But then the limit set is finite, so ¢ is asymptotically periodic by the
above Lemma from B and C, so we have a contradiction against the property of
d-scrambled that limsup(d[f™(s), f*(2)]) > ¢ for any s € S and periodic z € I.

If the trajectory {f*(c)} is not alternating from some point on then (iii) fails.
Assume that the trajectory {f*(c)} is alternating from some point on. Then we
know that if k; is odd and ks is even, then without loss of generality f*:(c) < f*2(c).

Let wy = sup{f?**1(c)|k € N} and wy = inf{f?**(c)|k € N}. Because
linrriigf(d[f"(c), f" 1 (e)]) = 0, we must have w; = wy = w. But then by continuity,

w € w(e, f2) and w € w(f(c), f?), so (iii) still fails. Thus f2 must be turbulent. O

4. ALL STRICTLY TURBULENT MAPS ADMIT f-INVARIANT 0-SCRAMBLED
SUBSETS

As mentioned previously, [4] showed that all strictly turbulent maps admit f-
invariant §-scrambled sets. We produced an independent proof of this result.
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Let f be strictly turbulent. Then 3 compact intervals Iy = [a',b], I, = [¢,d ],
st. IgUI, c f(Iy) N f(I,) Thus Iy C f(Iy), so there is at least one fixed point
in I(/). Call the set of such fixed points F, and observe that the set is non-empty
and closed. Because I; C f(Iy), the set K = {z € Iy|f(z) = d'} is also non-empty
and closed by continuity. By these two conditions, 3 two points d' eF , b’ € K for
which d(a”,b") = d(F, K), where d(F, K) has the usual definition inf d(z,y).

zeF,ye K
Let a = min{a",b"}, b = max{a ,b }. Let Iy = [a,b]. Similarly select ¢,d € I
and let Iy = [¢,d]. Now by construction, Iy U1 C f(Ip) N f(I1)

Let a; € {0,1}, Vi € Z*T U {0}. By continuity of f, we know 3 intervals in I,
which are pre-images of Iy and I; under f, for either value of ag. Now let I, 4, be
the subinterval of I,, of minimum width for which f(I,,q,) = Io,. Without Loss
Of Generality force I,,,, to include its endpoints, then I,,,, is compact.

Definition 4.1. Define Ina,a,...a, @S the subinterval of Ioyayas...a,_, Of minimum
length for which f(lagaras...an) = lajas...a, -

All of these intervals will be constructed to be compact by repetition of the above
argument. In addition, it follows from the definition that the intervals are nested,
that is, Tugaras...an 1an C lagaras..an VN € Z7.

Definition 4.2. Let ¥ = {a]a = (agaias...), for a; € {0,1}} be the set of all
infinite binary strings.

oo
Definition 4.3. For some a € ¥, define I, as () lugaras...a, -
n=0

Because I, is the nested intersection of countably many compact intervals, I,

is either an interval or a point. For consider the case where I, is a point. Observe
o0 o0 o0

fLa) = f(N Lagaras...an) € N fagaras...an) = ﬂof(lamz...an) = I5(a). But by
n=

n=0 n=0

uniform continuity, we can see that I, is also a point, so in fact in this case

f( OOIaomaz...an) = Oof(la0a1a2'~~an)'

Definition 4.4. Let o be the operation on a binary string o = (apajazas...) € ¥
such that o(a) = (ajagas...). Observe that f(I,) = f(lagarasas...) = larasas... =
Ig(a).
Vi € Z+ U {0}, let t; be the string of zeros of length 2¢, u; be the string of ones
of length 2¢. Consider the set:
S" = {I, | a = (%ot *1 *ou1 *2 *1 *q ta *3 *o %1 *ouUs...), for x; € {0,1}}

This set is uncountable, so it must contain uncountably many «’s for which I, is
a singleton, i.e. I, = xo. Let S = {f"(In) | In € S, pu(1n) = 0, n € ZT U{0}}.
Observe that then if f"(I,) € S, f"(Ia) = {Ton(a)}, a singleton.

Lemma 4.5. Given our construction of Iy, I;_, is a point and not an interval.

Proof. Recall that I, = () luyayas...a,, Where a; = 0, Vi € Z*. Because f is

n=0
continuous, and Iy UI; C f(Ip), some of the range of Iy under f is not in Iy, so the
length of Iy is smaller than the length of Iy. By a similar argument, it can be seen
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the that length of I4ya,a,..a,_, is smaller than the length of I, a,a,..a,, VR € ZT
so we have that the sequence of lengths of these intervals is strictly decreasing.
Assume I;__ is an interval, i.e. that there is a positive lower limit to the decreasing
of the length of the interval. Then I;__ is preserved under f, that is f(I; ) =
I,y = Ii,,. We know a is a fixed point by construction, and because f does not
cross the line y = z again in I, we know it cannot in I; . But this is a contradiction
as it is graphically impossible to have a fixed interval under a continuous mapping
which has a fixed endpoint and no other fixed points, so I;_ must be a point. O

Lemma 4.6. Let ki, ko € ZT U {0}. Given distinct binary strings o*'(a) and
a*2(B), 3 an n € ZU {0} for which the first digit of o™ %1 () is not equal to the
first digit of c"*2(3).

Proof. Let j = |k1 — kol

Case 1: j > 0: The strings have the same initial structure, and are displaced
relative to each other by j applications of o, so if we look far enough ahead in the
string, we will see a place in which the string of constant zeroes t; overlaps exactly
the last j of the string of *xs. If %x; = 1, apply n to both strings until the first
character of the binary string is 1, lined up with a 0 from ¢;. Else, apply n until
*1 is lined up with a 1 from w; 4.

Case 2: j = 0: Because the strings are lined up, the indices on the strings of *s
will be lined up. Because the strings are not identical, 3n € Z U {0} such that x,,
in « is different from #,, in . When ¢ is applied enough times to bring the matched
xS to the front of their binary strings, the Lemma’s condition will be fulfilled. [J

Lemma 4.7. Let ki, ko € ZT U {0}, Without loss of generality let ki > ko. Then,
given binary strings o*(a) and o*2(B), Vi € Z*, 3 an n for which the next i
characters of o™ %1 (a) and o™ T*2(3) are both zero.

Proof. Again, let j = |k; — ko|. Find some n; in the even integers for which
271 > j+1i. Then if we apply ¢ enough times to o* (a) to advance i positions into
tn, or some longer sequence of zeroes, there will still be at least ¢ zeros which the
strings will have in common. O

Theorem 4.8. If f is strictly turbulent, then 3 a §-scrambled f-invariant subset
of S under f.

Proof. Let 6 = @, then & > 0 because f is strictly turbulent. Then, if two
points I, and I are in different intervals, d(I,,Ig) > 6. Recall that the I, is in I

if the first entry in the string is 0, else I, is in I3

Lemma 4.9. Given two points f¥ (I,), f*(Ig) € S such that a # 3, 3In € ZT
such that d(f¥1+7(1,,), f*2n (1)) > 4.

Proof. By Lemma, there is an n for which the first digit of o"*1(a) is not equal
to the first digit of o"**2(3). We know o"**1(a) = fr*t*1(I,) and o"*2(3) =
f7rk2(I5), so we may apply fn times to f*1(1,) and f*2(I5) and find that

d(f7(1a), fE17 (1)) = 6. .

By applying this lemma to arbitrary points and iterates of them, we may see
that limsup(d[f**"(1,,), f7t"(I5)]) > 6.

n—00
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Lemma 4.10. Given two points f*(1,), f/(Ig) € S such that a # 3 and ¢ € RT,
In € Z* such that d(fI+"(1,), ¥ (1)) <e.

Proof. Without loss of generality assume j < k.

Because Igoo... is a point, the sequence of intervals Io,q4,4a,...a, Where a; = 0Vi €
77 has length converging to zero as n approaches infinity. Then given any € € Z*,
we may find an i € ZT for which the length of Togayras...a, 1S less than evn > 4
By lemma, pick some n; € Z* for which the first i terms of 0"+ () are 0 and
overlap with the first i terms of o”**2(3). Then d(fi*"(I,), fk 4+ n)(I5)) < ¢,

oo
where n = > nj. Because € and the starting points were arbitrary, this proves

that lim iogf('&:[}n(sl), F(s2)]) = 0. 0

Lemma 4.11. 36 >0, n € ZT Vs € S,z € I s.t. z is periodic,
limsup(d[f"(s), f"(2)]) = &

Proof. Let § be defined as above. Then pick some periodic point z and some
s=x4 €8.

Case 1: The trajectory of z under f never leaves Iy U I;. Then we may encode
z’s trajectory between these intervals in a binary sequence. Let v € ¥, for which
v = (cocreacs...) such that fi(s) € I.,. Because the trajectory of z is periodic, v
must also be periodic. We know that « is not periodic or eventually periodic, so
there must some place in the string in which « and « differ. If we use the o map
to bring these to the front of the strings, we will have the corresponding points in
different intervals under the f map. Thus 3 an n for which d[f"(s), f"(z)] > .

Case 2: The trajectory of z under f leaves Iy U I3 at some point w. Let k be
the period of z. By construction of S, there exists an n for which f"(s) has an
arbitrary length string of zeros or ones. If d(w, Iy) > d(w, I), then d(w, Iy) > §, so
if we select a high enough n to get an overlapping string of zeros with length greater
than k, we can find some ny for which ¢”2(a) begins with a 0 and f"2(z) = w.
Then d(f™(s), f™(z)) > 0. If d(w, I) > d(w, I), we make a similar construction
with a string of ones.

Because both these points are arbitrary, this proof may be applied countably
many times to the iterates of the points under this method, so

lim sup(d[f™(s), f™(2)]) > 4. O
The set is uncountable and f-invariant by construction. O

5. PERIODIC POINTS IN MAPS WITH f-INVARIANT J-SCRAMBLED SETS

Finally, we show that maps with f-invariant -scrambled sets must have periodic
points of period 2* for every k > 0.

Lemma 5.1. If f : I — I admits a §-scrambled f-invariant set S C I for some
§ >0, then ft has a periodic point of period 2 for every t > 0.

Proof. Let f: I — I admit a d-scrambled f-invariant set S C I for some § > 0.
Now, let ¢ > 0 be arbitrary and consider the map f!. Consider the theorem
below that comes from Block and Coppel.

Theorem 5.2. [1] If f has no periodic point of period 2 then, for every c € I, the
trajectory {f*(c)} is bimonotonic and converges to a fized point of f.
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If ¢ does not have a periodic point of period 2, then according to the theorem
above from [1], for every c € I the trajectory {f¥(c)} converges to a fixed point of
ft. Now take a point s € S. Since s is obviously in I we can say,

FH(s) — 2
where z is a fixed point of f!. By continuity,
F(F*(s)) = f(2)
P (s) = £2(2)

Fr*(s) = f(2)
Now f** = s’ € S because S is f-invariant, and notice that z must be a periodic
point of f since it is a fixed point of f*.

I = ()
o f7) = Jlim ()

lim (d[f"(s"), f"(2)]) = 0

n—oo

limsup(d[f™(s'), f*(2)]) =0 %6

n— 00
since 6 > 0
This contradicts the final part of the definition of a §-scrambled set. Therefore,
% must admit a periodic point of period 2.
O

Corollary 5.3. If f admits an f-invariant 6-scrambled set for some § > 0, then f
has a periodic point of period 2.

Proposition 5.4. If f : I — I admits a §-scrambled f-invariant set S C I for
some & > 0, then it has periodic points of periods 2 for every k > 0.

Proof. From Lemma 5.1 above we know that f! must admit a periodic point of
period 2 for every t > 0. Let t = 27 where j > 0.
Now consider the below theorem from Block and Coppel.

Theorem 5.5. [1] If ¢ is a periodic point of f* with period m, then c is a periodic
point of f with period mh/d, where d|h and ged(d,m) = 1.

Now using the theorem above, because f 2_k has a periodic point of period 2, then
f will have a periodic point with period @ where d|(27) and ged(d,2) = 1. Now
because ged(d,2) =1 we know that d must be odd.

We will restrict our search to when d > 0 since if d < 0 we could simply take |d|
as our new d and the above conditions would still hold true.

Now, there is only one odd integer, 1, that divides an integer in the form 27. So,
d = 1 and f must have periodic points of periods 2(2’). Because this works for
every j > 0, we can say that f must have period points of periods 2(27) = 27+ for
every 7 > 0. Let j + 1 = k. Thus, f has periodic points of periods 2% for every
k> 1.

So combining this with Corollary 5.3 from above, f has periodic points of periods
2F for every k > 0. (]
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