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Abstract

Consider the problem of determining maximal vectors g such that
the Diophantine system Mz = g has no solution. We provide a variety
of results to this end: conditions for the existence of g, conditions for
the uniqueness of g, bounds on g, determining g explicitly in several
important special cases, constructions for g, and a reduction for M.



1 Introduction

We will begin where last year’s combinatorics group stopped. We will be
using the notation used in the paper that was recently submitted for pub-
lication. In fact, almost all of this introduction was copied straight from it
with the proofs removed.

Let m,x be column vectors from Ny. Georg Frobenius focused atten-
tion on determining maximal ¢ such that the linear Diophantine equation
mTxz = ¢ has no solutions. This problem has attracted substantial atten-
tion in the last 100+ years; for a survey, see a really cool book that Vadim
checked out from the library, which contains almost 500 references as well as
applications to algebraic geometry, coding theory, linear algebra, algorithm
analysis, discrete distributed systems, and random vector generation. A nat-
ural generalization of this problem (and essential to some applications) is
to determine maximal vector(s) g such that the system of linear Diophan-
tine equations Mx = ¢ has no solutions. This has attracted relatively little
attention, perhaps because maximality must be subject to a partial vector or-
dering. We attempt to redress this injustice by providing a variety of results
in this multi-dimensional context.

We fix R". For any real matrix X and any S C R, we write Xg for
{Xs:s e S*}, where k denotes the number of columns of X. Abusing this
notation slightly, we write X; for the vector X1¥. We fix M C Z,x(nim),
and write M = [A|B], where A is n x n. We call Ag>o the cone, and My,
the monoid. |A| denotes henceforth the absolute value of det A. If |A| # 0,
then we follow others and call the cone volume. If, in addition, each column
of B lies in the cone, then we call M simplicial. Unless otherwise noted, we
assume henceforth that M is simplicial. Note that if n < 2, then we may
always rearrange columns to make M simplicial.

Let u,v € R™. If u — v € Az, then we write u = v and say that u, v are
equivalent mod A. If u — v € Ag>o, then we write u > v. If u — v € Ag>o,
then we write u > v. Note that u > v implies u > v, and v > v > w implies
u > w; however, u > v does not necessarily imply that v > v. For v € R", we
write [=v] = {u € Z" : u > v}. We say that v is complete if [-v] C My,. We
set GG, more precisely G(M), to be the set of all >-minimal complete vectors.
We call elements of G Frobenius vectors; they are the vector analogue of g
that we will investigate.

Set Q@ = (1/|A])Z" C Q. Although G is defined in R”, in fact it is a
subset of @™, by the following result. Furthermore, the columns of B are



in Ag>o; hence My>o = Ag=o and without loss we henceforth work over @
rather than over R.

Proposition 1.1. Let v € R™. There exists v* € Q" with [~ v] = [~ Av*]
and v > Av*.

In general, My, does not form an <-lattice, because A~!'B does not have
integer entries and thus lub is not well-defined. However, because (on)n isa
chain product, our partial order < is a lattice over ). For x = Ax',y = Ay/,
we see that lub(z,y) = Az’ where 2’ is defined via (2'); = max((z');, (¢/);).

Foru € Q", we set V(u) = (u + AQQ(OJ]) NZ". It was known to Dedekind
that |V (u)| = |A], and that V' (u) is a complete set of coset representatives
mod A (as restricted to Z").

The following equivalent conditions on M generalize the one-dimensional
notion of relatively prime generators. We assume henceforth, unless other-
wise noted, that M possesses these properties. We call such M dense.

Theorem 1.2. The following are equivalent:

1. G is nonempty.

My =7".

For all unit vectors e; (1 <i<mn), e, € My.

There is some v € My, with v+ e; € My, for all unit vectors e;.

The GCD of all the n X n minors of M has absolute value 1.

S oA o

The elementary divisors of M are all 1.

Classically, there is a second type of Frobenius number f, maximal so
that m”2z = f has no solutions with z from N (rather than Np). This does
not add much; it was shown that f = ¢ + m”1. A similar situation holds in
the vector context.

Proposition 1.3. Callv f-complete if [-v] C My. Set F' to be all >-minimal
f-complete vectors. Then F = G + M.

For vector w and i € [1,n], let C'(u) = {v : v € Z" \ My,,v = u +
Aw, (w); = 0, (w); € (0,1] for j # i} and let C'(u) = Ucpp C'(u), a disjoint
union. Call elements of C(u) critical. Note that if v € C*(u), then v+ Ae; €
V' (u). Critical elements characterize GG, as shown by the following.
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Theorem 1.4. Let x be complete. x € G if and only if C*(z) # 0, Vi € [1,n].

Theorem 1.5. Fiz A and vector ¢ > 0. Set C = c(1")T, a square matriz,
and fir k € N. Set M = [A|A+ C|A+2C|---|A+ kC]. Suppose that M is
dense. Then G(M) = {Azx+ |Alc — Ay —c:z € Ny, ||z]|1 = [(JA] — 1)/k]}.

Let MIN = {z : x € My,; for ally € My,, if y = x then y > z}. Pro-
vided M is dense, MIN will have at least one representative of each of the
|A| equivalence classes mod A. MIN is a generalization of a one-dimensional
method; the following result shows that it characterizes G.

Theorem 1.6. Let g € G. Then g = lub(N) — Ay for some complete set
of coset representatives N C MIN. Further, if n < |A| then there is some
N'" C N with |N'| =n and lub(N) = lub(N').

Theorem 1.7. MIN C {Bz : z € N, ||z]|; < |A] —1}.
Corollary 1.8. If m =1 then G = {|A|B — A, — B}.

2 Adjacency

2.1 General

Definition 2.1. Let g; € G be distinct vectors. A vector v € Mg, is inside
the g; iff glb(g:) < v < lub(g;).

Definition 2.2. Let g; € G be distinct vectors. A vector v € Mg, is strictly
inside the g; iff glb(g;) < v < lub(g;).

Definition 2.3. The distinct vectors g ..., g € G are adjacent iff there is
no g € G strictly inside the set {g;}. We write {g;} adjacent as A[g;]. When

o

we refer to only two vectors we may also write g1Agy for simplicity.

Definition 2.4. Let ;, = {B C G | |B| =i and A[B]}. If some B € %; is
maximal under inclusion we say it is a block. Let % be the set of blocks.

Definition 2.5. Let O(M) = {lub(B) | B € A}. This is the O-set.

The following Theorem characterizes, based on n, how large blocks in %
can be.



Theorem 2.6. If B; # 0, then i < n.

Proof. Suppose that i = n+ 1. For B € %; let o = lub(B) such that
={91,---, 9011} € G. Since each g; € B contributes one or more Aey
components to o, by being maximal in that direction, we have by the pigeon-
hole principle that one of the g; is strictly inside of B. Thus we have reached
a contradiction and 4,1 = (). This argument holds when 7 > n + 1 as well.
]

Theorem 2.7. For all B; € %; there exists B € A such that B; C B.

Proof. If B; € %, then we are done. Suppose that B; ¢ . Clearly B; is not
maximal under inclusion; there must be some B’ € %, such that B; C B'.
If again we have B’ ¢ £, the process continues. By Theorem 2.6 this process
is finite and so 3B” € % such that B; C B”.

O

The following Corollary shows that for all g € G there exists some B € #
such that g € B.

Corollary 2.8. |Jz., B=G.

Proof. Clearly (Jgz., B € G. By definition %, = G since Vg € G it is true
that Alg]. By Theorem 2.7 we then have G C |, B so that (Jz., B =G.
O]

Theorem 2.9. Let B C G. Then lub(B) ¢ My, if and only if A|B].

Proof. Suppose A[B]. Let L = A~'lub(B) and suppose that lub(B) € My,.
Since AL € My,, we have that L € A™'My,. Now let L' = L — €(I,,);
where I,, is the identity matrix. Thus [> L] € A~'My, implies that L’ is
complete in A~' My, and therefore AL is complete in My,. Since L' < L
we have AL < lub(B). Thus dg € G(M) such that g is strictly inside B, a
contradiction.
Now suppose that lub(B) ¢ My,. Then for all v € [< lub(B)] we have
v ¢ G(M) and therefore there are no frobenius vectors strictly inside B so
that A[B)].
[l



Corollary 2.10. O(M) N My, = 0.

Proof. By construction, for all o € O(M) we have o = lub(B) where B € A.
Thus A[B] and the Corollary follows by Theorem 2.9.
[

2.2 Adjacency in two dimensions: the Ladder

The concept of adjacency can be used when looking at various properties of
the sets of Frobenius vectors. For example, in two dimensions, it could be
used to prove that since Frobenius vectors are incomparable to each other,
they lie in a chain or a “ladder”, where the least upper bound of each con-
secutive pair of vectors is the cut-off for each “step”.

The following two propositions have already been proved earlier in the
paper, and they are very useful in the two-dimensional case.

Proposition 2.11. Let g1, 9> € G(M). Then g1 gy iff lub(g1, g2) & (M), .
Proposition 2.12. O(M) N (M)y, = 0.

Below follows a description of various properties of adjacent Frobenius
vectors in two dimensions and a proof that they all lie in a form of a “ladder”
in two dimensions.

Definition 2.13. Let M = [ay, as|B], for some vector g, and let the angle
of g be the angle that g makes with ay. We write the angle of a as ©,.

Proposition 2.14. Let g1,92 € G(M). Then O, = O, iff g1 = go.

Proof. If g = g5 then both g; and g, have the same coordinates, and there-
fore the angles that they make with the origin would be equal.

Let ©, = 0,4 = a. Let ©,, > O,,. Then, by the Definition 2.13,
Ou, > Oy, ..., Oy, > O,,, where k = |G(M)|. Both g; and g- lie on the same
line with the origin. Therefore let go = Bg1, 6 > 1. Then let ¢g; = Yoya;,
a; > 0 since g; > 0. Then go = XF;a;. go — g1 = (8 — 1)aya; so go > g1
which is a contradiction, because unless the g-vectors are equal to each other,
they can not be comparable. ]

Proposition 2.15. Let g1,90 € G(M),q1 # go. Let ©, > Oy, a =
lwb(g1, g2) and b = glb(g1, g2). Then ©4 > O, > 0,4, and O, > O, > O,,.
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Proof. Suppose A~'gy = (z1,y1), A 'g2 = (22,¥2). Then 6, > 0, &
y1/x1 > Yo/, Since gillge, A7 g|[A7 ga. Then yy > yp and @y > 2.
Since both a and b lie on the intersection of the cones of g; and gy, both
A7'a and A~'b lie on the intersection of the cones of A7'g; and A~ lg,.
A71A = [[1,0],[0,1]] therefore the cones are parallel to the first quadrant,
and A~ la = (z9,y1), A0 = (21, 12).
Since y1 > 12 = Y1/72 > Y2 /T2 = Oy > O,.
To > T1 = yl/l’l > y1/$2 = ®g1 >0, = @gl >0, > ®g2-
Y1 > Yo = Y1/T1 > yo/T1 = Oy, > Oy.
To > T1 = yg/xl > yQ/ZEQ = O > @gz = 691 > 0 > 692'

O

Proposition 2.16. For any 3 vectors x,y,z, v #y # 2z, if ©, > 0, > O,
then at least one of the following has to be true:

1.y<z

2. y<z

3. y>x

4-y=>z

5. glb(x, z) <y < lub(zx, 2)

Proof. Suppose that y||x and y||z, that is the first four conditions of the
Proposition 2.16 do not apply. Then let A~ 'z = [z1,31], A~ 2 = |29, ¥o], and
A=Yy = [x3,y3]. Since y||x then either:
(1) 21 > x5 and y; < y3 or
(2) 1 < g and y; > ys.
Since y||z then either:
(3) 22 > x5 and yo < y3 or
(4) z9 < x3 and yo > ys.
Note that since z; < x9 and y; < s only 3 out of the 4 combinations
are possible: (1) and (3), (2) and (3), (2) and (4). However the (1),(3)
combination results in y3/z3 > y1/x1 = O, > O, which contradicts the
assumption. The (2),(4) combination results in y3/x3 < y2/x0 = O, < O,
which also contradicts the initial assumption. Therefore, the only possible
relationship is when 7 < x3 < x9 and y; > y3 > yo. Therefore, since
lub(A™ 'z, A7ly) = [x9,11] and glb(A™ 'z, A7ly) = |21, 9], glb(x,2) < y <
lub(z, 2).

]

Corollary 2.17. Let g1, 9, € G(M), g1 # go. Then giAgy iff there is no
other g € G(M), g # g1,9 # g2 such that ©,4 > O, > O,,.
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Proof. Let giAgy. Since g1, g2, g € G(M), g1||g2|lg, and therefore by Propo-
sition 2.16, glb(g1, g2) < g < lub(g1, g2) = g is strictly inside g; and g, which
contradicts the definition of adjacent vectors.

Let ¢g1,92 € G(M) and let there be no g € G(M) such that ©, >
©, > Oy,. Then since by Proposition 2.15, Oy > Op(g,,g) > Oy, and
Oy, > Oglb(gr,92) > Oy, there is no Frobenius vector that is strictly inside g;
and go, therefore g;Ags. n

Theorem 2.18 (The Ladder). Let k = |G(M)|. Then all vectors g; € G(M)
can be relabeled in such a way that ©4 > Oy > --- > Oy and for each g;
and g;1+1 under the new labeling system, g;Agi.1.

Proof. By the Proposition 2.14 ¢; = ¢ iff ©,, = O, = if g; # gi then
Oy, # Ogi. If ©,4, # Og;, then either ©,4 > O, or O, < O,, . Therefore, since
there are k different Frobenius vectors, there are k unique angles, which can
be listed by decreasing order of magnitude. Hence, g1, ..., gx can be relabeled
in such a way that ©, > ©,4, > --- > 0,,. Then, under this labeling system,
each pair g; and g;.1 has to be adjacent by the Proposition 2.17, since there
are no other vectors g € G(M) for which ©, >0, > O O

gi+1°
Proposition 2.19. Let k = |G(M)|. Then |O(M)| =k — 1.

Proof. By the Theorem 2.18 all of the vectors g; € G(M) can be relabeled
in such a way that 9, > 0,4, > --- > 0, = there are k — 1 pairs of vectors
Ji, gir1 that are adjacent and correspond to a unique element of O. Any
other pair of vectors in G(M) would have at least one other vector with an
angle that lies between their angles = by the Proposition 2.17 they would
not be adjacent = by the Proposition 2.12 their least upper bound would
not be in O(M). Therefore, |O(M)| =k — 1. O

Proposition 2.20 (The Big Chain). Let n = |O(M)|. Then all of the points
in O; € O(M) can be relabeled in such a way that ©p, > Op, > -+ > O,
and each pair of points O; and O,y lies on the cone of a unique Frobenius
vector.

Proof. By the Proposition 2.19, |G(M)| = n + 1, and by the Theorem 2.18
all of the elements in G(M) can be relabeled in such a way that 0, >
Oy, > -+- > Oy .. Therefore, there are n pairs of adjacent vectors of the
form g;, g;11, each corresponding to a specific element O; such that, by the
Proposition 2.15, O, > 0, > © Therefore, all elements of O(M) can

gi+1-°
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be relabeled in such a way that ©p, > 0o, > --- > O, . In fact, the chain

could be extended to ©, > ©p, > 0,4, >0Op, > --- > Op, > O, . O

Proposition 2.21. If 0,0, € O(M), O1 # O, then O4]|04

Proof. Suppose that O is comparable to Oy. WLOG let O; > O,. But by
the definition of the least upper bound, for any v, v > O, v € M = O = O,
which is a contradiction to the hypothesis. O

Applications of the Ladder and the Big Chain in the 4-2 case.

The fact that both the elements of G(M) and O(M) form a chain in two
dimensions can be used to prove various properties of the g-set in two di-
mensions. For example, in the 4 — 2 case, suppose that M; = [aq, az|b, bs),
and My = [ay, aslby, bs + b1], and [a1, as|by] is dense. Then the chain prop-
erty of the Frobenius vectors in two dimensions could be used to prove that
GOML)| < 1G(M)].

Lemma 2.22. Let O; € O(Ms) and O; € (Mi)y
de [al,a2|bl + bg]No.

Then O; = d — by where

0-

Proof. Let ¢* = lub(gy, g2), and let g1, go € G(My) such that g;Ag,. By the
Proposition 2.11, ¢* ¢ (Ms)n,. ¢ € (M1)n,. Let ¢* = c1a1+coas+c3by +c4bo,
where c¢q,c9,c3,¢4 € Nyg. There could be multiple ways to express ¢* in
terms of the vectors aq, aq, b1, by and let’s consider the one with the minimal
coefficient in front of by. Suppose ¢z > ¢4. Then ¢* = cja; + coas + (c3 —
ca)by + c4(by + by) = ¢ € (Ms)y, which contradicts the assumption that
& ¢ (My)y,. Therefore, c3 < ¢y4. Let ¢4 —cg > 1. Let d = ¢ + by.
d = c1a1 + caas + (¢34 1)by 4 c4by. Since the coefficients in front of ay, as stay
the same, ¢4 is still the least possible coefficient in front of by. c3 + 1 < ¢y,
therefore d can not be expressed as a multiple of aq,as, by, (by + by) and
therefore d ¢ (Ms)y,. But d > ¢* which contradicts the hypothesis that
¢* = lub(g1,¢92) because d > g for some g € G(My) = ¢35 = ¢4 — 1 and
= c1a1 + Ccaag + (04 — 1)b1 + C4b2 = c1a1 + Coa9 + C4(b1 + b2) — bl. ]

Lemma 2.23. For each O; € O(Ms;) there exists O; € O(M,) such that
Oj = Oz - Cbl;C S No.

Proof. By the Lemma 2.22, O; = cja; + ceas + c3(by + by) — by. Let d* =
O; — c3by = cra1 + coas + c3by — by, O; ¢ (M), by the Proposition 2.12,

9



therefore —1 is the maximum possible coefficient in front of b; for O; = —1
is the maximum coefficient in front of by for d*, hence d* ¢ (M )y,, since one
of the coefficients is negative. Now follows a proof by induction that every
vector greater than d* is in (M), .
Let ¢* = A7'0; and ¢ = A7'd*. Let a; = A lay = [1,0],dp = A lay =
[0,1],b1 = A71by, by = A7 1bs.
Base case: ¢ + [¢,0] and ¢ + [0,¢] € A7 (M), .
Since [ay,as|b;] is dense, then A™'[ay, as|b;] is also dense = [¢,0] = nya; +
Ny + T_lgb_l; ni,ng,n3 € Z. ¢ +[e,0] € AN (My)y,. ¢ +]e,0] = cray + Colip +
(ca—1)by+cabo+n1d1+n2a2+n3b1 & (c14+n1)d1+(ca+n2)da+(ca—14n3)bi +
caby € A7 (Ma)n, = c1+ny > 0;co+ny > 0; and ey —14n3 > ¢4 = nz—1 > 0.
Now ¢ + [¢,0] or ¢ + [0, €] would equal to (¢; + nq)a; + (c2 + ng)as + (ng —
1)by + c4by, therefore, since all of the coefficients are non-negative, ¢ + [0, €|
and ¢ + [¢,0] € A~ (M),
Assume that ¢ +[a, b] € A~ (M)y,, where [a,b] > 0. ¢*+[a,b] € A~ (Ms)y,-
Let ¢ + [a, b] = diay + dedn + dgb_l -+ d4b_27 where d17d27d3,d4 € Nyp. ¢+
[CL, b] = dyay + doan + (dg + 64)51 + d452 c+ [a, b] + [0,6] S Ail(Mz)NO.
Both ¢* + [a,b] and ¢* + [a,b] + [0,¢] € A (M)z = [0,¢] € A~ (My)z =
[0,€] = s1dy + Spdy + s3by + s4by = 51,52, 83,54 € Z. By the base case
d + [0, 6] c A_l(Ml)NO = (Cl + 81)d1 + (CQ + 82)(1_2 + (83 — 1)[)_1 + (84 + C4)b_2 c
Ail(Ml)NO ? s3—1 >0 :} s3 > 1. C*—I—[CL, b]+[07€] = (d1+81)dl+(d2+82)dg+
(d3+04+83)b1+(d4+04)b2 € Ail(Mg)NO = di+s1 > O;d2+82 > 0; dy+cy >
0= + [CL, b] + [O, 6] = (dl + 51)&1 + (d2 + SQ)CLQ + (dg + Sg)bl + (d4 + 84)62.
Since d3 > 0 and s3 > 1 = d3+s3 > 1=+ [a,b] +[0,¢] € A7 (M)y,.
The argument for ¢ + [a, b] + [¢, 0] is exactly the same. Since ¢/ ¢ A~ (M;)y,
and ¢ is complete, ¢ € O(A™*M;) = d* € O(My).

[

Lemma 2.24. Let Oj17 Oj2 S O(M1> such that Oj1—|—Clbl = in Oi1 € O(MQ)
and Oj, + coby = O;,,0;, € O(My), where c1,c2 € Ng. Then if Oj, = Oy,
then Oil = Oig'

Proof. Let Oj, = Oj, = p. Then O;, = p+ ciby O;, = p + c2by. Suppose
Oi1 7é Oig then C1 7é Co. WLOG let Co > Cq. Then Oig = Oi1 + (CQ — Cl)bl ==
O;, > O;, but that contradicts Proposition 2.21, because O;, can not be
comparable to O,,, therefore O;;, = O O

129 2

Proposition 2.25. |G(M,)| < |G(M,)].
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Proof. Let |O(Ms)| = k. Since, by Lemma 2.23 there is a function f :
O(M;y) — O(M;) And by Lemma 2.24, f is injective = |O(M;)| > |O(Ms)].
Since by the Proposition 2.19, |G(Mz)| = |O(Mz)| + 1 and |G(M;)| =
|O(My)| + 1, |G(Ms)| < |G(My)]. O

Theorem 2.26. Let My = [ay, as|by, by] and My = [aq, as|by, bo+c-by], where
c € Ny, and [ay, as|by] is dense. Then |G(Ms)| < |G(My)|.

Proof. Let Ny = My, N1 = [a1, as|b1, ba+b1], ..., N; = [a1, aa|b1, ba+by 1], N. =
la1, as|by, by + by - ¢] = Ms. By the Proposition 2.25, G(Ng) > G(Ny) > -+ >
G(N.) = G(M;) > G(My). u

The last theorem shows that the number of Frobenius vectors can only
decrease as one of the b-vectors is added to another in the 4 — 2 case by the
means of establishing a relationship between the elements of the O-sets for
the two sets of generating vectors. The concept of the chain could possibly be
used for further research about the properties of the g-set in two dimensions,
and the concept of adjacency can be used for the multi-dimensional proofs.

3 Order of b; and the MIN set

Much of the time, information regarding frobenius vectors comes directly
from a knowledge of the M IN set. The relationship between frobenius vec-
tors and the least upper bounds of subsets of MIN is fundamentally im-
portant in this process. From some of the basic definitions of MIN we can
prove theorems concerning the calculation of these vectors, specifically in
cases where a unique frobenius vector is present. The following arguments
are based on the relationship of the orders of the B vectors to the set MIN.

Consider the monoid My, where M = [A|B]. Let b; be the columns of B.
We say ord 4 (b;) is the smallest k£ € N such that kb; =0 mod A. We define

the following function:

QM) = [ orda (b:).

i=1
Let Sy = {D " cibi | 0 < ¢; < ordy(b;)}. We see that |Sy| = Q(M). A
known theorem states that the set MIN is totally dependent on B. In fact,
we show that M IN is a subset of a specific finite subset of By,, namely Sy;.

Proposition 3.1. MIN C Sy,;.
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Proof. By Theorem 1.7 we have that MIN C By, so now suppose that
v € MIN but v ¢ Sy. Since v € MIN C By, there exists some v € N’
such that v = Bv'. Now for some j € [1,n], it must be that (v'); > ordy4 (b;).
Therefore v = v — bjord (b;) and thus v ¢ MIN, a contradiction. Hence
MIN C Sy.

0

Theorem 3.2. IfQ(M) < |A|, then G(M) = 0. Furthermore, if ged(M) = 1
and Q(M) = |A|, then G(M) = {3 (orda (b;) — 1)b; — Ay }.

Proof. Suppose that Q(M) < |A|. Thus no subset of Sy, can be a complete
set of minimal residues, and therefore there must exist some equivalence class
w that has no representatives in the monoid. Thus there can be no complete
points and hence G(M) = ().

Now, let Q(M) = |A|. Due to ged(M) = 1 we know that G(M) is
nonempty and therefore there must be at least one minimal complete set
of residues so that |[MIN| > |A|. By Proposition 3.1, MIN C Sy, and
|Sy| = Q(M) we have that

Al < [MIN| < [Sy| = Q(M) = [A]

So [MIN| = |A| and particularly, MIN = Sy;. Thus for every g € G(M),
there is L € MIN with |L| = |A| such that g + A; = lub(L), but then
L = MIN so that

g+ A =Tub(MIN) = g= (ords (b;) — 1)b; — A

=1

Hence we have G(M) = {>"1" (orda (b;) — 1)b; — A; }.

Several special cases involving a diagonal A matrix follow rather nicely
from the above theorem.

12



Corollary 3.3. Let A be a in Smith-Normal form with diagonal [ky, ... k]
where k; € No. Let B be the n x n matriz (b;;) with columns b;. Also, let
# | bpy for n+1 < p+q < 2n, and suppose gcd(M) = 1; then there is a
unique frobenius vector

G(M) = { <zn:(kj - 1)bn—j+1> - A1} .

Proof. Since k,b;; =0 mod k, for all 7, and all other diagonal entries divide
k,, we have that ord, (by) < k,,. For all j such that 1 < j < n we will show
that ord (b,—j+1) < kj.

For some j such that 1 < 7 <n we choose some column b,,_;1; consider
kjbn—j41 mod k;. Clearly for the entries b;,—;41) where 1 < ¢ < j we have
that k;bi(n—j+1) = 0 mod k; since all such &; | k;. Now when j < i < n we
have n+1 <i+ (n—j+ 1) < 2n so that the condition k:ﬁ | bpy applies.
Thus there exists y € N such that

k;
kibin-jvn) = kj ﬁ)y

Therefore, for all i we have ordy, (bi(n,jﬂ)) < k; = ordy (bp—j+1) < k; for
all 1 <j < n. Hence for all j we have orda (b,—;4+1) < k;. This shows that

o) < [Tk = 14
j=1

But since ged(M) = 1, we have |A| < |MIN| < Q(M) < |A]| so that Q(M) =
|A| and Theorem 3.2 shows that G(M) = {(Z" (k; — 1)bn_j+1> - Al}.

=1

Corollary 3.4. Let A = dI where d € N and I the identity matriz, B the
same dimension as A, and suppose gcd(M) = 1; then G(M) = {(d—1)B; —
A}

13



Proof. Follows directly from Corollary 3.3.

Later sections will discuss the cases when there exists some s € N such
that sby = by mod A. Here we explore the case when no such s exists. In
the next section, we see how any monoid can be reduced into a case where
such an s exists, but under certain circumstances the following provides a
simplified solution for cases in which there is a unique frobenius vector.

Theorem 3.5. Without loss of generality, let 1 < ords (b;) < orda (b;). If
there is an s; € N such that s;b; = b; mod A fori,j € [1,m] with i # j then
for every pair b;,b; we have ged(ordy (b;) , orda (bj)) = orda (bj).

Proof. Now suppose that there exists an s; € N such that s;b; = b; mod A.
Then we have

orda (b;)
ged(s;, orda (b;))

ordy (bj) = ordy (s;b;) =

Thus ordy (b) | ord4 (b;) so that ged(orda (b;),0rd4 (b)) = orda (b;).

Corollary 3.6. Without loss of generality, let 1 < orda (b;) < orda (b;). If
all b;,b; where i,j € [1,m] with i # j are pairwise relatively prime, then there
is no s; € N such that s;b; = b; mod A.

Proof. The proof follows immediately from Theorem 3.5.
O

We now demonstrate a partial solution for the case when there is no such
s; € N so that s;b; = b; mod A for ¢, 5 € [1,m] with i # j, namely when the
orders of the b; are pairwise relatively prime.

Theorem 3.7. A monoid My, such that orda (b;) are pairwise relatively
prime will have at most one frobenius vector, G(M) = {lub(Syr) — A1 }.

14



Proof. Consider ordy (b;). We know that for all i, ord4 (b;) | |A|. Suppose
Al =TI, pl where the p; are distinct primes. So all possible orders for
the b; must be some combination of elements from the multiset of prime
divisors of |A|. Furthermore, when ordy (b;) are pairwise relatively prime,
the orders of the b; can have no terms in common. Thus Q(M) < |A|. When
ged(M) # 1 some equivalence class has no representatives in My, and so
G(M) = 0. If ged(M) = 1, by Theorem 3.2 we have G(M) = () when
Q(M) < |A] and G(M) = {lub(Sy) — A1} when Q(M) = |A|.

O

4 Useful Theorems

The following Theorems are general, basic results which appear in the proofs
of later concepts.

Let N C MIN be a complete set of residues. We’ve seen in Theorem 1.6
that for any g € G, we can write g + A; = lub(V) for some complete set of
residues. We will now prove two other properties of lub(N).

Theorem 4.1. lub(N) — Ay is complete.
Proof. Let v = lub(N) — Ay, and let u € [~ v]. Let w be the element in N

congruent to u. We know that v > v, v + A; > w and v = w. Thus for
each i = 1,...,n we have (u); > (v);, (v); +1 > (w);, and (u); — (w); € Z.
Now (u); — (w); > (u); — ((v); +1) > —1, and (u); — ((v); + 1) > 0. Thus

w<v+ A <wuandu € My,. Finally, [~v] C My, and v is complete.
[

Theorem 4.2. Suppose w = lub(N), where w € N. Then w — A; € G.

Proof. By Theorem 4.1, w — A; is complete. Thus there exists a g € G such
that ¢ < w — A;. By Theorem 1.6, there exists a complete set of residues
N' € MIN such that g = lub(N') — A;. Choose w' € N’ such that w = w'.
But o < lub(N’) =g+ A4 <wsow=uw. Now lub(N’) > W = w. Thus
w—A; =lub(N') — 4, € G.

O
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5 Reduction formula

When solving the Frobenius number problem with three generators, Selmer
found it useful to consider only the case where the three generators are rel-
atively prime. We would like to take a similar approach to the Frobenius
vector problem where m =n = 2.

In 1960, Johnson proved that f(ay,das,...,day) = d- f(ay,...,ax), where
a1 need not be the smallest generator. Using this reduction formula, the
Frobenius problem can be reduced to the case where any k£ — 1 of the k
generators have a gcd of 1. When k = 3, this reduces the problem down to
the case were the three generators are pairwise relatively prime. This is the
reduction formula Selmer used to solve the three generator case.

The next two theorems provide a perfect generalization of Johnson’s for-
mula into multiple dimensions. Loosely speaking, the first theorem considers
the case where all vectors but a column of A are multiples of matrix D, and
the second theorem considers the case where all vectors but a column of B
are multiples of D. For notation simplicity we assume without loss of gen-
erality that the column receiving special treatment is either the first column
of M in the first theorem, or the last column of M in the second theorem.

Theorem 5.1. Let M = [a1|M'] and N = [% DM’} be integer matrices

where D € M,[Z] with |D| # 0 and gcd(N) = 1 with M or N simplicial.
Then D - F(M) = F(N).

To prove this theorem we will first prove that the transformations between
S(M)y, and S(N )y, preserve inequality, congruence, least upper bounds, the
MIN set, the G-set, and finally the F-set. Let A and A" be the left-most
n by n submatrices of M and N respectively. Because in general M and N
have different left n by n sub-matrices, the symbols >, =, lub, and MIN are
all ambiguous. For the duration of this proof we will always use a subscript
to specify the context of each.

Lemma 5.2. For any vectors v and w, we have v > w <= Dv >y Dw.

Proof. Notice that for any vector u, we know that: u >,; 0

<= There exist non-negative reals aq,..., a, such that > oa; = u

<= There exist non-negative reals «q, ..., a, such that > «;Da; = Du
Now by letting u = v —w we can see that v —w >3, 0 <= D(v—w) >y 0,
which proves the lemma. O]
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All columns of M are >;; 0 <= all columns of N are >5 0. Because
one of M and N is simplicial, they must both be simplicial.

Lemma 5.3. For any vectors v and w, we have v =y w <= Dv =5 Dw.

Proof. Notice that for any vector u, we know that: u =,; 0

— There exist integers cy, . .., ¢, such that > ¢;a; = u

—> There exist integers ¢y, ..., ¢, such that > ¢;Da; = Du

= Du=y0.

Now by letting u = v — w we can see that v —w =y, 0 = D(v—w) =5 0,
which proves that multiplication by D preserves congruence. Because S(N)y,
is dense, it contains all residue classes mod A’, as does the set D - By, .

Thus multiplication by D is onto. Finally, |A'| = %,Dag, . .,Dam) =
|—})‘ Day, Das, ..., Day,| = ‘%l|DA| = |AJ, so the number of residues mod A
is equal to the number of residues mod A’, and thus multiplication by D is
a bijection of residue classes. O]
Lemma 5.4. For any vectors vy,...,vg, we have D - luby(vy,...,vp) =

lubN(Dvl, cey D’Uk>

Proof. Fori =1,...,k we have luby(v1,...,vr) > v, so by Lemma 5.2 D -
lubpr (v, ... v,) >N Dug, thus D - lubps(vy, ..., v5) >n luby(Duvy, ..., Dug).

Similarly, for i = 1,..., k we have luby(Duvy, ..., Dvg) >y Dv;, so by Lemma
5.2 D71 - luby(Dwvy,...,Dug) >un v, and D71 luby(Dvy, ..., Dog) >
lubps(ve, - .., vg), and thus luby(Duvy, ..., Dvg) >n D - luby(vy, ... vp). O

Lemma 5.5. D- MIN; = MINy.

Proof. It has been proven that both sets are contained in D - By,. The sets
are the elements that are minimal in their congruence class. From Lemmas
5.2 and 5.3 the two sets both use the same congruence condition and the
same partial ordering, and thus the two sets are equal. O]

We now have proven enough structural similarities to prove Theorem 5.1.
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Proof. Let T be the set of points that can be written as the lub,; of a complete
set of residues from M TNy, and let T be the set of points that can be written
as the [uby of a complete set of residues from MINy. It has been proven
that G(M)+ A; is contained in T'. Also, all vectors in T" are g-complete, thus
G(M)+ A, is equal to the set of minimal elements in 7. By Lemma 5.2 this
implies that D-G(M )+ DA, is equal to the set of minimal elements in D-T.
Similarly, G(N) + A} is equal to the set of minimal elements in 7". From
Lemmas 5.4 and 5.5, we can see that D -T = T'. Thus D - G(M) + DA, =
G(N) + A}. This result can be stated more succinctly in terms of the F-
set. It becomes D - (F(M) — A, — B)) + DA, = F(N) — A} — DB, + A or
D-F(M)=F(N). O

Because the result of the second theorem mirrors the result of the first
theorem, we will reuse much of the notation. We certainly are not assuming
that Lemmas 5.2, 5.3, 5.4 and 5.5 remain valid in this new context.
Theorem 5.6. Let M = [M’ b,] and N = [DM’)%} be integer matrices
where D € M,[Z] with |D| # 0 and gcd(N) = 1 with M or N simplicial.
Then D - F(M) = F(N).

First we will see that multiplication by D preserves both types of inequal-
ity.

Lemma 5.7. For any vectors v and w, we have v >y w <= Dv >y Dw,
and v =y w <— Dv =y Dw.

Proof. Notice that for any vector u, we know that: u >, 0

<= There exist non-negative reals ay, ..., a, such that > wa; = u

<= There exist non-negative reals aq, ..., a, such that > «;Da; = Du
Now by letting © = v —w we can see that v —w >3, 0 <= D(v—w) >y 0,
which proves the first part of the lemma. The exact same argument with
positive real for the «; proves the second part. O

All columns of M are >;; 0 <= all columns of N are >5 0. Because
one of M and N is simplicial, they must both be simplicial. Now we will
prove Theorem 5.6.
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Proof. Throughout this proof we will consider congruence (mod D), where we
define congruence as a =p b iff a —b € D -Z". We are considering the cosets
of DZZn under addition, so we have an equivalence relation and a group under
addition. Suppose for contradiction that Sy does not contain some residues
(mod D), say r. Now the sets Sy and r+ Dy are disjoint. Let v be any vector
in R". We know that both DA, =p 0 and DA; = Da;+---+Da, =5 0. Thus
for sufficiently large k € Z, we have v —r <y k- DA, or v <y k- DA +1 €
7"/Sy. Thus v is not complete and |G(N)| = 0. This contradicts the fact
that ged(N) = 1. Thus Sy contains all residues (mod D). All but the last
column of N is =p 0, thus % is a generator for all |D| congruence classes.

We will define the vector function f(z) = (|D]| —1) % + D -z, which

has inverse f~!(z) = D! (:C —(|D|-1) %). By Lemma 5.7 this function

preserves inequality and > in both directions.
First we will see that if g is complete in My, then f(g) is complete in
Ny. Let v' be an integer vector such that v’ N f(g). For some k =

0,...,|D|-1wehavev =p k:?g‘" We know that v —k?g"r =~ f(g)— k?g"r >
f( )—(|D] —1) ﬁ)g’""“” = D g, and that v — kl‘)g*‘” =p 0. Thus we can write
k’f&" = D - v where v is an integer vector with v >,; g. Because g is

complete in My, v € My and thus D -v € D - My C Ny. Finally, by writing
v'=D-v+ k% we see that v' € Ny and f(g) is complete.

Conversely, we will see that if f(g) is complete in Ny, then g is complete in
My. Let v be an integer vector such that v > g. Now f(v) = f(g). Because

f(g) is complete there exist non-negative integers ci,...,cp1,m such that

f(v) = chDaz + Z CitnDb; + Cpym \DT Because f(v) =p (|D] —1) [‘)%T,

we have Cram = (|D| —1) (mod |D|). Letting c,.,, = % € N we
m—1

have D -v = f(v) — (|D| —1) DT Z :Da; + Y ciynDb; + ¢, Dby, and

thus v € My and g is complete.

We will show that f(G(M)) = G(N) by showing that the sets are con-
tained in one another.

Let g € G(M). Because f(g) is complete in Ny, there exists some ¢ such
that f(g') <n f(g9) and f(g') € G(N). Now ¢ is complete in My, so there
exists some ¢ € G(M) such that ¢° <p; ¢ <a g. Now g',g € G(M), so
g =g =g,and f(9) = f(g') € G(N).

Now let f(g) € G(N). Because ¢ is complete in My there exists some
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g € G(M) such that ¢’ < g. We've shown that f(g') € G(N)so f(g) < f(g)

implics that /(g') = f(g) and g = ¢’ € G(M). Thus f(G(M)) = G(N).
Writing out function f we have (|D| — 1) 22n + D . G(M) = G(N). Sub-

|D|
stituting in the formula for the F-set we get (|D|— 1) ?ET + D - (F(M) -
My = by,) = F(N) = DM, — 5z or D - F(M) = F(N). O

Theorems 5.1 and 5.6 are equivalent to the following unification:

Theorem 5.8. Let M, My be matrices with n rows and let ¢ be a n X 1
vector. Let M = [M1’C|M2] and N = [DMl“%c'}DMQ] be n X (n + m)

integer matrices where D € M,[Z] with |D| # 0 and gcd(N) = 1 with M or
N simplicial. Then D - F(M) = F(N).

Proof. When c is one of the first n columns of M the result follows from
Theorem 5.1. When ¢ is one of the last m columns of M the result follows
from 5.6. O

Next, we will find what the transformation from N to M does to the ged’s
of submatrices of M.

Theorem 5.9. Define M, N, ¢, and D as in Theorem 5.8. Let M' and N’
be sub-matrices of M and N respectively which are taken from corresponding
columns of M and N. If column c is not contained in M, we have gcd(M') =

gC(liT Otherwise, ged(M') < ged(N').

Proof. First, we will show that the determinants of all n x n submatrices
which do not include ¢ have been reduced by a factor of |D|, while the
determinants of all other n x n submatrices have not been changed. Con-
sider an n x n submatrix of M which does not contain c. It is D times its
corresponding matrix in M, and thus the first determinate is |D| times as

large. Next, consider a n x n submatrix of N containing 2 |D| say [|D‘ ’DS}
Its determinate is the same as that of its corresponding submatrix in M:
[0 | = 121] [15] | = [ s

Now suppose that M’ does not contain ¢. Here, DM’ = N, so by Lemma
23 of last summer’s paper, |D|gcd(M') = ged(DM') = ged(N'). Finally,
suppose M’ contains ¢. Consider all pairs of corresponding n x n submatrices
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of M and N'. Either the determinants are equal or the determinant of the
submatrix of N’ is |D| times as large. In all cases, the first determinant
divides the second, thus ged(M') < ged(N'). O

What remains is the show how Theorem 5.8 can be used to reduce the
Frobenius vector problem into the case where any n +m — 1 of the n +m
generating vectors have a ged of 1.

Theorem 5.10. Let N € M,y (nim)|Z] with gcd(M) = 1. Then there exists
D € M,|Z] and M € M, (n+m)[Z] where every n x (n+m — 1) submatriz of
M has a ged of 1 and F(N) =D - F(M).

Proof. Suppose that N = [a}|N'] with ged(N') = d. Consider the matrix
[da’l, N /} . Every minor of this matrix which is also a minor of N is divisible
by d by assumption, as are all other minors of N because they contain the
column da). Because ged(N') = d, we must have ged (da/l‘N/) = d. By
Theorem 4 from last summer’s paper, there exist some D € M, (Z) with
|D| = d and some M = [a1|M'] € My p4m(Z) with a ged of ﬁ = 1, such
that [dall N’} =D [al‘M/} = [Dal‘DM/}. The Frobenius vector problem

is now reduced in the following manner: F' (all‘N') =F (%|DM'> =D-

F (al‘M '), where the first equality is because the matrices have been chosen
to be equal and the second equality is by Theorem 5.8.

By Theorem 5.9, 1 = % — ged(M'). Also by Theorem 5.9, we
have not increased any of the other gcd’s. We perform the same process
with every other set of n + m — 1 vectors. We will be left with FI(N) =
DDy Dy - F(M) where M is a matrix such that every n x (n+m —1)
submatrix has a ged of 1.

Notice that Theorem 5.8 performs a linear transformation on the vectors
followed by multiplying one vector by a constant. When used repeatedly this
process performs a linear transformation on the directions of the vectors, but

not on the magnitudes of the vectors. O

6 Small General Results

Theorem 6.1. Let gy be the unique frobenius vector of My such that gy +
Ay = lub{w;}. Let M = [M°by]. If for any k, (b2)x > (w;)g, then go € G(M)
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Proof: Let gy be such that gy + Ay = lub(w;). If by € M, be an earlier
theorem, M} = My, so G(M°) = G(M). Let by # M. For any coordinate
k, without loss of generality, (b)r > (w;).

Then for any m € MIN, m = (c1by + ¢abo)r > (wy)g for ¢o > 0 because
(161 4 cob2)k > (b2)k > (w;)g. So lub(w;) is still minimal = gy € G. O,

Lemma 6.2. Set M' = [M|b]. If by € My then My = M, and G (M) =
G (M').

Proof: Let the a;’s denote the n + m columns of M. Suppose by € My.

Then we have that b, = Z c;a; for some non negative integers c;. Consider
j=1
the monoid generated by M’ = Mb;. Every element by in the monoid of M’,

S’, can be expressed as b, = Z d;a; + dpby where dj, and the d;’s are also

i=1
non negative integers. But then, for by € 5,

bk = Z diaj + dkbl
=1
= Zdzal +decjaj
i=1 j=1
= Z craj.

=1

But then for any b, € S’, by € S. Every b, in S is in S’ because the columns
of M are contained in the columns of M’. So, S = S’. Therefore, these two
identical monoids have identical Frobenius numbers, so G (M) = G (M'). O.

Lemma 6.3. Suppose that M = [AB] and M' = [ABb;] with b; ¢ MIN'.
Then My = M.

Proof: Suppose b; ¢ MIN'. Then there exists some v with v = b; and
v<b. v<bandv € MIN' = v = chbj Wlthj 7é 1. by = v+diag+daby =
Y. cjbj +dyiay + deas € My. Therefor b; € My. By lemma 6.2, My = M. O

Lemma 6.4. Ifx € MIN, with w € My, then for some u = (x — w) N My,
u€e MIN.
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Proof: It is equivalent to show that if uw ¢ MIN, then « ¢ MIN.
Suppose u & MIN, then there is some w € My with w = v mod A and
w<u. But then w+w=u+w mod Aandw+w <u+w. Sor=u+w &
MIN. O

Lemma 6.5. Let M = [Abibs] and M' = [Aby(by + bsy)]. If w € MIN and
w € My, thenw € MIN'.

Proof: Suppose towards contradiction that w € MIN and w € M,
but w ¢ MIN'. So there is some u € M, with u = w and v < w. u =
cia; + cas + diby + dg(bl + bg) = c1a1 + Ceao + (dl + dg)bl + doby € My.
But then v € My with v = w and v < w = w ¢ MIN. But this is a
contradiction of w € MIN.

Lemma 6.6. Let M = [Abibs]. Let go be the unique frobenius vector gen-
erated by the submonoid M° = [Ab]. Suppose by ¢ MY, with (by), > (b1).
and by < lub({jb;|]1 < j < |A|}). Then there exists some g1 € G(M) with
(91)y < (90)y-

Proof: If by ¢ MY = by = kb with 1 < k < |A|. If by ¢ MIN, then
by = cia; + caag + diby = by € M}, which contradicts our hypothesis. So
by € MIN.

So by = kb; and by incomparable to kb,. Likewise, by = kby = by + by =
(k + 1)by. Likewise, by is incomparable to kb; = by + b; is incomparable to
(k + 1)b;. Therefor, by + by € MIN for k < ay1a93.

Likewise, for all b2 + dlbl such that 0 S dl S (CL1716L2,2 - k?), b2 + dlbl =
(k + d1)by and by + d1by incomparable to (k + dy)by, so by + diby € MIN.

So there is subset of MIN, say W such that W = {by,20by,...,(k —
1>b1, bg, bg+b1, b—|—2+2l)1, Ce ,bg—l-(‘A’—/{)bl} By Theorem 41, ZUb(W)—Al =
h is g-complete.

However (lub(W)), < (lub({jb1})), because (lub(W)), = ((k — 1)by), or

(lub(W)), = ((ba+ (|A] — k)b1)y. In either case, (lub(W)), < (lub({jb1})), =
(1Ab1)y-

23



So there is some h = lub(W) — Ay, with h g complete by Theorem 4.1.
Either h is a g vector or there is some g, < h with g, < h. Either way there
exists some ¢; € G(M) with (g1), < (g90)y. O

Lemma 6.7. Let M = [Ab bo| with diagonal A. Let gy be the unique frobenius
vector generated by the submonoid M° = [Abi]. Suppose by ¢ My}, with
(b2)y > (b1)y and by < lub({jb;i|1 < j < |A|}). Then there exists some
g1 € G(M) with (g1)z < (go)a-

Proof: This follows from the argument above, exchanging x and y. [

Lemma 6.8. Let M = [Ab bo| with diagonal A. Let gy be the unique frobenius
vector generated by the submonoid M° = [Aby]. If by & M} and |G(M)| =1,
then go ¢ G(M).

Proof: By lemmas 6.6 and 6.7, there is some ¢g; € G(M), and wlog,
with (¢1)s < (90)e- If (g1)y > (90)y, then gy and g, are incomparable, so
|G(M)| # 1. So (g1)y < (g0)y. But then g1 < go, so go ¢ G(M). O

Theorem 6.9. Let gy € G(M) with M = [AB] and let M’ = [ABby]. If
bi £ go + Ay, then go € G(M').

Proof: If by > g9 + Ay, then b; € My. By lemma 6.2, My = M, so
G(M) = G(M’); hence, go € G(M").

If by > go + A; and b, f go + A, then by is incomparable to gg. Without
loss of generality, assume (go), < (b1), and (go), > (b1),. By theorem 6.1,
Jo € G(M,) U

7 A further reduction in the case where b,
lies along an a vector

Theorem 7.1. Suppose m = n = 2 and by = kay for some k € RT. Then

there exist D € Ms[Z] and a,b,d € Ny such that F(M) = D - [ (1) 2 2 cli }
By Theorem 5.10, there exist Dy € M,[Z] and M’ € M,y (n4m)[Z] where
every 2 x 3 submatrix of M has a ged of 1 and F(M) = D;-F(M'). Let M' =
[all, ay, by, b;] We still have b, = k'a) for some k' € R because Theorem 5.10
performs a linear transformation on the directions of the generators.
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Because a; and b, are integer vectors, k' = g for some relatively prime
a,b € N. Using the Euclidean Algorithm, we can write z = %a; as a linear
combination of a, and b;, thus %a; is an integer vector. Next, we see that
ay = a-xand b) = b-x. Let Dy = [all,a:}. We have ged [a/l,a;,bﬂ =1
and [a;,a;,b/l]No C Dy, thus Doy, is dense, |Ds| = 1, and D, is in-
c

d

10074 100 c
F{DT{O a b] D_Qz}:DQ'F[o a b d]'

However, ged(a,, by, by) = 1, and the previous application of Theorem 5.8
0 c
b d
must have ¢ = 1. From our simplicial assumption, a, b, and d do not have
different signs, so we can choose them to be non-negative.

vertible over Z. Let Dj'b, = . By Theorem 5.8, we have F(M') =

does not increase this gcd by Theorem 5.9. Thus ged [ 2 =1, we

8 A Needlessly Long Proof Reducing the 1 —
0 —0—0 Case to the 1-0-0-0 and ¢ =1 Case

c (1 00 ¢
LetM—(Oabd).

Definition 8.1. Let MIN€ denote the set of minimal elements in each
residue class for M.

. (100 ¢ evi _ (100 ci
LemmaS.Z.LetM-(Oabd>‘mdM _<0ab d)

with by = (2) and by = (cjgi). If m = c1by + coby and m' = c1by + cabo, then
mée MIN¢ < m’ € MIN“t,

Proof:
[«=] Tt is equivalent to show that if m & MIN¢, then m’ ¢ MIN“.

m ¢ MIN¢ = 3 w € MIN® with w < m and w = m mod A.
Let w = e1b; + exby. Consider w' = e1by + eaby + eg(é) = e1by + exll.
w' = w = m = m’ because the addition of a; does not change the residue
class and w = m.
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ez < ¢ because (w), < (m), because w < m and b; has no x component.
es < 0y = ey (é) < ¢y (é) Hence,

w' 61[)1 + €2b2 + €9 (é)
Clbl + Cgbg + 62( )
c1by + cobo + 02( )
Clbl + Cgblg =m.

7
0
v
0

A A

w' € M, because w' = e1by + exbly, so w’ < m/ = m/ ¢ MINH.
[=] It is equivalent to show that if m’ & MIN" then m & MINC.

m' & MIN“™ = 3w € MIN“", with w' < m’ and w' = m’ mod A.
Let w' = e1b) + egby, = e1by + exby + eg(é). Consider w = e1b; + egb,.
w' = w = m = m’ because the addition of a; does not change the residue
class and w' = m/.

Claim: e < ¢o. (W), < (m'),, and because the x coordinate is inde-
pendent of b; and only dependent on b}, if (w'), < (m'),, then ez < cp. So
eaby < coby, s0 (W), < (M),

Now (m), = (m'), > (w'), = (w),, so (m), > (w),.

Now for m/ and w' if (m/)y — (w/)y’ then (m/)x > (w/)x’ and if (m,)x _
(w')s, then (m'), > (w'),. If not, m’ = w', so m’ € MINH.

So we have that
(m)y > (w)y and (m), = (w)a,
(m), = (w), and (m), > (w), or
(m)y > (w)y and (m), > (w),.

In any case, w < m, w=m mod A and w € My. Som & MIN¢. [J

Lemma 8.3. Consider M¢ and M as above. Then for any g; € G(M?¢),
there is some g, € G(M*") such that if g; + A1 = lub{wy}, then 3 g, with
gi + Ay = lub{w,} and vice versa. Hence, |G(M°)| = |G(M)).

Proof: Consider ¢g; € G(M®). g; + Ay = lub{wy}, with {wy} C MIN°®.
For each wy, Jw, € MIN" with wy = wj, by lemma 8.2. Consider {w}};
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wy,} is a complete set of coset representatives and {w} C . S0
{w.} i plete set of t rep tati d {w,} € MIN“,
h = lub{w, } is g complete.

Suppose towards contradiction that A is not a g vector. Then 3 g,, with
gx < h, and g, complete. Then g, + A; = lub{u}} for some {u}} C MIN,

Consider 3 {uy} C MIN°®. {u;} is a complete set of coset representatives,
and (ub{uy} < lub{wy} because lub{u)} < lub{w,} = ¢; ¢ G(M), which is
a contradiction. So h = lub{w},} — A; € G(MH).

We can follow a similar argument to show that if there is some g; € G(M")
there must be a corresponding ¢g; € G(M¢). Hence, |G(M®)| = |G(M™)].
U

Theorem 8.4. Let the submonoid M°® = [Ab] generate some frobenius vec-
tor, go. Let c=1. Then (g;). =i — 1 for any g; € G(M°®).

Proof: Because b; is along the y axis, we know that G(M°) = |Alb; —
A = |A|(g) - (i) = (|Aﬁ>1_a) = (a(;jl))' S0 go = (a(zj_ln)-

Consider by = (}). If by & MIN then by lemma 6.3 gy = G(M°).

So by € MIN = by = jb; with by incomparable to jb;. Likewise,
hby + by € MIN for 0 < h<|A|—j=a—].

There are |A| = a equivalence classes, with the j% through a'® repre-
sented by hb; + by and the first through j — 1** represented by kb;. Let the
union of the two sets, {hb; + b2|0 < h < a —j} U{kb|1 <k < j—1} be
denoted {wy}. Then lub{wy} — A; = v is g-complete.

Likewise, there is no g, € G(M°®) with g, < 7 because then (gs), = 0
or —1. But the only g vector with (g), = —1 is not less than v and -~ is
minimal for an x coordinate of 0 by construction. So v is a g vector, g; with
(g1)e =1—1=0.

Suppose that you have two consecutive g vectors, g; and ¢, 1 with (g;), =

i — 1. Suppose towards contradiction that (g;); < (giy1). and (g;). + 1 #
(Git1)e-
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gi + A1 = lub{u} with some u; with uxy = ab; + (i — 1)by because
(g:)= = (i — 1). However, by lemma 6.4, uy € MIN = (i — 1)by € MIN.
gir1 € G(M€) = sby € MIN for some s > i — 1.

However, for any value of s, by lemma 6.4, iby € MIN. Then if tby €
MIN, iby = j'. By a similar argument to the one above, h'b;+iby € MIN for
0 < KW' <|A|—7". Then we have some {w} } say with {w} } = {c1b1+c2ba|w), €
MIN,cy < i}. By a similar argument to v € G(M°), lub{w,} — A; = g, €
G(M°). But (gstar)e < (gir1)e = gi and g;11 are not consecutive. This is a
contradiction. Therefor, (g;)z + 1 = (gi+1)z-

So by the principle of mathematical induction, our claim holds. [J

Lemma 8.5. If there is some g; € G(M?"), then there is g, € G(M°®) such
that g} = g; + i(cgl).

Proof: Let g; + A; = lub{w} for some {w} € MIN'. Let {w.} be the
set of elements of {w} with the greatest x coordinate. We then have that
(lub{w}), = (we), = i by lemma 8.4.

We have from lemma 8.2 that for each w € MIN', there is some w’ €
MIN€ such that if w = ¢1b; +coby, then w' = ¢1by + coby + ¢ (Cgl). By lemma
8.3 there is some g} € G(M¢) with ¢} + A; = lub{w'}.

lub{w}), = (lub{w'}), because c5 (") does not change the y coordinate.
y y 0

If w, has a maximum x coordinate for {w}, then w/, will for {w'}. w) =
we + 2(°)") = we +i(°,") because c; = i by lemma 8.4. So (lub{w'}), =
(lub{w}), and (lub{w'}), = (lub{w}), + i(c — 1). Therefor g/ = g; + i(°,").
L.

1001 100 c
1 c __
Theorem 8.6. Suppose M* = (O a b d) and M® = (() a b d)

and G(M") = {go, g1, .., gk} Then G(M*) = {g; +j(“")} for 0 <j <k.

Proof: By lemma 8.3, for any g; € G(M') there is some ¢ € G(M°)

and vice versa. By lemma 8.5 g} = g; +j(661)- O
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9 All b, Lying on Boundary

Define a “prime” vector as an integer vector whose coordinates have ged 1. It
is evident that we may express any integral vector as a product of an integer
scalar and a prime vector

Theorem 9.1. Let all the prime vectors that define the A-cone as ay, as, . .., oy
(ie, all A-vectors can be expressed as z; jou, where z;; is an integer scalar
and i,j are integers). If all the generating vectors can be expressed as integer
scalar multiples of the «;, then if there is a frobenius vector, it is unique and
equal to F = Y"1 | fic;, where f; is the frobenius number of all the z; j, where
j wvaries. If, for any «; f; does not exist, then no frobenius vector exists.

Proof. 1f one of the f; does not exist, wlog f, this means that all the gener-
ating vectors with prime vector o; may be expressed as m;ka;, for positive
integers m;, and some positive integer k # 1. It is evident that any integral
vector whose a;-component is an integer not congruent to 0 mod £ is not
in the monoid- hence no frobenius vector can exist.

Assume there exists a complete vector, F’ which is incomparable or
smaller than F. Express F' as [cica...c,) - [aas . .. o] (the ¢; are positive,
but not necessarily integers). For at least one i, ¢; < f;. Wlog, let ¢; < fi.
Consider the vector [(f1)(ca+1)(cz+1)...(cn +1)] - [z . . . o). This vector
is not in the monoid- the term fia; cannot be expressed as a sum of the
generating vectors who have «; as their prime vector, by the definition of f;.
Thus we have a vector larger than F’ that is not in the monoid. We claim
that the ged of the generating vectors is equivalent to det[ajas ... ay]. Say
that p? is the highest power of some prime p to divide the ged. Say that
p° is the highest power of p to divide det[ajas . .. ay,]. Select vectors where
none is a scalar multiple of the other; that is, one multiple each of each «;.
The determinant of any other collection of vectors will have one vector a
rational scalar multiple of the other, and that determinant is 0 and may be
disregarded in the ged. It is possible to make a selection such that none of
the scalar multiples is a multiple of p. Otherwise, if this is impossible for a
certain «;, wlog say aq, then all generating vectors that are a multiple of oy
also have a scalar factor of p, so f; does not exist. Hence d = e.

If the ged of the generating vectors is 1 then the determinant of the «y; is 1-
meaning that every integral lattice point can also be expressed as an integral
lattice point of the ay-basis. But by the definition of the frobenius number,
every vector whose a; component exceeds f; for every 7 is representable in the
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monoid. Thus every vector in the «a; lattice larger than F' is in the monoid.
Since every integral lattice point larger than F' corresponds to vector in the
a; lattice larger than F'| it follows that I’ is a complete vector. Since we also
know that every vector smaller than or incomparable to F' is not complete,
it follows that F'is the unique Frobenius vector. O

10 Selmer Lattice: Properties and Applica-
tions

The Selmer Lattice is a construct invented by Ernst Selmer to solve the 1-
dimensional Frobenius problem in 3 generators. In this paper we generalize
the tools he uses to the vector case, in an attempt to learn more about the
higher-dimensional analogues of the 1-dimensional problem.

10.1 Properties
10.1.1 Definitions

1. We are considering the set of points xb; + ybs where x and y are non-
negative integers. We arrange the elements in a cartesian lattice in the
first quadrant, where the x-axis represents by and the y-axis represents
by.

2. We have the relation x1b; + x2bs>pgy1b1 + yobo if x; > y; for i = 1, 2.
We refer to this relation as being “B-greater”.

3. The zero vector is the trivial zero.
4. A zero is a vector that is congruent to the zero vector.

5. An element is insignificant if it is > 5 than a nontrivial zero. An element
that is not insignificant is significant.

6. We define the Selmer Lattice to be the set of significant vectors.

7. The element 1b; 4+ 0by belongs to the residue class 1. The residue class
s is the residue class where 0b; + 102 belongs.

30



10.

11.

12.

13.

14.

. Given by + jby, we define it’s contained set to be the set of elements

in the Selmer diagram that are <gib; + jbs.

. We call an element of the Selmer diagram good when it’s contained set

contains a complete residue set mod |A].

Define the Minimal Selmer Diagram to be the diagram including only
the elements in MIN.

v = w means that the vectors v and w are congruent and that v is
greater or equal than w.

v=w means that the vectors v and w are congruent and that v is lesser
or equal than w.

ww means that the vectors v and w are congruent and that v is in-
comparable to w.

Let ¢ € G. We know that there exist a complete set of residues N &€
MIN such that lub(N) — Ay = g. Now add the constraint that N is
contained in the first k rows of the Selmer lattice. Let m be the minimal
value of k for which such an N exist. We now define Low(g) = m and
say N is a minimal representation for ¢ if it is contained in the first
Low(g) rows of the Selmer lattice.

10.1.2 Purple Chomps

Theorem 10.1. l‘lbl + ylbng.CEgbl + yzbg implies xlbl + y1b2 > xgbl + ygbg

Proof. Since x1b1+1y1b2> graby +y2be, we have z1b; +y1bo-21b1 +y1b0=(n1, no)
for some nonnegative integers ny, no. Thus x1b; +y1be-x1b1 +y1b9=n1b1 +n2bs.
Given that b; and by can both be expressed as positive sums of the a-vectors,
we know that x1b; + y1b2-21b1 + y1b2 can be expressed as positive sums of
the a-vectors. Thus x1b; + y109 > 2201, y2bo

]
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Theorem 10.2. If (z1,y1)>p(x2,y2) for some (xa,y2) in the first quadrant
of the Selmer Lattice, then (x1,y1) is not significant

Proof. (x1,y1)>p(x1,y1) — (22, y2), which is a zero. O

Theorem 10.3. All points in the MIN set are significant.

Proof. Given xb; 4+ yby an insignificant point. There exists a nontrivial zero
2101 4+ 2209<pxby + yby. Thus, (z — z1)b; + (y — 22)bs is a point on the first
quadrant of the Selmer Lattice. Since 210y + 220 = 0, (z — 21)by, (y — 22)by =
xby + ybe. Also, since (x — 21)by + (y — 22)by + 2101 + 22bo=1b1 + ybs, xby +
ybo>p(x — 21,y — 22) and by Theorem 10.1 (x — z1)by + (y — 22)by < xby +ybs.
In fact (z — 21)b1 + (y — 22)ba < by + yby since z1b; + z2by is a nontrivial
zero. Thus (z — z1)by + (y — 22)be = xby + yby and so xby + ybs is not in the
MIN set. ]

Theorem 10.4. Order the nontrivial significant zeroes according to increas-
ing by-coordinate. The zeroes will then also be ordered according to decreasing
by -coordinate.

Proof. We prove this by induction. (]A[,0) is the first element in this or-
dering. Consider the Zj, the k' zero of the ordering. It has a larger b,
coordinate than the Z,_; zero. If Z,’s bi-coordinate were greater than or
equal to Zj_1’s by coordinate, Z; would be B-greater than Z;_;, contradict-
ing its significance. m

Note that this proves that each row of the Selmer Lattice of significant
elements contains no more elements than the row above it.

10.1.3 Wavy Cuts

Theorem 10.5. Given two significant zeroes, z1by + 01bs and 210y + 01bs iff
(z1,01) < (22,02) and 01 < 09, all elements of the MIN set have by-coordinate
less than os — o1. Iff (z1,01) < (29,02) and 01 > 0o then all elements of MIN

have by -coordinate less than zo — 2.
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Proof. Say 01 < o0y. Given any xb; + yby with y > 05 — 01, we know that
xby + yby = (2101 + 01b2) — (22b1 + 02b2) + (xby + yby). This is true because
z1b1 + 01by and z1b1 + 0102 both belong to residue class 0. (z1b1 + 01b2) —
(29b1 + 09b2) + (b1 +ybs) is a point on the first quadrant of the Selmer Lattice
because y > 0y — 01, and since 0y > 01, 22 < z; (Theorem 10.4). But since
(Zgbl + Ogbg) — (21b1 + 0162) > 0, we have (Zlbl + Olbg) - (Zgbl + Ogbg) + (ZL‘bl +
ybg) < (.bel —|—yb2) and so (Zlbl +01b2) — (Zle + 02b2) + (33(71, ybg) = b + ybg.
Thus xb; + yby is not in MIN.

If instead 0; > 09, then z; < zy (Theorem 10.4). Given any xb; + ybs
with x > 29 — 21, we know that (z,y) = 2101 + 01by — 2201 + 0202 + xby + ybs.
This is true because z1b; + 016y and z1b; + 01b3 both belong to residue class
0. (2101 4 01b2) — (22b1 + 02bs + xby + ybs is a point on the Selmer Lattice
because © > zo — z; and 01 > 09. But since z9by + 02by — (2101 + 0162 > 0,
we have (2101 + 01by) — (2201 + 02b2) + (b1 + yby) < (xby + yby) and so
(2101 + 0102) — (2201 + 09b2) + (xby + yby) = xby + ybe. Thus xb; + ybs is not
in MIN. O

Theorem 10.6. Given two congruent significant elements (x1,y1) and (x2, yo)
where xy > x1 there exists a zero (z,0) where z,0 € [0,|A]] and where

(%2, 92) = (x1,91) = (JA],0) = (2,0)

Proof. Since xo > x1 we have also yo < y;, otherwise (z3,y2) cannot be
significant, by Theorem 10.2. (z1,y1) — (22,y2) = 0 we have also (|A[,0) +
(x1,11) — (22,92) = 0. Also, since xs > x7 and yo < y; (|A4,0) + (x1,21) —
(x2,y2) = 0 lies in the first quadrant and has b;-value less than |A|. Thus,
we need only set (z,0) = (|A],0) + (z1, 1) — (22, y2) O

Theorem 10.7. Let (z1,01) be a zero other than (|A|,0) such that (z1,01) =
(|A[,0) and o is minimal. Let (z9,09) be a zero other than (|A|,0) such that
(22,090) = (|A[,0) and |A| — z3 is minimal. The MIN set is comprised of all
significant elements with by-value less than |A| — zo and be-value less than o.

Proof. By Theorem 10.5 we know that all elements with b;-value greater than
or equal to |A| — z3 and by-value greater than or equal to o; cannot be in
the MIN set. It remains to show that the significant elements that are left
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comprise the MIN set. It suffices to show that any two congruent significant
elements in this reduced set are incomparable. Suppose instead there exist a
pair of significant elements, (z1,y1), (z2,y2) in this set that are comparable.
Wlog let 25 > x1. Then also ys < yi, otherwise (xs,9) is insignificant by
Theorem 10.2. We have both 25— < |A|— 2 and y; —y2 < 0;. By Theorem
10.7 there exists (z,0) such that (|A|,0) — (z,0) = (z2,y2) — (1,y1).Since
(x2,y2), (x1,y1) are comparable, it must follow that (x4, y2) — (21, y1) equals a
sum of A-vectors with either all positive or all negative coefficients. (|A],0)—
(z,0) must equal that same sum, and so (|A4[,0), (z,0) are comparable. But
|A|—z = x9—11 < |A|—22 and 0 = Yo —y; < 01, contradicting the minimality
of either |A| — z3 or o;.

Hence, given any congruence class, we know all its minimal elements must
lie in this minimal Selmer Lattice, and we know that all elements of this
congruence class in this reduced set are mutually incomparable. Thus they
are all minimal. O

We want to find the (21, 22) = (|A|,0) where 25 is minimum.

Theorem 10.8. In the Selmer Lattice bounded by by and be-values € [0, |Al],
there exists one zero a row because by is a generator. The zeroes are {(|A|—(is
mod |A|),7)} where i ranges from 0 to |A|.

Proof. Since s,1 = by, we know that for any zero Z, Z+(—s, 1) is also a zero.
Also, for any zero Z, Z + (|A],0) is a zero. Since |A],0) is a zero, for the
by = i row the element (|A| — is,1) is a zero. If |A| — is is negative we can
add (]A],0) to (|A| —is,i) enough times so the bj-coordinate lies in [0, |A|).
This will imply (|A| — (is mod |A|),7) is a zero, as we required. O

Theorem 10.9. There exists two real numbers, p and v such that for any
two positive integers ¢ and d so

1. £ <ve (v,y) < (x,y) + (—¢d),

aulo

2. u>5>v e (x,y) is incomparable to (x,y) + (—c, d)
3. gz ne (v,y) > (z,y) + (—cd)

for all elements (z,y).
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Proof. 1t suffices to prove this assertion true for (0,0). This is because (0,0)—
(—c¢,d) = (z,y) — ((x,y) — (—¢,d)) for all z,y and thus the relation between
(0,0) and (—c¢, d) would be the same as the relation between (x,y) and (z, y)—
(—c,d).

Define p as the smallest real number so by < g - b;. Define v as the largest
real number so by > v - b;. If & < v then

—cby + dby = d(—gbl 4 by) > d(—vby +by) > c(—by +by) =0

If (—¢c,d) > (0,0) then —cb; 4 dby > 0 and by > £b;. Since v is the largest
number that by > vb;, we must have ¢ <wv. Thus § < v < (—c¢,d) > 0.
If &> p then

by + dby = d(—gb1 4 by) < d(—pby + by) < c(—by +by) =0

If (—c,d) < (0,0) then —cby + dby < 0 and by < £b;. Since p is the smallest
number that by < pb;, we must have § > p. Thus § > p < (—c¢,d) < 0.

(—c,d) = 0 is impossible, otherwise dby = ¢b; and so by is a scalar multiple
of by, a case we are not considering. Hence if (—¢,d) £ 0 and (—c,d) # 0
then (—c,d) must be incomparable to 0. By elimination we have 4 > £ >
v < (x,y) is incomparable to (z,y) + (—c, d) O

If we want to find the “height” of the MIN set then we must identify the
zero in {(|A| — (is mod |A]),7)} so that (ismlﬂ < v and 7 is minimal.
The zero that i refers to will be the zero larger than (|A],0) with the minimal
be-coordinate.

We use a continued fraction algorithm to determine the proper ¢. Set s_;
as |A] and sg as s and we have

s1=q150—s1  0< s <5
50 = (@251 — 52 0 <59 <51

51 =q352 — 83 0<s3< 59

Sp—2 = qkSp—1 0 < s < S (1)

Sp—1 = Qr+15k 0= Sp41 < sp,
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If so =0 we set m = —1. We also define integers P, by P.; =0, Py =1
and Py = ¢ P — P1,1=0,1,2,.. . k.

Since ¢; > 2 it follows by induction that P, +1 > P;. Also s; > s; + 1.
Hence

Sk+1 Sk 50 S
0= <—<..<=<—=—=0 (2)
Peyw By P Py
. . SAf1 Sa S¢
TSFhere are unique integers A and £ such that Py <M < 5 and P <v<
£-1
P§71 :

Theorem 10.10. P, 159 = s;41 mod |A| for alli € [0...|A| — 1]

Proof. We induct on 7. We have P, = 1Py — P_1 = ¢1. Thus Pisqg = ¢150 =
|A| 4+ s1 = 51 mod |A]. Also, similarly

Pyso = (q2P1 — Po)so = (21 — 1)so = q2(JA| + 51) — 50 = ¢251 — 50 = 2

Assume this proposition holds up to i. Piy150 = (i1 P — Pi—1)S0 = ¢i15i —
Si—1 = Si+1 by the induction hypotheses and (1). O

Theorem 10.11. Among the integers so,2so, ..., (P — 1)sg taken modulo
|A|, the smallest among these is P;_1s9 mod |A|.

Proof. Using the fact that P,_150 = s; < s; = Pjsg for ¢ < j, by Theorem
10.10,we prove this proposition by induction. This assertion is trivially true
for i = 1. Py = 1, and so sg,25g,...(P1 — 1)so are all less than |A| =
G150 — s1 = P1sg — s1. Thus sp is the smallest among these mod |A|. Let
us assume the assertion is true for some ¢ = k — 1. For the equation jsg
mod |A|, if j < Py — 1 then using the induction hypothesis

Pr_1s590 mod |A| < Py_2s9 mod |A| < jsp mod |A| (3)

If j > P,_1 then we may express j as qP,_1 — r for positive integers 2 < ¢
and 0 < r < Py_1. We claim that j = Py, so jso = Prso = (qPr—1 — Pr—2)50
is the smallest value of jsg so jsg < P10, taken mod |A]. Assume that
there is a smaller j = j’ that fulfills jsy < Px_150 taken mod |A|. Say
first that j' = quP._1 — r, where r > Py_o. If qpPi_150 — rso < Pi_150
mod |A|, because we have g P,_150 — Pr—250 < Pr_150 mod |A| as well then
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we must have rsyg — Py_259 < Pr_1S0 in  mod |A|; recall that rsy > Py_25¢
in mod |A| by the induction hypothesis. But rsg — Py_259 = (r — Px_2)50,
and (r — Py_2) is less than P,_;. But we know that if n is any integer less
than P, Pr_150 < nsy mod |A| using (3).

Consider instead j' = qP,_1 —r where ¢ = qx —t, where t is a positive integer.
If r = P,_o, we can see that j'sg = Pysg — tPy_2589. Note that tP,_1sy must
lie between Py_159 and |A|. This is because

tP_150 = tsp—1 < (g — 1)Sp—1 = Sk + Sp—2 — Sp—1 < Sp—2 < |AJ

Thus, j'sg = PySo —tPi_150 mod |A| > Pysop mod |A| (recall that Py,_1s9 >
Pyso mod |A]). If r # Py_o then necessarily Pr_2sg < 159 < |A|. Thus
j'so = qPr_180 — 1o lies between qPy_180 — Py_250 mod |A|, and ¢Py_150
mod |A| (both greater than P.sy mod |A|). Thus j'sy mod |A| cannot be
less than Pysy mod |A|. Hence the smallest possible j where jsg is less than
Pk,1 is Pk ]

Theorem 10.12. The MIN set is the set of significant elements with by-value
less than sy and by-value less than Pk.

Proof. We use Theorem 10.7 and look for the zero (z,w) where (|]A[,0) =
(z,w) and w is minimum. By Theorem 10.9 we must have WT_Z < v so we
are looking for the zero with the smallest w that fulfills this condition. We
claim that this zero has w = P.

By Theorem 10.8 WT_Z < v is equivalent to w < v. We know that

P,sqg = s, by Theorem 10.12. Thus (wsn;w < v is equivalent to 3+ < v
(remembering that sy = s) , which is true for w = F. ’

Furthermore, no w less than P, will fulfill this condition. It is evident that no
P; with 7 < ¢ fulfills this condition, otherwise we have % < v, contradicting

v < %. Also, no w between some P,y and P; can fulfill this condition.
For this, it suffices to show that P;sy mod |A| is the minimum value of jsg
mod |A| for j = 1,2... P,;; — 1. This is proven in Theorem 10.11. Hence
if a value w lies between some P; — 1 and P; with ¢ < £ we have ws > P;s
mod |A| and so = H;?d 4D > s nlfd 4D > . Thus P is the smallest value
of w where the zero on the row by = w is larger than (|A],0). An analogous
argument will show that s, will be the smallest element z where zero in

column |A| — z is smaller than (|4, 0). O
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Theorem 10.13. The important zeroes are (s;_1 — ks;, kP, — P;_y) for i
ranging from -1 to and k ranging from 1 to g;.

Proof. We know that the first ¢; rows have significant zeroes.(|A[, 0) is obvi-
ously an important zero, and since this list of the first ¢; zeroes has decreasing
bi-value and increasing bo-value, all of them are important. Say, for some ¢
that the list of all important zeroes before the row P; — P;_; is given as in the
proposition. We wish to show that the sequence of important zeroes between
row P, — P,_; and row P,.; — P, is (s;-1 — ks;, kP; — P,_1), where k ranges
from 1 to 0

10.1.4 Other Important Properties

Theorem 10.14. If row i has fewer elements than row i —1 for 1 < i < |A|,
then the last element of row i is |A| — 1.

Proof. Given a row ¢ that has fewer elements than row ¢ — 1, let row ¢ contain
p elements and let row i—1 contain p+¢q, where p, ¢ € N. Since ib;+(p+1)bs
is not in the Selmer diagram, there must be an element within the first p+ 1
rows and ¢ columns of the Selmer diagram that has the same congruence
class as it. Also, since tby + pbs is in the Selmer diagram, there is no other
element within the first p rows and ¢ columns that is congruent to it.

This means that the element congruent to the ib; + (p 4+ 1)bs within
the first p + 1 rows and ¢ columns of the Selmer diagram must be in the
first column - otherwise, the element in the same row and one column be-
fore it is congruent to ¢b; + pbs. Furthermore, the element congruent to
iby + (p + 1)ba must be in the first row, otherwise (i — 1)by + (p + 1)bg is
congruent to something else within the first ¢ — 1 rows and p + 1 columns,
which contradicts our assumption. Thus, iby + (p + 1)b2 = 0 mod |A|, and
so iby + pbs = p — 1 mod |A|.

Analogously, if column 7 contains fewer elements than column 7 — 1, then
the last element of column i = p — s mod |A]. O

Theorem 10.15. If there is a Frobenius vector g such that g + Ay > some
good element v, then g+ A1 = v.
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Proof. Recall that Jwy,...,wja) € MIN, a complete set of residue classes,
such that g + A; = lub(wy,...,w4 ). But since v is > a complete set of
residue classes, we can choose these elements to take the lub of, which will
yield v. Thus v — Aj is a complete vector, so g+ A cannot be greater than
V.

As a consequence of this theorem, for any good vector v, if v — Ay
is not a Frobenius vector, then A vectors wy,...,wja-1 € MIN such that
lub(wi, ..., wja-1, V) — Ay is a Frobenius vector. It is also easy to see that if
some good element is in O]

Theorem 10.16. if row i contains more elements than row i+ 1 (for 1 <
i < |A| —1), then the last element of row i is good.

Proof. Assume that row i + 1 contains p elements, and that row ¢ contains
p + q elements, where p,q € N. To show that (i,p + ¢) is good, it is easy to
see that it suffices to show that every number of the form (i 4+ 1)b; + kbg for
1 <k < p+q is congruent to some element in the contained set of (i,p + q).

By property 1, we know that (i + 1)by + (p + 1)ba = 0 mod |A], and so
all elements of the form (i + 1)by + (p+j)ba =j—1for 1 < j <gq. It is
clear that each of these elements is congruent to something in the contained
set of (i,p + q) (in fact, they correspond to the first ¢ elements of the first
row).

Also by property 1, we have that the element (i + 1,p) = |A| — 1, from
which it follows that the elements (i +1,1), (i +1,2),...(i+1,p) = |A| —p+
1,|A| —p+2,...|A] — 1. But by property 1, we know that the first row that
contains exactly p + ¢ elements ends with |A|, and so this row must contain
elements of the congruence classes (i +1,1), (i 4+ 1,2),...(i + 1, p). Since this
row is clearly in the contained set of (i,p + ¢), we obtain the desired result.

Analogously, if column i contains more elements than row i + 1 (for 1 <
i < |A| — 1), then the last element of column i is good. O

Theorem 10.17. For the case where there are two B-vectors by, by, we label
them so by is not greater than by. If gcd(Alby) is 1 (as we are assuming),
there exists an integer 0 < s < |A| so s-b; =by mod A
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Proof. The ged of the matrix (A|by) is 1. Thus for every congruence class
of A, there will be an integer n which is at most |A| where n - b; is in that
congruence class. Thus there must exist s < |A| so s-b; = by mod A

[

10.2 Applications
10.2.1 Solving the m = 2 Case

In this section we attempt to generalize the partial solutions to the 3 gen-
erator Frobenius problem found in the papers “On the Linear Diophantine
Problem of Frobenius” (1977) and “‘On the Linear Diophantine Problem of
Frobenius in Three Variables”(1978). we are looking at the cases governed
by the conditions (¢+ 1)as > (s —r)a; and (gm+ 1)ay > pa; in the notation
of those two papers. Generalizing the first case to more than one dimension
is fairly straightforward; generalizing the second is a bit more complicated.
In all the following we will be assuming sb; = by; the case where sby3f by has
been completely solved, and we can choose to number by, by so sby = by is
impossible. By an earlier result, we can, and do assume that both b; and by
are generators.

Theorem 10.18. For the case where there are two B-vectors by, by, we label
them so by is not greater than by. If gcd(Alby) is 1 (as we are assuming),
there exists an integer 0 < s < |A| so s-by = by mod A

The ged of the matrix (A|by) is 1. Thus for every congruence class of
A, there will be an integer n which is at most |A| where n - b; is in that
congruence class. Thus there must exist s < |A| so s- by = by mod A
sby > by

Theorem 10.19. Given four vectors where the ged of (Alby) is 1 and the
integer s is defined as in Theorem 10.17. We define q,r such that |A| = qs+r,
where 0 < r <'s. If s-by > by and (q+1)by > (s—r)by then |MIN| = |A| and
there exists only one Frobenius vector, lub((r—1)by+qbs, (s—1)by+(q—1)bs )-
A.
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We use the Selmer Lattice. As shorthand for x-b;+y-by, we write (x,y).
We mark the MIN set on the Selmer Lattice. Given the conditions set out
in the statement of the theorem, we claim that all the elements of the MIN
set are in the following table:

0 b1 2b1 e (8 — 1)b1

bQ b1 + b2 2b1 + bz N (8 - 1)b1 + bg

2b2 b1 + 2b2 2b1 + 262 e (S — 1)b1 + 2b2

(q — 1)b2 bl + ((] - 1)62 Ce e (8 - 1)b1 + (C] - 1)b2
sz b1 + ng ce (7” — 1)b1 -+ sz

Consider any point (z,y). This point represents xb; + yby. If © > s then
xby +yby = (x—s)by + (y+1)by. Thus any point with an x-value greater than
s-1 cannot be minimal in its residue class. Also, there are no elements of MIN
obtained by extending the last line to the right. Since the diagram contains
representatives of ¢s + r = |A| obtained from each other by addition of by,
rby +gby = (gs+71r)by =0 mod A, so we have rb; + gby = 0. Thus extending
the last line to the right will get us s-r elements congruent to and larger than
the first s-r elements in the first row. Thus, (¢+1)bs = sb; + (qbe = (s —1)b;.
This means there will also be no elements of MIN with y-coordinate larger
than q. By (¢ + 1)bs = (s — r)by, we know that any point (z,y) with y > ¢
will not be minimal since xb; + yby = (x + s — r)by + (y — ¢ — 1)by . We
know that every residue class is represented in this diagram since the points,
read from left to right and then from top to bottom ,are congruent to 0,
b1, 20y, ... (|A] —1)by, due to the fact that s-b; = by mod A. Thus these the
entire MIN set is expressed by this diagram. All the points in the diagram are
smaller than (r-1,q) or (s-1,q-1). This is because we may obtain one of these
two points from any point in the diagram by adding some b; and by vectors.
The Frobenius vector is thus lub((r — 1)b + gba, (s — 1)by + (¢ — 1)b2)-A.

Corollary: When s-b; > by and s divides | A|, the unique Frobenius vector
is (s = 1)by + (¢ — 1)by — A.

If s s divides |A| then we just set 7 = s in Theorem 10.19. This yields us
the answer lub((s—1)by +¢ba, (s—1)b; +¢ba)-A. Since (s—1)b;+ (g —1)ba)-A
> (s —1)by + (g — 1)by)-A the frobenius vector is (s — 1)by + (¢ — 1)by-A.
Theorem 10.20. Given four pairwise relatively prime vectors and the integer
s defined in Theorem 10.17. We define q,r,m,p such that |A| = qs +r and
s=mr+p. Ifs-by > by and (gm + 1)by < pby, the set {lub((s — 1 —
(1 — 1)r)by + (g — )b, (r — 1)by + iqbs) — A} where i varies from 1 to m+1
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only contains complete vectors. Furthermore, all of the Frobenius vectors are
contained within this set.

Define S to be the set of points where x € [0,7 — 1Jand y € [0,q — 1].
We define for natural number i the sets A; as S+ (p+ mr —ir,0) and B; as
S + (0,1 + ¢i). Furthermore, define

a;=(s—1—=(0G—1Dr)by+ (¢g—1)bs

Note that a; € A; and B; € B;. The congruence a; = [; is a conse-
quence of s-b; = by mod A and |A| = ¢s + r. This is because o; — 3; =
bi(s—ir)—by(ig+1) = —byir —beiqg = —i(gs+7r)by = 0 Also, we note that «;
and (; are the members of A; and B; respectively where the z and y values
are maximum. Thus, any point in A; may be expressed as a; — (X,Y) for
some X,Y where X is in [0,7 — 1] and YV is in [0,¢ — 1]. 5 — (X,Y) is a
point in B; that is congruent to it. We can see that corresponding elements
of A; and B; are congruent.

(r,q) is congruent to 0 since rb; + gby = (¢s + r)b;. We have s = rm + p,
p = s—rm and so pby = (s —rm)by = by — rmb; = (gm + 1)by (since
—rby = gby). Thus (gm + 1)by = pby

Any point (z,y) in the lattice with x > ¢ and y > r cannot be min-
imal by Theorem 10.3. Since we have the condition (¢gm + 1)by = pby,
(r,q) = (r+gm + 1,¢ — p) and by Theorem 10.5 any point (x,y) with
y > gm—+1 cannot be in MIN. Thus we need only consider B; up toi = m—1.

Furthermore, given A;, A; where 1 < ¢ < j < m no element in A; is congruent
to an element in A;. This is because all the elements of A; and A; lie within
the bounds y < ¢, * < s which is a subset of the set of points referenced in
Theorem 10.19. The set of points in Theorem 10.19 all belonged to different
congruence classes, thus the set of points in A; and A; all belong in different
congruence classes as well. Also, within any A; or A; distinct points belong
to distinct congruence classes. Hence the points in the sets Ay, As... A, all
belong to distinct congruence classes. Since the points in A; are congruent
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to the points in B;, it is also true that the points in By, Bs ... B, all belong
to distinct congruence classes

We know all gs+r congruence classes are represented in the set of points
that we have not ruled out. If we include the condition y < g + 1, the set of
points remaining is equivalent to the set represented in Theorem 10.19 which
contains members of all gs+r congruence classes. Since we have ruled out the
points that satisfy both x > ¢ and y > r, and the points where y > qgm + 1,
the only points excluded by the condition y < ¢ + 1 will be elements of the
B; where ¢ > 0. Thus every residue class represented by an element in the B;
where i € [1,m — 1] has exactly two representatives in the set of points that
we have not ruled out. This leaves us with the residues that are not in the A;
or B;. If we exclude the B; where 0 < i < m we get the set of points defined
in Theorem 10.19. In the Theorem 10.19 setup each residue is represented
once. Thus residues not represented in the A; and B; are represented once
each in the set of points that we have not excluded.

Also, we should note that all these points are less than «; for i € [1,m)]
and (; for i € [0, m — 1]. This is because all these points are not in the A; or
B; and are not in the set {(z,y)|z > ¢,y > r}, and so these points all have
x-values less than ¢ and y-values less than p.

We consider all minimal residue systems, that is sets of |A| elements, each
representing a different residue class and each minimal in its residue class.
We put the minimal residue systems into m subcollections, which we label
the 1¢, 27 37 m' subcollection. A minimal residue system is in the i**
subcollection when the 3;_; is an element of that minimal residue system and
for any integer n larger than i-1, (,, is not an element of that minimal residue
system. Note that a minimal residue system cannot contain both «; and 3;
for any j, since those two elements are congruent. Consider all the least upper
bounds of the minimal residue system in the i subcollection. We claim that
there is a minimum least upper bound, and that is lub(«ay, 3;_1). This value
is achieved in the residue system that contains no element of Aq, As, ..., A;_1
but contains every element of A;, A;i1, Aita, ..., Ap. Every minimal residue
system in this class contains the points 3;_1, and «; since they do not contain
B;. Thus the minimum possible lub is at least lub(c, 3;_1). This is sufficient
to show that the minimum possible lub is lub(«;, 3;_1) for this subcollection.
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If we work in two dimensions, we can do a little better. By a theorem
proved last summer, the lub of any minimal system is equal to v 4+ A, where
v is a complete vector. Thus lub(ay, f;—1)-A is a complete vector for all
i €{0,1,...,m — 1}. Thus the Frobenius vectors are the minimal vectors in
this collection.

Theorem 10.21. Given the conditions in Theorem 10.20, and if there are
two A-vectors, a; and as, the Frobenius Vectors are {lub((s—1—(i—1)r)by +
(q—1)bg, (r —1)by +iqby) — A}, where i ranges from 6, to 0. inclusive, where
the §; are the value of i where lub((s—1—(i—1)r)by+(q¢—1)ba, (r—1)by +iqbs)
when expressed as xyay + x5ay ... + x,, has the minimum x’;-value. &, and
0, are the largest and smallest d;s respectively.

Express by as Z?zl kia; and ¢9 as Z:.L:l q;a;, where the p; and ¢; are posi-
tive reals. Translate all the points o; and 3; by o = a; — (r—1)by — (¢ —1)by
and 3, = §;—(r—1)by — (¢—1)be. Since we're translating the points the same
way, the ordering of the lubs remains the same, and in particular the minimal
lubs remain the same. Express all the lubs in the form )" | #ia;. The a;-
value of lub(a;, |, 3}), that is, J; is equal to max((s—r)k; —irx;, ¢;+iqp;). As
i increases from 0 to m, this value is either monotonically increasing, mono-
tonically decreasing, or monotonically decreasing and then monotonically
increasing. Label the a; such that the delta; are monotonically increasing.
Thus, every lub(aj,, 5;) for i < 6, has all the a;, as, ... a, coordinate-values
greater than lub(ag, 1, 85) and every lub (a; + 1,3;) for i > 6, has all
the coordinate values greater than lub(aj ., ). Given any k,j where
o < k < j < 0y, lub(ag,y, 5;) has a smaller '~ value and a greater y'-
value compared to lub(aj,, 3;). Thus any two elements from the set { lub
(a1, 0))} as i ranges from 0, to J,, are incomparable. Hence any two ele-
ments from the set {lub(a;+1, 5;)} as i ranges from §, to d, are incomparable.
Thus the set {lub(a;+1, 8;) — A})as i ranges from J, to J, is the set of Frobe-
nius vectors.

The values 9, and 0, can be determined easily. We have to first solve the
equation (s—r)my —irmy = ny+igny. 0, equals either |i] or [i]. Solving the
equation (s — r)mgy — jrmg = ny + jqng will similarly get us two candidates

for 6., | 7] or [J].

Soli Deo Gloria

44



Sbﬁ* b2

This subsection contains some facts and insights about the Frobenius
problem in the case where m = n = 2 and sb; is incomparable to bs.
Throughout the article, we will assume WLOG that P;(sby) < P;(bz), and
PQ(Sbl) > PQ(b2>

Preliminary Facts: Recall that for 1 <7 < [|A|/s] + 1, we know that the
i'" row of the Selmer lattice is: (i*s,ixs+1,i*s+2,...,|A| —1). In addition,
since sby is incomparable to ba, we know that these first [|A|/s] 4+ 1 rows
are in MIN. This is because the zeroes {|A| — i, i| where i ranges from 0 to
||A|/s] are all mutually incomparable, and also using Theorem 10.5

Some notation: Let [; denote the last element in the i** row of the Selmer
diagram. Let S; denote the set of all elements in row 7 or above.

Theorem 10.22. For any i such that the i™" row of the Minimal Selmer
Diagram is non-empty, Vv € S;, Pi(l;) > Pi(v).

Proof. We induct on 7. The base case when i = 1 is clearly true. Assume
the claim is true for ¢ = k, and we will prove it for i = k 4+ 1. It suffices to
show that P;(lx+1) > Pi(lx). Here we split the proof into two cases.

Case 1: For 1 < k < [|A|/s], we have that Iy, — Iy = by — sba, and so
P1<lk+1 — lk> = Pl(bl — sz) >0 by our assumption that Pl(Sbl) > Pl(b2)

Case 2: For k > [|A|/s]: Recall that row ||A|/s] + 1 of the Selmer
diagram has |A| — [|A|/s] * s < s rows, so row [|A|/s] + 1 contains fewer
than s elements. By (reference Darren’s paper), we know that row k has
< s elements. This means that [y, — I = by — mbg, where m < s. So,
P1<lk+1 - lk) = Pl(bl - mb2> 2 Pl(bl - mbz) Z 0. This Completes the

induction. O

Theorem 10.23. For any i such that the i'h row of the Minimal Selmer
Diagram is non-empty, there is a unique smallest vector = lub(ws, ...,w|a|),
where wy = l; and the set of w’s are all in the first © rows of the Minimal
Selmer Diagram.

Proof. By Property 1, we have that Py (lub(wy, ...,w4)) = Pi(;). In addition,
there must be a unique minimal value for lub(ws, ...,wy4)). This implies the
desired result. O
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Theorem 10.24. For any Frobenius vector g, let lub(wi, ..., wja) — Ay be a
minimal representation of g, where w; is defined as usual, and let Low(g) =
k. Then l;, = w; for some i.

Assume the contrary. Let S = {w;}. Let my be the last element of row
k. WLOG, let w; be the element in S that is congruent to . We know that
wq is in a smaller row than [, and so it must be in a bigger column since wy
and [, are incomparable. Thus, every element in row k is congruent to some
element in the same row as w; and in a smaller column than w;.

But this allows us to represent g using only the first k£ —1 rows: For every
w; in the k* row, 3 an element w; in the same row as w;, where w; < wy.
We form S in the following way: for each element w; € S, if w; is not in
the k' row, then w; € S if w; is in the k" row, then w; € S*. Notice that
lubS" < lubS. This cannot be a strict inequality, since g is assumed to be
a Frobenius vector. So, we have that [ubS" = lubS, but this contradicts the
fact that S is a minimal representation of v.

Consequences of the above three properties: For a given k, let my, ; denote
the minimal Py(wj), where wj = j, and lies within the first & rows of the
Minimal Selmer Diagram.

Each Frobenius vector can be represented in the following manner: P;(l;)a;+
min{m, ; }as, where j through all congruence classes mod |A| except for the
congruence class of [;.

Comment: Note that this also proves that the number of Frobenius vec-
tors < the number of rows in the Minimal Selmer diagram, which is < |A|.

Theorem 10.25. Let |A| = gs + r. Suppose that sbg] b and that (q +
1)bs > (s—r)by. Then the Frobenius set is exactly: {(|JA|—1,0),— Ay, (JA|—
s—1,1), — Ay, ..., (JA] = s(||Al/s] — 1) = 1, ||A|/s] — 1)y — Ay, lub((|A| —
s(LIA[/s]) =1, IAl/s])s, (|A] = s([[Al/s] = 1) =7 = 1, [|A]/s] = 1)» — A1)}

By the wavy cut theorem, we know that in this case the Minimal Selmer
Lattice is exactly:

0 1 |A] -1
s s+1 |A] —1

2s 2s+1 .. |A| — 1

Al —r—s |A] —1

|A| —r |A| -1
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We know that the elements congruent to |A| — 1 in all but the last row
are good, which implies (JA| — 1,0)s, (JA] —s — 1, 1)p, ..., (JA] — s([|A]/s] —
1) —1,[|A|/s] — 1), are all Frobenius vectors. The only remaining element
congruent to |A|—1is (|A|—s([|Al/s])—1, [|A|/s])s. Now, we assume WLOG
that P(sby j Pi(bs). This means that P ((|A] — s([|A]/s]) — 1, [|A]|/s])s) ¢
Py(v) forany v € MIN = |A|—1. Furthermore, it also means that P»((|A|—
s([|A]/s] = 1) —r—1,[|A]/s] = 1)) < Py(u) for any u € MIN = |A| —r —
1. Finally, by 10.32 we know that {(|A| — s([|A|/s]) — 1, [|A|/s])s, (|A] —
s(||A|/s| = 1) —r —1,[|A|/s| — 1)y} is lub-complete. From this the desired
result follows.

10.2.2 Convexity of MIN(z)

Note: The following definition and Lemma about the convexity of MIN(z)
was originally used in proving Vadim’s conjecture, but they are no longer
needed for that. However, I included it here because it is somewhat interest-
ing by itself.

Definition 10.26. For any set of incomparable points in the Selmer Lattice

(not necessarily the Minimal Selmer Lattice), we can write the points as

{(ci,di)pli € [1, K]}, where ¢; > ¢; iff i < j (from which it follows that d; < d;

iff i < j) (note: we let P; denote (c;,d;),). We define such a set to be convex
do—ds

g di_1—d
when 4=d2 ~ do=ds  ~ Cho17Ck
Cc1—C2 c3—C3 Ck—1—Ck

Lemma 10.27. For each z € [0,|A| — 1], MIN(z) is a convez set.

di—dit1 diy1—diy2
Ci—Cit1 Cit1—Cit2

Proof. Assume the contrary. Then there exists ¢ such that
We assume WLOG that ¢ = 1.

We will show that there exists a vector (p, q), = z mod |A|, with p, g € Ny,
c3 < p < cy,and dy < q < dp. But this will contradict our initial assumptions,
because that (p, ¢), must be in the Selmer lattice because (p, q), <p (c2, d2)s,
which we assume is in the Selmer lattice, and (p, q), > (0,0),, so therefore
(p, q)p must lie in the Selmer lattice. Furthermore, since (p, q), <gp (c2, d2)s,
we have that (cq,dy), cannot be in MIN, which contradicts our original
assumption.

To simplify the calculations we are about to do, we define a new coor-
dinate system (z,y)y, where the point (x,y), = (x — ¢3,y — d1)y. Then
P1 = (01 - 03,0)1,/, P2 = (Cg - Cg,dg - dl)b’a and P3 = (O,dg - dl)b’- Finally,
let a = ¢y —c3, b =dy—dy, x = (¢c1 — ), and y = d3 — ds. So now we
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have that P, = (a + z,0)y, P» = (a,b)y, and Py = (0,b + y),. Finally, let
u="P —P,=(a,—y) and v= P, — P; = (z,—b). Notice that u=v =0
mod |A|.

The condition that dl d2 < d2 d5 translates to ’7 < £, or equivalently
xy < ab. Showing the ex1stence of the vector (p,q), as defined above trans-
lates to finding a vector (r, s)y = z mod |A|, with 7, s € Ny, r < a and s < b.
Consider vectors of the form cu + dv + (a, b)y, where ¢,d € Z. All of these
vectors are congruent to z. Since every vector congruent to z mod |A| can
be expressed in this form, finding the vector (r, s),, described above is equiv-
alent to finding ¢, d such that cu + dv + (a, b)y satisfies the same conditions
as (r,s)y. So, it suffices to find integers ¢, d such that 0 < ca+dr +a < a
and 0 < —cy — db+ b < b, or equivalently:

—a<ca+dr <0 (4)
and
0<cy+db<b (5)
Solving equation (1) gives
dz
- 1% 6
e=-1%) ()
and equation (2) is satisfied when
cy
a=-1%) )

(note this is not always the unique solution, but this turns out not to matter).
So in order to find (r, s)y, it suffices to find ¢, d that satisfy equations (3) and
(4) simultaneously. Substituting d in equation (3), we get ¢ = — L%%JQCJ -1,
or equivalently

L3

= —1 8
o= 12 0
When ¢ = 0, the LHS of equation (5) = 0, and the RHS = —1, so in
particular, the LHS > the RHS. When ¢ = —ab, the RHS = zy — 1, so in
particular the LHS < RHS. Notice that as ¢ decreases by 1, the RHS is non-

increasing and the LHS obviously decreases by 1. This means that for some
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0 > ¢ > —ab, we must have that the LHS and the RHS are exactly equal for
that value of c.
O

10.2.3 Vadim’s Theorem

In this article, we focus on the special case on the vector Frobenius problem
when n > 2 and m = 2. We also assume that no b vector is parallel
to any a vector. The main result is that for every element v. € MIN,
3 a Frobenius vector g and |A| — 1 elements {wq,w2,...wja|-1} such that
lub(v,wy,ws, ..wja|-1) — A1 = g. However, in my opinion, the lemmas and
definitions used in proving this are just as interesting as the result itself.

Definition 10.28. We call an element of the Selmer lattice v a corner point
if v+ by and v + by are both not in the Selmer lattice. We call an element
u € MIN a minimal corner point ¢f u+ by and u+ by are both not in MIN.

Note: recall that we proved in the midterm report that for every vector v
that is both a corner point and a minimal corner point, v — A; is a Frobenius
vector.

Definition 10.29. We call a set of points {a;|i € [1,k] and a; € MIN} lub
complete if for every 0 < j < |A|—1 (j € Ny), there exists an element v; = j
mod |A| — 1 such that vy € MIN and v; < a; for some i, not necessarily the
same 1 for each j.

Definition 10.30. Forcy,cy, ...c,, € Ny, let (¢q, ca, ...cp)q denote ciag+coas+
.. + Cpay.

Definition 10.31. For dy,ds € Ny, let (dy, ds), denote diby + dabs.

Lemma 10.32. Let r be the largest natural number such that there exists an
element of MIN with bi-value = r, and no element of MIN has a greater
by-value. Let (r,s) be the element in MIN with bi-value = r, and with
the largest by-value. Let the significant zero with the greatest bi-value < r
be (x1,v1)p, and let the significant zero with the greatest by-value < 1 be
(x9,y2). Let (p,q) be element of MIN = (r,s) with the largest by-value not
exceeding r. Then the set {(p,q — 1), (r,s)} is lub-complete.
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(Note: we make the assumption here that both (z1, 1), and (22, y2)s, but
this is a harmless assumption because the case where one or both of them do
not exist has been completely solved in Darren’s article ” Generalization of
the first two steps of the Selmer algorithm,” and the main theorem we wish
to prove is clearly true in those two cases).

Proof. We first show that p = x; — 1. By the theorem that every corner
point is complete, it follows that there exists an element congruent to (r, s)p
with b1-value < 1 —1 and y; < by-value < y5 — 1. Now, we cannot have that
p < w1 — 1, because then (p+1,q), is in MIN, which implies that (r+ 1, s),
is in MIN (since (r+1,s)y — (p+1,9)p = (1, 5)s — (P, Q)b
Since (z1,11)s = 0, we know (—z1,0), = (0,41). So, it follows that
(r—kxz,s) = (x; — 1, + k * y1), where k € N. This means that every
element satisfying 0 < b-value < 27 — 1 and ¢ < by-value < 9 — 1 is
congruent to some element satisfying 0 < b-value < r and 0 < by-value < s,
that is, some element in the contained set of (r,s). Recall that the element
(x1 — 1,yo — 1) is a corner point, and therefore it is good. From this the
desired result follows.
m

Lemma 10.33. Let by = (21,9, ...,%,)a, and let ba = (Y1, Y2, -, Yn)a, and
assume WLOG that 7+ = max{:} and {* = min{{*}. Then for any two
distinct congruent elements u = (cy,¢2)p, v = (dy,ds)y € MIN, dy > ¢; =
Pi(v) < Py(u) and P,(v) > P,(u).

Proof. This follows easily from Darren’s vector division theorem.

Theorem 10.34. For every element v.€ MIN, 3 a Frobenius vector g and
|A| — 1 elements {wq,wa, ...wja|-1} such that lub(v,wy,ws, .. wja|-1) — A1 =
g.

Proof. 1f an element v € MIN has the desired property (that is, it is used
in some [ub), we call v usable. It is easy to see that if v is usable, then any
vector <p to v is also usable.

By Darren’s theorem of wavy cuts, we know that all but at most two min-
imal corner points are also corner points. If we can show that the remaining
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minimal corner points (i.e. those that are not also corner points) are usable,
then the proof is complete, since every element of MIN is <p some minimal
corner point.

Notice that for an element to be a minimal corner point but not a corner
point, it must lie on one of the two wavy cuts. We will only deal with the
case where it lies on the vertical wavy cut, as the other case is analogous.
Call this element v, and let it be congruent to £ mod |A|.

Since v lies in the rightmost column, as a result of Lemma 10.33, we may
WLOG assume P(v) < Pi(u) for any u € MIN(k), u # v. Let w be the
element in MIN(k) in the second largest column. By Lemma 10.32 , we
know Jy such that {v,y} is lub complete and P;(lub(v,z)) < P;(w) (Notice
that we need the assumption b; is not parallel to a; here to get the strict
inequality. Since every P; of any lub complete set must be > P z), we have
shown that v is usable.

O

10.2.4 A bound for the cardinality of the MIN set in higher di-
mensions

For n > 2, the following theorem establishes a bound on the cardinality of
MIN(a) (the elements in MIN belonging to the same congruence class) as
a function of |A| and m:

A -2
Theorem 10.35. For any a < |A],|MIN(a)| < (’ [ +m )

m—1

Proof. Recall that all elements of MIN can be represented as Z:il c; b
where ¢; € Ny and Y7" ¢; < |A| — 1. Given such an element )", a;b;
of MIN, define the k-column, where k € [0, m], to be the set {c;by + ... +
Ck—lbk—l + akbk + Ck+1bk+1 + ...+ cmbm]ak € [0, |A” }

Notice that all the elements of any k-column are comparable to each other.
This means that in any k-column, there cannot be two congruent elements
belonging to M IN. It is also easy to see that every element in M IN belongs
to some k-column.

We will count the total number of possible m-columns. Notice that each
m column can be uniquely represented by the numbers ¢;, where ¢; € Nj.
Furthermore, we must have that 3.7 " ¢; < |A| — 1. It is well known that
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|A| +m —2
m—1 )
The desired result follows. O]

the number of ways to choose {¢;} under these conditions is (

Notice that when m = 1, this bound equals 1. This is reassuring, since
we know that when m = 1, there is a unique Frobenius vector. Also, when
m = 2, this bound equals |A|, which has been previously proven.

Theorem 10.36. When n = m, this bound is always achievable.

Proof. When all b; are congruent mod |A| (say WLOG they are all congru-
ent to 1), then all elements of the set S = {> ", e >0 ¢ = |A] — 1}
|A| +m —2

m—1 )
elements in this set. If we can choose { b; } so that all the elements in S are
incomparable, then every element in S must be in MIN, and we would have
MIN(A—1) = (AT " 4.

Define the map P;(v) Vi € [1, m] which projects v onto the a; axis. Pick
b; such that P;(b;) > |A| * max; {Pi(by)|k # i}. We know we can always
do this because given any vector v, v+ a; = v. Now, for any two elements
u and w = [A| — 1, we can write their difference as u —w = >"" d;b,
where ", d; = 0 and > |d;| < |A|. Assuming u and w are not equal,
we must have at least one i such that |d;| > 0, and therefore we must have
some 1, j such that d; > 0 and d; < 0. Then it follows that P;(u —w) > 0
because Pi(d;by) > P(by) > | Al » max { Pblk # i} > PAST, ;i)
Similarly, we have that P;(u — w) < 0. So, every two elements in S are also
in MIN, and from this the desired result follows. ]

are congruent to |[A| — 1, and furthermore there are exactly

Corollary 10.37. Given any n z n matriz A, it is possible to find m b-
|Al +m —2

vectors which yield exactly ( ) different Frobenius vectors.

Proof. We will show that using the same construction for b; as in the proof
for 10.36, each vector in the set S (defined in the proof for theorem 2) is
good. For any v € S, v =" ¢b; where > ", ¢; = |A| — 1, define the
set Sy = {d>_", d;bi|d; < ¢;}. It is clear that all elements of S, are less
than v in cone ordering. Also, since b; = 1Vi, we have that > " d;b; =

52



>, d;, and thus this set contains at least one element in each equivalence
class mod |A|. This means that each element of S is good and therefore
each such element subtracted by A; is a Frobenius vector, yielding exactly
(]A| +m—2

] ) different Frobenius vectors. O
m R

11 Induced Cone Ordering and lub-complete
vectors

11.1 Definitions

Definition 11.1. Call a vector lub-complete if it is greater than a complete
set of coset representatives. Call a minimal lub-complete vector with respect
to cone ordering minimal lub-complete. The set of all minimal lub-complete
1s G+ Ay and for each minimal lub-complete vector there is a corresponding
g-vector which is less than it by exactly A;.

Definition 11.2. Call vg a supporting vector of lub-complete v with respect
to <-ordering when vs < v, vg A v and /HV/S = v with V; <wv.

Definition 11.3. Call two vectors of the same congruence class neighboring
if there is no vector of their congruence class between their lub and glb.

Definition 11.4. Denote <-relation with respect to B-basis as <
B

Definition 11.5. Define B-plane to be the plane spanned by B-vectors.

11.2 Induced cone ordering for m = 2

In the same way as A-vectors define cone ordering in R”, there exist two
vectors defining the induced cone ordering on the B-plane. If B-vectors are
colinear, cone ordering defines a total ordering on By,. Here we are assuming
that B-vectors are not colinear.

Definition 11.6. On the B-plane define induced cone ordering to be the
ordering equivalent to the cone ordering on the B-plane. Below we find some
properties of this ordering. This ordering enables us to use arguments from
the 2-dimensional case in n-dimensions.
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Below we find the vectors defining the induced cone ordering;:

: b b b i mi by :
First define 2+ = maz(2*) and 2" = min(~*) where i can only

bl,z max bl,z bl,i min bl,z
b imax b imin
be such that b;; # 0. Analogously define =+ and =
) b2,z max b2,z min

1. Ifforall, by; # 0 or both by ; = by; = 0, then the induced cone ordering
pimeshy, — by and dy = — " by + by,

,imin

is defined by the vectors a; =

bl,imaz'

2. Ifforall ¢, by; # 0 or both by ; = by; = 0, then the induced cone ordering
is defined by the vectors a; = Dimarpyo by and &g = — iming, 4 b, .

b2,zmax b2,imin

3. If there exist ¢ and j with b;; = 0, by; # 0 and by ; = 0 and by ; # 0,
then the induced cone ordering is defined by the vectors a; = by and
as = ba.

Definition 11.7. Denote <-relation defined by the induced cone ordering as
< and <-relation as <. Henceforth A will refer to a; and as.

~

Lemma 11.8. If for all i, by; # 0 or both by; = bs; = 0, then CALIT

bl,i max
—amn It then follows 7229 £ ().
bl,’i min bl,imaz

Proof. If we suppose the opposite, we have Zf& = Zf— (assuming that there
)20 ,T
is igp with by;, # 0) which means that by; = Z?’O by, for all i with by; # 0.
>0

The equality still holds when b, ; = 0 as then we also have by; = 0 from the
assumptions of the lemma. Thus, we reach contradiction as B vectors are
assumed to be not colinear. ]

Lemma 11.9. In all cases by, by > 0

Proof. When a; = b; and az = bsy the claim is obvious. When a; =
bo - bo i -

Zimarly, by and A = — 2™ b, + by we see that

bl,zmax bl,zmzn

a; + as
= >
bl b2,imaz _ b2,imin ~ O
bl,i mazx bl ,imin
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b2,i'maz b2,imaz b2,imin
and (as by Lemma 11.8 poomes 24 0 and >

i max bl,ima.’z bl,imin

52 + bl,i max b2,i min 51

b2,i max bl,i min
b2 = by - [ 2 0
1 _ 91imaz 92,imin ~

b2,imaaﬁ bl,i min

as claimed. O

Theorem 11.10. The induced cone ordering and the cone ordering are equiv-
alent on the B-plane.

Proof. 1t is sufficient to show that > 0 is equivalent to > 0.

For every c¢iby + c3bs for it to be > 0 it is necessary and sufficient to
satisfy c1by ;+caoba; > 0 for all 7. Next, in separate cases we obtain more spe-
cific criteria: If b;; = 0 and by; = 0 the inequality holds trivially. If by; # 0

bai C . .
2 which is in turn equivalent to ¢; > —co

b2,i min

it is equivalent to ¢; > —co

b1, - b1,i min
b imax : :
when ¢y > 0 and ¢; > —cgbf{— when ¢ < 0. If by; = 0 and by; # 0 it is

equivalent to co > 0. Finally, if bo; = 0 and by ; # 0 it is equivalent to ¢; > 0.

We need to show that dia; + dsay > 0 iff di, dy > 0 where a; and a; are
as defined above.

First case: there doesn’t exist ¢ with by, = 0 and by; # 0.

We rewrite didy + dadly = (dy 22mez — dy2iminyh 4 (dy — dy)by = ¢1by +

bl,imaa: bl,imin
cobo. Now let’s check when our criterion is satisfied: If dy — dy = ¢ > 0,
b2 i min - : ba ; b2 i mi b2 i min .
> —02151—"”‘? is equivalent to d; bf’,m‘” —dy b?’lmf" > —(dy —dl)lj—mf equiva-
l; imax b imin Y Y : \ : :
lent to dy (;2tmet — 2imin) > () by Lemma 11.8 equivalent to d; > 0 which with
bl,zmaa: bl,l min

dy—dy > 0impliesdy > 0. If do—dy = ¢ <0, ¢1 > —@Zf’?ﬂ is equivalent to

ax
boi ba.i mi bo s . bo s b2.i mi
d 2,imax d 2,1 min > _ d _ d 2,1 max e U_lvalent tO d 2,imaz _ Y2,imin >
1b1,imaz 2bl,imin - ( 2 1>b1,imaz q l(bl,imaz bl,imin) - 0

which is analogous to the dy — d; > 0 case.

Second case: there doesn’t exist ¢ with by; = 0 and by ; # 0. This case is
analogous to the first case.
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Third case: there exist ¢ and j with by ; =0, by; # 0 and be; = 0, by ; # 0.

In this case d1a~1 +d23’:2 = d1b1 +d2b2 Z 0 iff C1 = d1 Z 0 and Cy = dg 2 0
as claimed. O

Lemma 11.11. For any v on the B-plane all of its supporting vectors with
respect to the induced cone ordering are also its supporting vectors with respect
to the cone ordering.

Proof. Let vg be a supporting vector of v with respect to the induced cone
ordering: vg < v, vg 4 v and /HV/S = v, V; <vwv. If vy = A { 23,1 ] and
~ ~ ~ 5,2
v=A Zl }, then either 057 = 07 or U5 = U2. As the cases are analogous
2

let’s deal with 957 = 0;. When for all ¢, b;; # 0 or both b;; = by; = 0,
Us1 = 77 means v — Vg is a multiple of a = —Z“ﬂbl + by which implies

1,2 min

that v — vg has a zero coordinate in the i-th dimension where ¢ is the one

at which —Zj”: reaches its minimum. Cases when for all 7, by; # 0 or both
bi; =be; = 0 and when there exist i and j with by, =0, by; # 0 and by ; =0
and by ; # 0 are analogous. m

11.3 Clustering of minimal lub-complete in n-dimensions

Definition 11.12. Define lub-cluster to be a minimal lub-complete vector
with respect to the induced cone ordering.

The following lemma justifies the choice of the term lub-cluster:

Lemma 11.13. For every lub-cluster v there exists a minimal lub-complete
w with w < v and for every such w its set of supporting vectors includes the
set of supporting vectors of v.

Proof. As the v is minimal lub-complete with respect to the induced cone
ordering it is lub-complete with respect to the cone ordering. Then there
exists a minimal lub-complete w with w < v.

Suppose there exists a supporting vector vg of v which isn’t a supporting
vector of w. If vy £ w, then there exists a MIN vector wg with wg = v
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and wg < w < v which contradicts with vg being a supporting vector of
v. If v¢ < w < v, we have vg < v which is in contradiction with vy being
a supporting vector of v. Thus, we can only have v < w while vy £ w.
Also by previous argument we cannot have wg = vg and wg < W, 80 Vg is a
supporting vector of w. O

Lemma 11.14. There exists a sequence of lub-clusters I; = A { ;i’l } (1 =
0,2

L, ..., 41qst) Such that

Lolig <liyip for 1 < < jee — 1

2. There doesn’t exist an lub-cluster | = l 5,1 ] with l/1 <l or l/1 > [
2

Z'last)l

3. There exist two neighboring supporting vectors s1(i) = [ 21,1 } and
1,2

. 52,1 .
s2(i) = { S99 } with s19 = lio, s11 < li1, S21 = lit11, S22 < liy19 for

1§i§ilast_1

4. There exist supporting points s; and s;,., of 1 and 1
such that s11 = l11, Si,.,2 =1 /

iee TESPECtivELly,

and Psy,s;  congruent to them

last llast

. / /
wlth 81,1 < 81117 Silast,l > Silastyl'

Proof. Choose l,y, to be the least number such that there exists a complete
set of coset representatives {Wi}illA‘ with w;1 < lyni,. From minimality
of l,,;n we must have 4. Property 4 for the last I; in the sequence can be
proved analogously. As the number of residue classes is finite, there exists

lmin : .
max({w;2}) so that [ maz({wis}) } is lub-complete. Then there exists an

lub-cluster 1; < { bmin } which also satisfies l; 1 = l,,;, and 2 by the
maz({w;2}) ’
choice of 1.
Now let’s define the rest of the sequence by induction. If we have I; let’s
define li1. Let {w;} is the set of all supporting vectors of 1; such that w,, =
l; o for all w;. If for some of w; there doesn’t exist a neighboring WJ/. = w;j

’ .
such that w;; > w;; we reached the last vector in our sequence because for
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any liyq with li411 > ;1 we have [;112 < [;2 = w;2 and we cannot have a
complete set of coset representatives less than l;, ;. Otherwise there exists
the set {WJ'} of neighboring vectors with w;, > wj1. Let li11 = max({w}})
and j be the index of one of W; for which the max is achieved. Then [ li;;;’l }
is lub-complete, there are no supporting vectors w; with w;s = l; 2 so there

. l;
must exist an lub-cluster 1;,; = [ 11
lit1,2
WJ'- are supporting vectors of 1; and 1i;1 respectively. Also as w; and wa are
neighboring, & is satisfied and 1 is obviously satisfied by construction of the
I; sequence. O

] with ;412 < l;2. Then wj and

11.4 Vadim’s Theorem

Here we show an application of the tools developed above in an alternate
proof of Vadim’s Theorem.

For the case m = 2 we want to show that for every element w € MIN|
w < g+ Ay where g € G.

Set by ; and by; be i-th coordinates of corresponding B-vectors with re-
spect to the A-basis. As all B-vectors are in the cone spanned by A-vectors
all b;; are nonnegative. If B vectors are colinear, then the MIN set lies on the
line spanned by the B vectors. As B vectors are inside the A cone, cone or-
dering defines total ordering on the line spanned by the B vectors. It follows
that |[MIN| = |A| and we have a unique minimal lub-complete vector which
is greater than the entire MIN. Therefore, we can assume that B vectors are
not colinear.

Define B = [

bia by
bia b2
132’1511 + 52,2512. As all B-vectors are in the cone spanned by A-vectors all
Bi,j are nonnegative. As B vectors are not colinear we have |B| # 0 and by
swapping B-vectors if needed we will always have |B| > 0.

:| as follows: b1 = 517151 + 51,25_2 and b2 =

We will need the following lemma:
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Lemma 11.15. Let two vectors vi = A { ;1 ] — AB { ;jlb ] and v =
1 1b

A { v } = AB [ i } be such that x1 < w5 and y1 > yo. Then v, < T2
2 2b

and yi1p > Yop. If we start from non-strict inequalities the same proof yields
non-strict inequalities.

Proof. First {xl’b } = B! [ 1 } = L [ booz1 = baayy } and analo-
Y2, hn Bl | —b 221 + by Y1

bo oy — ba 1y
ousl 2b | _ 1 2202 =~ 021%2 |
& Y [ Y2, } |B] [ —b1,2%2 + b11Y2
R As bg 2(£L‘2 — l’l) > 0 > bQ 1(’y2 — yl) we have |B|$1b = bg 201 — bQ Y1 <
b 2o — bg 1Yo = | B|x9p (the inequality becomes strict since one of the by 2 and
192 1 1s non-zero and one of the mequahtles above is strict) and as 171 2(3:2
LIZ‘I) > 0 > b1 1(y2 yl) we have |B‘y1b = —bl 21 -+ b1 11 > bl 22 + b1 1Y2 =
| Blyap. As |B| > 0 the claim follows. O

Now let wy = A [ Zl’l € MIN. Suppose for contradiction that wy isn’t
1,2

less than any minimal lub-complete. Because wy is in MIN, it isn’t greater
than any lub-cluster or else by Lemma 11.13 it will be greater than some
minimal lub-complete which must be greater than some MIN vector of the
same equivalence class as wy which contradicts w; € MIN. Our proof will
be broken into two cases: when there exists an ¢ such that ;; < w;; </l
and when w;; < Iy (case when wy; > [;, 1 is analogous). First we prove
the latter case:

92b s,2 9s2b
be a supporting vector of g with g, = ¢; and Ag. = g, such that g;,l < Gs,1
(such gg exists by 4 of Lemma 11.14). Now add to wy enough copies of by
and b, so that it remains in MIN while neither wy + by nor wy +bs is in MIN
(this is possible as all MIN elements can be expressed as linear combinations
of B vectors with coefficients < |A|). After this wy will increase and there
still will be no minimal lub-complete vectors greater than it. If wy; > g1,
we reach the contradiction in the second part of our proof. By Lemma 11.13
for any minimal lub-complete v < g, g is also a supporting vector of v and

Proof Letngx{il } =AB[9”} zllandgszfl{gs’l } :AB{QS:”}
2
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Iy < v. We cannot have w; < lg as this implies w; < v which contradicts
our assumption about wy. Then from w;; < gs1, we have wy 2 > g:

w1 < gs1 and Wy > gso 9)

From this by Lemma 11.15 we have

Wiy < gs,16 ANd W1 24 > Gs2b (10)
If wi = gs we reach contradiction with the choice of g as w1 < gs.1.
Since g is an lub-complete there is at least one vector wo = A /Lulj?’l =
2,2

AB [ ZZ“’ } € MIN such that we = wy and wo < g. Among all vectors wo
2,2b

such that wy = wy (W2 # wy) and wy; < gs; choose the one with minimal
wy; and denote it wo. Note that our choice of wo doesn’t anymore require
that wo < g.

If wey < wy, we must have wy 9 > w; 2. From this by Lemma 11.15 we
have wy 1, < w115 and wyp > Wy 25. Vector

T | Waipt gs1p — Wik

wy + (gs —wy1) = AB >0

Wo2p + Gs2b — W12b | B

by (10) and wa2p > w125 By 0 < g1 —wi1 < wa1+9gs1 —wig < gs (by (9)
and wy; < wy 1) we found that wa+(gs —w1) € By, and as wa+(gs—w1) =
gs we reach contradiction with the choice of gs.

Then we are left with:

w1 < w21 < gs1, Wiz > Wao and wig > s o (11)
From (11) by Lemma 11.15 we have
w1 < Wa1p and wy 2 > Wa 2 (12)
If wa1p < gsip, then the vector

5| Wiie t gs1o — Wb

W1+(gs—W2>:AB >0

W12+ Gs20 — W2 2b | B

(by wa1p < gs15 and (11)) is in By, while wy 1 + (951 —w21) < gs1 (by (11))
and gs = wy + (gs — W2) which again contradicts with the choice of g;.
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Also if wy1p > gs1p We cannot have wsap > gs2p as this would imply
wg > g¢ while we know that ws; < gs1. So we are left with the case

Wa1p > Gs,1b and Wa2p < G2 (13)

Vectors vi = wi+bs and vo = wi+b; cannot be in MIN by the choice of

. i | Uil i | V21
wy. Therefore there exist vig = AB 180 and vee = AB 180 such
V1,2sb V2.25b

that vis = v1, vis < v1 and vag = Vg, vas < vo. We must have vy 955 =
V2155 = 0 or else we have contradiction with wy € MIN as vi5 — by € By,

o1 Vau~ by € By Let x = va~by = 4B | 11 | | " | ana

<~ <~ —1

yzvgs—bleB[ylbleB{ 1.Asv15<vlandv2s<vzwe
Y2b V2.2bs

also have x, y < wy while also x =y = w; = ws.

If 21, > wo 15, we reach contradiction as vector

5| Tibt gsib — Wap
X+ (gs — wp) = AB ’ ’
(s 2) { Top + gs20 — W22p }

isin By, (by (13) and 15 > wa 1), X+(8s—W2) = gs and x1+9s1—w2,1 < gs1
as 1 < wy1 < we which contradicts with the choice of gs. Hence

Tip < W21y (14)

Let’s examine possible cases:

Case when y 2 x: If y; > z1, then we must have y, < x5 or else y > x.
Yet y; > x1 and yo < x; by Lemma 11.15 imply —1 =y > 21 > 0 so we
cannot have y; > x1. Then the vector

Y1b + Wo1p — T1p >0

4+ (Wg — X :AB
y+ (w2 ) Yob + Wo2p — T2y | B

(by (14) and 2, = —1) in By,, y+ (W2 —X) = w1 = wa and y; +ws 1 — 21 <
wyq as y; < xp. The parallelogram with congruent vertices {x, y, wa, y +
(We — X)} must contain a vector congruent to gs as any vector on By, can be
taken modulus the generating vectors of the parallelogram to obtain a vector
inside the parallelogram congruent to it. As all vectors of Bz on the segment
xy are weighted averages of x and y their B coordinates are at least 0 as
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T12b = Y215 = —1 (excepting x and y). Then also all By vectors inside the
parallelogram have non-negative B coordinates and so are the vectors on the
segments between y and y + (wg — x) and between x and wa. Also as all
vertices of the parallelogram have smaller first coordinates than that of gg,
all vectors inside the parallelogram have smaller first coordinates than that
of gs. Then the existing inside the parallelogram vector congruent to gg is
in By, (it is not congruent to x =y as we proved that w; # gs) and gives
us contradiction with the choice of gs.
Case when y > x and yap, > w; 25 Vector

5| W2ie+Y1s — Wias
wo + (y—wq) = AB ’ ’ >0
2+ (y 1) [ W26 + Y2p — W12p } B

(by (12) and 25, > wy9p) is in By, and is less than wo (as y < wy) which
contradicts wo € MIN.
Case when y > x and y2), < wq2: Vector

5| Wi T T1e — Y1
wi+ (x—y)=AB ' >0
1 y) [ Wi2p + T2b — Y2b } B
(as y1p = —1 and Yo < wy2p) is in By, and is less than wy (as x < y) which
contradicts with wy € MIN. O

Now for the second part when w; ; is between [; ; and [; 41 1:

Proof. Again let

92,2 g2.2b
and
gs1,1 i | 9si1b
=A ’ = AB ’
8s1 [9512 } [951,21;}
i Ys21 in | 9s2,1b
2= A ’ = AB ’
Ss2 [ 9s2,2 ] [ 952,20 ]
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be neighboring supporting vectors of g; and g respectively with gs12 = 912
and gs21 = g2 (that they exist follows from 3 of Lemma 11.14). We are
assuming g1 < wy; < go,1.

Since gy is an lub-cluster (by Lemma 11.13 and by the assumption on
w1) there exists a MIN vector wo = wy such that wo < g;. Let’s assume
that wy; < wi; as the other case is analogous. As wy and w; must be
incomparable we also have ws 2 > w2 and Lemma 11.15 yields w1, < wy 14
and W2.2b > W1,2p-

It was shown in the previous case that we cannot have w; < ggo so
W2 > gs2,2. By Lemma 11.15 this gives wy 15 < gs2.1p and wi 25 > gs2.20-

Vector

Wo1b + Gs2,16 — W11 >0

Wo + —wy) = AB
2+ (8s2 1) Wa2p + Gs2,26 —W12b | B

(as w11y < gs21p and wogp > wigp) is in By, congruent to gsa, wag +

Gs21 — W11 < gs2,1 and wo o + gsa2 — Wig < W2 < gs 12 (as wey < wy; and
Wi > gs22). S0 we have contradiction with the choice of ggo. O

12 Bounding |G|

The following theorem finds a bound on |G(V')| where V' is an n x (n + 2)
matrix.

Theorem 12.1. Let j be the smallest positive integer such that j - by can
be written as a non-negative integer linear combination of ay, ..., a, and b;.
Then |G(V)| < j.

In the case where 0, by, and by are linear, it has been proven that |G| = 1.
Thus we can assume that By is a plane.

Definition 12.2. Given a vector v € Bg we define the values vy, ve, (v)1, .. .,
and (v),, to be the real numbers such that viby+voby = v = (v)1a1+- - (V).

Before we prove this theorem, we will prove the correctness of several
geometric arguments which will be used. To avoid confusion between the
orderings, in this section we will use <4 to denote our cone partial ordering.
We will now be algebraically defining several geometric concepts. These next
several definitions do not depend on the condition v||gw, but many of the
proofs are simplified by only defining terms for this case.
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Definition 12.3. Suppose u,v,w € Bg and v||pw. We say u is above line

VW if ug — vy < _2121—15? (u; —v1), and u is below line vw if the inequality is

reversed, and u is on line vw if we have equality.

From high school algebra, we can see that u is above v if v and 0 lie
on the same side of 110 whether we are looking at the Selmer lattice, or the
standard plane. Also, u is above v iff u is above Wwv. The naming of above is
based on the orientation of the Selmer lattice; looking at the standard plane
would suggest the opposite definition.

Definition 12.4. Suppose u,v,w € Bg and v||pw. We say u is above line
segment 7w if u is above VW, u; < max(vy,wy), and uy < max(ve, wy). Sim-
ilarly, we say u is below line segment v if u is below vw, w; > min(vy, w,),
and ug > min(vy, we). Additionally, u is on line segment vw if u is on 0,
max(vy, wy) > wy > min(vy, wy), and max(ve, we) > us > min(ve, ws),

This definition is best understood geometrically by looking at the Selmer
lattice. We see that u is above vw iff it is above and to the left of some
real point on vw. Now we will algebraically prove the correctness of several
geometric arguments.

Lemma 12.5. Suppose u,v,w € Bg, v||pw, and u is on or above vw. Then
u <y lub(v,w).

Proof. WLOG assume vy > ws, so that v; < wy. If u; < vy, then because
us < max(vy, wy) = ve we have u <p v thus u <4 v <4 lub(v,w). Now we

. . ’ — —
can assume u; is between v; and w;, and can write u = ﬁw + Hv
as a weighted average of w and v with non-negative coefficients. Thus for
. oy ) ' I u—u
i=1,...,n, we have (u); < max((v);, (w);). We also have u = 1="Lw +
W1 —ul —
wi—v1
ui—uv W1 —ul —
w1 —v1 <wlbl + U)ng) + w1 —v1 (Ulbl + U2b2> -

Ul —v1 W1 —uUl U1 —v1 wi1—ul —
<w17v1 W+ w1 —v1 Ul) bi + (wrvl wa + w1 —v1 Uz) by =
UlW1 —U1V1 U1 —v1 _ ur—v wi1—v1 —
< w1 —v1 wl) by + <w17v1 W2 = =0, V2 + w1 —v1 UQ) by =
u]p—v N
u1b1 -+ <UQ -+ wi—vi (U)Q — ’UQ)) 23 ulbl -+ u2b2 = u,

where the inequality is because u is below vw. Finally, we have u <p u <a
lub(v, w), thus u <4 lub(v, w). O
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Lemma 12.6. Suppose u,v,w € Bg, v||pw, and u is below vw. Then v +
w — u 1s above vw. If u is instead on vw, then v+ w — u is also on Vw.

Proof. Let ©' = v+ w — u. We know that us > vy — fj:f}j (v —uy), vy =

Vg — fj;_if (v —v1), and wy = vy — ﬁ:ﬁ (v —wy). Taking the last two minus
/ _ / . —>
rst, w u vy — 222 (g — ). us u 1 ve V.
the first, we see that u, < e 1). Thus u is above Also,

w1 —v1
for i = 1,2 we are given that w; > min(v;, w;), thus u; = v +w; —u; =
max (v;, w;) + min(v;, w;) — u; < max(v, w;). Thus u' is above Tw.

Now suppose instead that u is on vw. We still have u; < max (v, w;),
and are given that u; > min(v;,w;). We can add the same three relations
as before, except in this case they are all three equalities. Thus wuy, = vy —

- / ’. N
Y22 (y; — uy), and u is on vw. O
w1 —v1

Definition 12.7. We will define a complete ordering of the vectors, called
the row ordering, in By, where ¢ >4 ¢ if either co > 0/2 or both cg = 0'2 and
c > c’l. Define max,,,(N) to be the element of N mazimal with respect to
<sow- Given g € G there are possibly many complete sets of residues N from
By, such that g = lub(N) — A;. We call N a minimal row representation of
g if max,,,(N) is minimized.

Lemma 12.8. For all g € G there exists a row minimal representation of g
contained in the Selmer lattice.

Proof. By Theorem 1.6 there exists at least one complete set of residues
N in MIN C By, such that g = lub(N) — A;. Let N be a row minimal
representation of g. For each w € N associate a w’ in the Selmer diagram
from the same residue class such that w >5 w’. Such a w’ will always exist
because if w is significant, it is in the Selmer lattice, and if w is insignificant,
we have w >p w — z for some zero z. Let N be the set of these associates.
Now lub(N)—A; > lub(N')—A; is complete. So lub(N)—A; = lub(N')— A4,

and N’ is a row minimal representation for g from the Selmer lattice. [

Lemma 12.9. If lub(Ny) — A; € G and for some complete set of residues
Ny C By, we have lub(N2) < lub(Ny), then lub(N2) = lub(Ny).
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Proof. For each w € N, associate a w' € MIN from the same residue class
such that w >4 w'. Let N, C MIN be the set of these associates. Now
lub(N,) — A; > lub(N,) — A, is complete by Theorem 4.1. But lub(N;) — A;
is a minimal complete point, so we have lub(Ns) = lub(N;). O

Lemma 12.10. Let g and g € G. Let N and N’ be minimal row representa-
tions from the Selmer lattice of g and g respectively. Suppose that max,,,(N)
and max,.,(N') are in the same row. Then g =g .

Proof. By Lemma 12.8, such a N and N’ exist. Suppose that N and N are
not equal but have k elements in common. We will show that N and N could
have been chosen to have k + 1 elements in common. Let m = max,qy (V)
and m' = maXrOW(N/) Let v € N\N/ and let v € N with v" = v. We have
v||pv’ so WLOG assume that v; > v.

Case 1: m # m’. Because my = m, we may assume WLOG, that m <p
m'. Let w € N such that w = m’. Because m" > max,ow(N) we have m’ # w,
and thus m'||pw. Now mjy > wy and wy > m). Now consider w' = w+m—m'.
Both w, = wy and w; = my + (w; — m}) are in Ny, so w' € By,. Also
w < w < lub(N). Thus lub(w’, N\m) < lub(w', N) = lub(N). By Lemma
12.9, lub(w’, N\m) = lub(N), which contradicts the row minimality of V.

Case 2: m = m and v < m. We can replace v" with v in N” without
changing lub(N'), by Lemma 12.9. Now the new N and N have k + 1
elements in common. The case where m = m’ and v <p m is equivalent.

Case 3: m =m  and v’ is above or on no. We have UIQ < ms and vll < .
Thus v" is above mv. By Lemma 12.5, v" < lub(m,v). Now lub(N) =
lub(v', N) > lub(v', N\v), and by Lemma 12.9, lub(N) = lub(v’, N\v). Now
{v', N\v} and N" have k 4 1 elements in common.

Case 4: m =m’ and v is below mv. We can assume that we are not in
case 2, 50 v'||gm. Thus v; > m; and v, < v, so v" is below w. By Lemma
12.6, m 4+ v — v is above mv and by Lemma 12.5, m + v — v < lub(m,v).
Notice that m = m +v —v". Now lub(N') = Ilub(m +v — v, N') > lub(m +
v—2,N'\m) and by Lemma 12.9, lub(N") = lub(m + v —v", N'\m), which
contradicts the row minimality of N'.

Thus whenever N and N are not equal, we can increase the cardinality
of their intersection. Applying this argument repeatedly, we see that we can
choose N = N', and thus g = ¢ . O]
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Now we will prove Theorem 12.1.

Proof. Let g € G. Let N be a row minimal representation of g. Let m =
maX,ow IN. Suppose for contradiction that mo > j. We know that there
exist non-negative integers ci, co, c3 such that jby = ciaq + coas + c3b1. Now
m = myby + maby = c1a1 + caas + (c3 +mq)by + (ma — j)be. By replacing m
with (c3 +mq)by + (ma — j)ba, we see that N is not row maximal, and thus
msg < j. The possible values for my are 0,1,...,5 — 1. But no two g-vectors
can share an my value by Lemma 12.10. Thus |G| < j. O

This bound is based on all of the generating vectors. As a corollary, we
immediately see that |A| alone can bound |G].

Corollary 12.11. Let m = 2. Then |G| < |A|.

Proof. Addition mod A is a group of order |A|, so |A|b; = 0, and |A|by > 0.
Thus |Alby € Ay, C Mpy,. Defining j as in Theorem 12.1, we see that
Gl <j <Al O

13 Clustering

Definition 13.1. Define h-vectors to be minimal g-complete vectors with
respect to cone ordering on Z".

Given coordinates of one g-vector we can find all h-vectors which are
strictly inside its cone.

First we need some classification of lines parallel to a; or as on the lattice.
If either a; or as have GCD of their coordinates not equal to 1, we factor
this GCD out and obtain a pair of vectors with relatively prime coordinates.
When coordinates are relatively prime, it is easier for us to describe the
integral points on lines parallel to a; and a;. To these vectors we shall
further refer as a;, and az,. The matrix composed of these new vectors
shall be referred to as reduced A matrix and denoted A". To avoid confusion
with orientation, let as, have a steeper slope than a; ..

Equation of a line parallel to a;, and passing through an integral point
(x1,y1) 1S a12.(x — 1) — a11.(y — y1) = 0. This line intersects Oy axis at
the point (0,y; — “22L) = (0, 22207 - Thus we can classify each line

ailr ailr
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parallel to a;, by the integer N which we will call id number with respect to
origin.

Line equation with id N can be rewritten as aj 2,2 —ay1,(y — alj\iT) = 0.
Then integral points on the line can be described as follows: x = 7€CL1,1T —

—1 —1
-1 _ N al,QT(kal,lr*aLer) o 1-a12ray 5,
ajo,.N and y = an T o = kayo, + N o where

the inverses are taken modulus a;;, (and so we mean in later parts of
the document; inverse exists as GCD(ay1,,a12,) = 1) and k € Z. If we
make the translation of basis to the one defined by reduced A matrix the

-1 r
aj o, |lA"+az,1r N .
oA Y = T with

_ a’i;r‘Ar|+a’27l T

points will be described as follows: * = kK — N

|A"| = a11,022, — @1 2,021,. Notice that | = o~ is an integer.
. ,
Thusx:k—l—NMl—T', Yy = W!'

Let g = [ g ! } = A" [ z ' } denote a g-vector. It is straightforward to
2 2

find the greatest integral point with the same as, coordinate as g and less

than ¢g. First we find the id of the line parallel to a;, passing through g with

respect to origin: aj 1,92 — a12,91. Denoting the point h = A" [ le ], h;
2

L < g;. From this

AT|

must be maximal such that k) = k + (ay1,92 — a172rgl)|

we have k = Lg/l - (a1,1r92 - a1,2rgl)|Al_r‘J S0

h— A" [ Z:l ] a4 l Lg’l —(a11,92 — al,zrgl)ﬁJ + (a11,92 — a1,2r91)‘1¢fr| }
2 9o

Analogously we find the greatest integral point less than g and with the same
a1, coordinate as g:

fi 9
f = AT / - AT / m m
[ fo L92 — (02,2r91 - a2,1rg2)_|Ar‘J + (a272r91 - a2,1r92) [A™]

—1
azy,.|A"|+a1,2
where m = — 21— (

a2.2r
Now if we move origin to h fOl” our convenience, 1t 18 easy to calculate

coordinates of g with respect to h. Next with respect to this new origin we
consider the lines parallel to a;,. They will be inside the cone of ¢ if and only
if their id number is positive as id has the same sign as the as, coordinate
of points on the line. Also the ids are bounded by the id of the line passing
through f 4 ag, which is exactly (f, + 1)|]A"| = M. As we increase the id N

this time only the inverse is taken modulus ags,.).
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while 0 < N < (f,+1)|A"| for each line with the id we find the point suspect
to be an h-vector — the least point on the line which is inside the cone: Recall
that the general form of a1, coordinate of an integral point on the line with
Nidisk+ N ﬁ. If the coordinate is greater than 1, which is the coordinate
of h + ay,, the point cannot be an h-vector. Also the coordinate cannot be
negative and still! be inside the cone of g. This leaves the a;, coordinate only
to be %T"WD. To decide whether the point is an h-vector, compare its a;
coordinate with the a;, coordinate of the previous h-vector obtained by this
process (if this is the first line we need to compare with the a;, coordinate
of h+a;, =1). If it is less than that of the previous and still greater than
that of f +a,, = %, it is an h-vector; otherwise it isn’t an h-vector. So if

we define the sequence of a;, coordinates of suspect h-vectors multiplied by

|A”|, {mod(IN, ]Aﬂ)}%igf DI (mod function here returns remainders from
1 to |A"]), the strictly decreasing subsequence obtained from it by choosing
only terms which are less than the previously chosen terms and greater than
M = (f, + 1)|A"|, will correspond to the h-vectors which are strictly inside
the cone of g. As the number of terms in such sequences is bounded by
|A”| — 2 we can have no more than |A"| — 2 h-vectors strictly inside the cone.
However, |A"| — 2 is not achievable for all A" matrices and we can give a

better bound if we use [: First L%j terms will be decreasing and the

rest must be less than mod( L#MJZ, |A”|) which yields:

Theorem 13.2. Given a reduced matriz A", the number of h-vectors con-
tained strictly inside a cone of a g-vector is bound by L%J +mod(|A"|,d)—1

—1
ay s, A" |+az,1r A7)
)

where d = mod(—*-—

14 Unbound

Definition 14.1. For a vector v let v; denote i-th coordinate with respect to
the standard orthonormal basis and let v; = (A~'v);. For example, for g,

ki = (A7 '@

Definition 14.2. Define e-class to mean equivalence class with respect to A.
If we have a generating vector by we can assign a residue number t(x) (0 <
t(z) < |A| — 1) to each vector x so that x = t(x)by mod(A). This number
will correspond to an e-class and we shall further refer to e-classes by these
numbers.

69



Definition 14.3. For a vector g, we say that it contains vector x when
g+ A1 > x which is equivalent to g; +12> x; for every i. We say that it
contains a residue class when it contains a vector from this residue class.

Theorem 14.4. Let by be a generator of all residue classes and by be such
that by = tby mod(A) (1 < t < |A| — 1) while by, > (|A| — 1)by,. Then for

. A b’ . .
k(0 <k < mm(lllllt’ (\A|—t)bl'1,’11+b/271)> the following will be g-vectors:

8o = (|A| - ]-)bl - A17
g = [ub((|A] — B(|A| — £) — 1)by, kbg + (|A| — £ — 1)by) — Ay

Proof. Define s = |A| —t.

From the restriction on k we have k:(sb’L1 + b/2,1> < (JA| - 3)6/171 or k:b/271 +
(s = )by < (|A] = ks — 1)by ;.

Also as bl2,2 > (|A] - 1)5/1,2> kle,Q + (s — 1)b/1,2 > bl2,2 > (JA] = 1)bl1,2 >
(JA] — ks — 1)b) ,.

Putting this together we have gy, = A [ ?,1 } = lub((|A| = k(JA| —t) —
k,2
(JA] = ks = 1)by, — 1 }

)by, kba + (JA| —t — 1)by) — Ay = A [ Wyo (5 — Dbhs— 1

First we prove that g, are g-complete.

As by is a generator (JA| —1)by — Ay is g-complete. Also since gy +Aq >
(JA] =1 —ks)by > (JA] =1 —ks —i)by, (0 < i < |A| —1—ks), gk
contains the following e-classes: {0,1,...,|A| — 1 — ks} and as gx + Ay >
kbs 4+ (s — 1)by > ibs + jby, (1 < i <k, 0 < j < s—1), it also contains
{|A| — ks, |A| —ks+1,..,|Al — (k= 1)s = 1, |A| — (k= 1)s,|A| — (k= 1)s +
LAl = (k=2)s—1,..,|A| —s,|A] —s+1,...,|]A| — 1} and is g-complete.
(here we are using Theorem 4.1)

Second we prove that gy are minimal g-complete.

For go, o + A1 # ibz + jby, (i > 0) as by, > (JA| — 1)by,, s0 go =
lub(0, by, ..., (JA] — 1)by) — Ay is a g-vector as any vector which is less than
go will not contain |A| elements from MIN.

For gy, elements (k + i)bs + jby (i > 0) are not contained by gy as
(k+ i)b/m +jb/1,2 > kb/2,2 + bl2,2 > kb/m + (|4] - 1)5/1,2 > kb/m + (s — 1)b/1,2'
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Now if we show that (JA| — ks — 1)by and kbs + (s — 1)by are the only
elements of their respective e-classes that are contained by gy, we will prove
that gy is a g-vector.

For i < k elements tby+jby congruent to kba+(s—1)b; are not contained
by gi because iba+jby = kba+(s—1)by implies j = s(i—k)+s—1mod(|Al)
or j =nlAl+s(i—k)+s—1wheren > 0as j > 0 (except when i = k,
n > 0). When i < k we have z'b/271 +jb/171 > jb/L1 > (|A] —ks+ s — 1)17/171 >
(JA] — ks = 1)by , = g;al + 1 and gy doesn’t contain ibgy + jby. When i = k
we have iby 4 jb; = kbg + (n|A| 4+ s — 1)by > kb + (s — 1)by (for n > 0)
which proves that kbg + (s — 1)by is the only element of its e-class that is
contained by gy.

Analogously, for elements ibg + jb; congruent to (JA| — ks —1)b; are not
contained by gy because ibs + jby = (|A| — ks — 1)by implies j = s(i — k) —
1mod(]A]) or j = n|A|+s(i—k)—1 where n > 0 as 7 > 0. This in turn implies
that Z'b/2,1 ‘|’jb/1,1 > jbll,l > (|Al+s(i—Fk)— 1)5/1,1 > ([A]—ks— 1)5/1,1 = 9;,1 +1
(we have strict inequality when ¢ > 0) which shows that (|A| — ks — 1)by is
the only element of its e-class that is contained by g. O]

aq 0

Corollary 14.5. If A = [
0 (05}

g-vectors.

] and by = [ } } we can have max(ay, as)

Proof. Use Theorem 1 with t = |A| — 1, byy = a1 — 1, ba o = lag — 1 where [
is such that bg s > (ajaz — 1)by 2. O

15 Further Possibilities

On the topic of adjacency:

Explore the structure of blocks in n > 2 dimensions.

It is not true, as we at one time considered, that all blocks are either of
size n when |G| > n or size |G| otherwise. It may be worthwhile to attempt
a characterization of these blocks.

On the topic of order and the MIN set:
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Let a(b;) € N be the smallest element such that a(b;)b; € [M — b;]n,. We
define the following set:

i=1
Conjecture 15.1. MIN C S},

This result would be an improvement on Lemma 3.1. Furthermore, con-
sider x € N™ such that Bz is minimal and Bx = 0 mod A. Let X be the
set of all such . We denote the ith coordinate in x as (z);. Now consider
the following set:

g;\/f = {Zcibi | (2); < < ab),Vo € X}
i=1

Consider thi_s/ rough argument: _
Let v € S,; C S);. Then v = s + yBx where s € S, \ S,;. Thus
v=s+vBxr =5+ 0y

implies that v ¢ MIN. Therefore MIN C Si; \ S)y,.

The idea is that this set S, contains the elements in S}, (or simply Sy)
that are not in MIN due to this Bz element. We have the following two
possible conjectures, the first being a weaker version of the second. In the
n = m = 2 case, the second possibility seems to be true.

Conjecture 15.2.
o MIN C S, \ Sy
o S\, \ S, =MIN

On the topic of the Selmer Lattice:
Extend the Selmer Lattice to m > 2.

It may be possible to extend Theorem 12.1:
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Conjecture 15.3. Let m = 3. Let j; be the smallest integer such that j1by
is in [A|bi|n, and let jo be the smallest integer such that jabs is in [A|by|ba]y, -
Then |G‘ S jle-

Other conjectures:
The following conjecture concerns the “shape” of the distribution of the
g vectors in a monoid.

Conjecture 15.4. Elements of G are either concave up (with respect to cone
ordering) or lie along a line.
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