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Abstract

A jump system is a set of lattice points satisfying a certain existence
axiom. The main result in this paper is the proof of a descriptive charac-
terization of 2-dimensional jump systems. Further results in the direction
of characterizing higher-dimensional jump systems follow. In addition,
a few other directions are handled yielding results that inspire further
pursuit.

1 Jump Systems-Introduction

1.1 Introduction

A jump system is a set of lattice points in any number of dimensions that satisfy
a certain existence axiom. The idea of jump systems was conceived by Bouchet
and Cunningham in order to generalize the sets of bases of a matroid, degree
sequences of subgraphs of a graph, and others. While many applications of
jump systems lay in the formerly-stated areas, it is possible to naively work
with jump systems, ignoring the details of their inspiring topics.

1.2 Two-Step Axiom and Basic Definitions

Definition 1.1. Let S be a finite set. For x,y € Z° we use the [so-called
taxicab] norm

] = o]
ics
and the corresponding distance
d(z,y) = ||z —yll.

Definition 1.2. For vectors x,y € Z°, a step from x to y is a vector s € Z°
such that ||s|| = 1 and d(x + s,y) = d(z,y) — 1. St(x,y) denotes the set of all
steps from x to y. Note that if s is a step from x to y then s = *e;, where e;



is i standard unit vector. For notational convenience, we will sometimes use
y . o
r — x + s to denote a step from x to x + s in the direction of y.

Definition 1.3. Jump System Given a collection of points J C 75, we say
that J is a jump system if and and only if J satisfies Aziom 1.4.

Axiom 1.4. (2-Step Axiom) If v,y € J CZ°, s € St(x,y), and x + s ¢ J,
then there exists t € St(x + s,y) withxz+s+1t € J.

1.3 Jump System Operations and Additional Definitions

The following operations allow us to simplify many of the later proofs concerning
various properties of jump systems.

Definition 1.5. Let J be a jump system and let a € Z°. Then the translation
J' of J by a is defined by J' ={x+a:z € J}.

Example 1.6. Let J = {(1,1),(1,3)} and a = (2,4). Then the translation of
JbyaisJ ={(3,5),(3,7)}.

Definition 1.7. Let J be a jump system and let N C S. We call J' the re-
flection of J in N if and only if J' = {2’ : v € J 2} = x; for j ¢ N,x} =
—x; for j € N}.

Example 1.8. Let J be as in Example 1.6, with S = {1,2} and N = {1}. Then
the reflection of J in N is J' = {(-1,1),(—1,3)}.

Definition 1.9. The sum of two jump systems J, € Z° and Jo € Z°, denoted
Ji+Jo=J, where J=J1+ o ={z+y:xz € Ji,y € Jo}.

Example 1.10. Let J; = {(2,2),(2,3)} and Jo = {(0,0),(1,0),(3,0)}. Then
J=J+ 0 ={(2,2),(2,3),(3.2), (3,3),(5,2), (5,3)}.

Definition 1.11. Let J be a jump system in Z°. Let v € RS. Then if

vl =viz +...+ V5| TS| = ZieS v;x; remains bounded for all x € J and

w, = mar{vlz 1z € J} we call f, = {z : 2 € J,vTx = w,} a face of J. For
notational convenience we define the set V.= {v:v € {—1,0,1}%,v # 0)}.

Since the jump systems addressed in this paper are finite, the reader should
note that all faces are in fact nonempty sets.

Example 1.12. Let J be as in Ezample 1.10 and v = (1,0). Then w, =5 and
fo = {(57 2)7 (57 3)}

The geometry of two and three-dimensional jump systems and their ensuing
faces yield great insight into the general properties of faces. Later it will be
shown that the faces f, with v € V are sufficient for working with jump systems.

Theorem 1.13. [Bouchet, Cunningham] Let J be a jump system in Z°. Then:

1. The translation of J is a jump system.



2. The reflection of J is a jump system.
8. The sum of two jump systems is a jump system.
4. If v eV, then §, is a jump system.

Since a jump system is a collection of points in n-dimensional space, we need
a convention for determining the location of a point with respect to the extremes
of the jump system.

Definition 1.14. Let J be a jump system in Z5. Then we associate a collection
of points in Z° called a polytope with J. The polytope, denoted Py, is the set

P={z:2¢eZ° v s <w,YveR%}

Definition 1.15. Let a; < b; for alli € {1,...,|S|} Then the set of points
{z : a; < x; < b; for all i}is called a box. A box B can be denoted by B =

Li‘l[aia bi].

Note that while it is possible for a; € (RU —{o0}) and b; € (RU {oo}), we
will always refer to boxes with finite dimensions and integral boundaries unless
stated otherwise.

2 2-Dimensional Characterization and Additional
Properties

Theorem 2.1. Let J be a jump system and let v € V. We define the set Si
such that S, = {i | v; # 0}. Let Sy C Sy with |S2| = |S1] — 2. Ifa,b € f, and
a; = b; for all i € So, then all the points between a and a’, and b and b, where
v {bi fies, b= {ai ifi €S,

a; otherwise. b; otherwise.
are also in f,.

Proof. By reflection, translation, and coordinate-swapping, we may assume the
following:

v =(1,...,1,0,...,0), where the first m entries of v are ones, and the re-
maining |S| — m entries are zero.

2)51 = {1, ,m}, SQ = {3, ,m}.

3)a = (0,0,0,...,0).

4)b = (bl, —b1,0,...,0,b141, ... ,bn) where by > 0.

To prove that all the points between a and a’ and between b and b’ are in f,,
it is enough to show that the point (1, —1,0,...,0) € f, because if we prove that,
we can recursively let a = (1,—1,0,...,0) and prove that (2,—2,0,...,0) € f,,
and so on, all the way to (b1, —b1,0,...,0). Take a step a LI (1,0,...,0). We
see that (1,0,...,0) ¢ J because v7(1,0,...,0) > vTa. By Axiom 1.4, we can
take a second step that will get us back into J. The only possible second step is



(1,0,...,0) LN (1,—1,0,...,0), because a step in the last |S| — m coordinates
will take us out of f,. Therefore, (1,—1,0,...,0) € J. Also, by an analogous
argument, we can prove that all the points between b and b’ are in §,. O

Example 2.2. Letv = (1,1,1,1,0,0), a = (3,4,5,6,7,11), and b = (0,4,5,9, 10, 2)
with a,b € f,. Then S; = {1,2,3,4} and Sy = {2,3}. Now, o’ =(0,4,5,9,7,11)
and b’ = (3,4,5,6,10,2). The above lemma states that the points between a and

', (3,4,5,6,7,11), (2,4,5,7,7,11), (1,4,5,8,7,11), (0,4,5,9,7,11), and the
points between b and b, (0,4,5,9,10,2), (1,4,5,8,10,2), (2,4,5,7,10,2),
(3,4,5,6,10,2), are all in f,.

Corollary 2.3. If J C Z? is a jump system and a,b € §, where the support of
v s 2, then all the points between a and b are also in the jump system.

Proof. S1 = {1,2} and Sy = {}. We see that theorem 2.1 applies here, with
a’ = b. Therefore all points between a and b are in the jump system. O

Theorem 2.4. [Lovdsz/
Let J be a jump system and let v,w € V. Define the function abs(a) =
(lail, - - -, lan|). If the dot product of abs(v) and abs(w) equals zero, then (f,)w N

f(v-ﬁ-w) 7£ 0.
Lemma 2.5. Let J C Z2 be a jump system and a € Py \ J such that vI'a = w,

for some v € V.. Then there exist points x,y € f, such that a lies on the line
segment connecting r and y.

Proof. We will prove this in two cases. The first case will deal with v whose
support is one, and the second case will deal with v whose support is two. By
reflection, translation, and coordinate flipping, we will assume that a = (0,0)
and it lies on f(; o) in case one and f(; 1) in case two.

Case 1: (1,0)Ta = wq ).
Assume there are no points in J that are above a. By theorem 2.4, we
know that f1 0y N f1,1) # 0, so there must have been some point below a
that is in f(;1). But that would imply that a is outside f(; 1) and therefore
not in the polytope of J. This is a contradiction.

Case 2: (1,1)Ta = W1y
Assume there are no points in J that are of the form (—a, ), a > 0. By
theorem 2.4, we know that f 1) N f1,1) # 0, so there must be a point
of the form (o, —ca) that is in f(; 1) and f,1). But that would imply
that a is outside f(o,1) and therefore not in the polytope of J. This is a
contradiction.

O

Theorem 2.6. Let J C Z2. Then J is a jump system iff

1) For all 2',2" ¢ J with d(2',2") = 1 that are in the polytope of J, there are
no points x € J that are on the line that passes through x’ and z”

and

2) each face of J is a jump system.



Proof. Throughout the proof, the word gap will signify a point z for which
z € P;\ J. Also, the expression y is on a face will mean v1'y = w, for some
v € V regardless of whether y € J or y ¢ J.

(=) Assume that J is a jump system.

Because our conclusions are invariant under reflection and translation, we
may, without loss of generality, assume that x = (0,0) € J, 2z’ = (1,0) ¢
J, 2" = (2,0) ¢ J with 2,2’,2” in the polytope of J. This implies that there
are no points in J of the form (k,0) where k& > 0.

There are two cases we have to consider. The first case is when z’ is on a
face and the second is when 2’ is not. If 2’ is on a face, we see that x and 2" are
on that same face. This observation holds because any face f,, that contains z’
and neither x nor z” places  and z” on opposite sides of itself. Then we would
have either x ¢ Py or 2" ¢ P;, contradicting our hypothesis.

Case (1) z,2', 2" are on a face f, for some v € V.

We may assume that v = (0,1), (i.e. x lies on the north face of J). Since we
know there are no points to the right of z, x will be on the (1,0) face of f,.
Therefore, x € f(;,1) of J by 2.4.

Thus our assumption that z’ is in the polytope of .J is false, because (1,1)T2’" =
1, which is greater than w(; 1) = 0, and therefore outside the polytope.

Case(2)vT2’ < w, for allv € V.

Since we know that there are no points in J of the form (k,0), with k > 0, and
(1,0) is in the polytope, there must be some gap y = (m,0),m > 1 on some face
of J. By corollary 2.3 and lemma 2.5, we know that a ”diagonal” face of a 2-
dimensional jump system cannot contain any gaps in it, therefore (m, 0) must be

on the (1,0) face. By the previous case, we know that if (m,0) ¢ J is on a face,

then either (m,1) or (m,—1) are in J. If we take a step (m,£1) ©9 (m,0), we

will not have a second step toward (0, 0) that will land on a point € J. Therefore
J is not a jump system, and we have a contradiction.

(«<)Assume (1) and (2)
We will show that the two-step axiom holds for any arbitrary pair of points,
x,y € J. Because we can reflect and translate the jump system, we can, without
loss of generality, assume x = (0,0) and y = (p,q) where p,q > 0. To avoid
triviality, we assume that d(z,y) > 2 and that z and y are not on the same
face. There are two cases to consider. The first case is where p or ¢ equal zero
(because of symmetry, we will only prove this case for ¢ = 0) and the second is
where p,q > 0.

Case (1)¢ =0.

By (1) we know that (1,0) or (2,0) is in J. Thus, the two-step axiom holds.
By symmetry, this case also applies to y = (0, q).

Case 2)p>1. ¢ > 1.
Without loss of generality, we can assume that the first step is « AN (1,0) and
we assume that (1,0) ¢ J. We will show that either
i)(1,1) € J or
ii)(2,0) € J.

If (1,1) € J, then it is a step from (1, 0) to y and the 2-step axiom is satisfied.



So we will assume that (1,1) ¢ J. Clearly, (1,1) is in the polytope of J. Now
we will show that (1,0) is in the polytope. Assume for the sake of contradiction
that (1,0) is not in the polytope. Then, (0,0) must have been on a face of J.
Since v (1,0) > vT(0,0) = 0 for some v, we know that v;=1. So the possible
faces that (0,0) could be on are: (1 0y, f(1,1), or f(1,—1). If 2 is on f(1 0y or f(1,1),
then we have a contradiction because v7y > 0 and thus y is not in .J.

If (0,0) € f(1,—1), then by Lovdsz, we know that there must be a common
point on f;,_1y and f(1,09). Since, x ¢ f,, there must be a point (o, a) € J where
a > 0. But now, Corollary 2.3 implies that (1,1) € J, which is a contradiction.
Therefore the point (1,0) is in the polytope. Thus, by (1), we know there are
no points of the form (1,¢q) (because (1,0) and (1,1) are in the polytope, but
not in J). So y = (p, q), where p > 1.

Now we will show that (2,0) is in the polytope. Assume for the sake of
contradiction that (2,0) is not in the polytope. Then v*(1,0) = w, for some
v € V. Since vT(2,0) > vT(1,0) = 0 for some v, we know that v;=1. But (1,0)
cannot be on f(1 1) or f(;,—1) because of corollary 2.3 and lemma 2.5. And it
can not be on f(1,9) because (1,0)"y > (1,0)7(1,0) = 1. Thus, we have shown
that the point (2,0) is in the polytope. By (1) we know that (2,0) € J, since
the line passing through (1,0) and (2,0) also passes through (0,0). There fore
(1,0) - (2,0) satisfies the 2-step axiom. O

3 Additional Properties of Jump Systems

Theorem 3.1. Let J C Z° with associated polytope Py. Let x € J,
x+e, € Py\J, x+2e, € Py\J for someneS. If k> 1,
Zi;én |k1| <k-1, k; € Z, then

$+k6n—|—2k1‘6i ¢ J.
Proof. Let y € J such that y = z + ke, + Z#n kie; with d(x,y) minimal.

Through reflection we may assume that k; > 0 for all i. Step y — y — e; for
some ¢;. Then y — e; violates minimal choice of y, so y — e; ¢ J. By Axiom 1.4
there exists a second step from y to = contained in J. There are three possible
choices for this second step:

1. y —e; — y — 2e;, which violates the minimal choice of y.

2. y—e — y—e; — e; for some j # ¢ and j # n, which also violates the
minimality of y.

3. y—e; — y — e; — ey, which again violates our minimal choice of .

Thus all three possibilities from Axiom 1.4 result in contradictions, and we have
that y ¢ J. O



We define some notation to make the following theorem less cumbersome.
Consider Z3 and let v € V where the support of v is 3. Let & € Z3, and define
the following set M, (z) ={y:y € J, y; > x; for v; = 1, y; < for v; = —1}.

Theorem 3.2. Let J C 73 be a jump system. If v € P;\ J and v € V with
support equal to three, then there exists a point z € J such that z € M, (x).

Proof. We prove the theorem for v = (1,1, 1), which is sufficient due to the
symmetry of the arguments.

Consider f,. Then a; > z; for all a € f.,, or else z ¢ P;. Maximize a3 over
fe,, yielding points in the set (fe, )e,. By [Lovdsz| we know that (fe, )e; € f(1,0,1)-
Maximize az over (fe,)e;, yielding ((fe,)es)e,), Which is contained in f 1,1y by
[Lovész]. Thus for all points a € ((fe,)es)e,), We have that a; > z1, a1 + ag >
5131+£L'3, and a1 +ag + as Z xr1 + o + x3.

Define the set A ={y € J, y1 > x1, y1 +ys > 1 + 3, y1 +y2 + y3 >
x1 4+ 22 + x3}. Tt is clear that ((fe,)es)e,) € 4, s0 A is nonempty.

Consider f.,. Then bs > x3 for all b € f.,, or else x ¢ P;. Maximize b; over
fes, yielding points in the set (fe,)e,. By [Lovdsz| we know that (fe,)e, € f(1,0,1)-
Maximize by over (fe,)e,, yielding ((fes)e, )e,), Which is contained in f(;,1,1) by
[Lovész]. Thus for all points b € ((fey)e, )es,), We have that bs > w3, by + bg >
x1 + x3, and by + by + by > x1 + 9 + T3.

Define the set B = {y € J, y3 > a3, y1 +ys > 1+ 23, y1 + Y2 + y3 >
x1 4+ 22+ x3}. Tt is clear that ((fez)es )e,) © B, so B is nonempty.

Choose a € A and b € B such that a3 and b; are maximal. Define the set
Mupz={ye€J, y1 > 21, y3 > x3, y1 + Y2 +y3 > o1 + 22 + 23}. Then M3 is
nonempty, or else ag < xs and by > x7.

Assume M3 is empty, and take the step a Loat es. We know that
a+es3 ¢ J, because (1,1, 1)T(a +e3) > (1,1,1)Ta = w(1,1,1)- Then by Axiom
l4oneof a+2e3€J,a+e3—e €J,0r a+ ez — ey € J must hold. However,
each of these possibilities violates the maximal choice of a, and therefore M3
must be nonempty.

Through analogous arguments, the sets M2 = {y € J,y1 > z1,y2 > z2,y1+
Yo +ys > o1+ 22+ 23} and Moz = {y € Jy2 > x2,y3 > x3,91 + Y2 + Y3 >
x1 + T2 + x3} are nonempty.

Choose f € My3 with fs maximal, g € Moz with g maximal, and h € Mo
with hz maximal. If fo > 9, g1 > x1, or hg > x3, then we are done, so
assume otherwise. Thus fo < z3, g1 < 1, and hg < z3. Since f < x9,
we may assume without loss of generality that f; > 27 in order to preserve
fi+fot f3 > 21 + 22 + 23

Examine the step f —2 f + es. Since f + ey violates the maximal choice
of f, we know that f + ey ¢ J. Axiom 1.4 thereby states that one of f + 2eq,
f+e+ey,or f+es+esisin J. However, each of these points contradicts the
maximal choice of f. Therefore there exists a point z € J such that z; > z1,
2o > X9, and 23 > x3. O



Theorem 3.3. Let J C Z> be a jump system with associated polytope Py. Let
x € Py\J, x+e3 € P;\J, and x + 2e5 € J. Then the eight points in
{rte teg;xter+es;xtes+e3} are contained in J.

Proof. Since z is contained in the polytope P;, by Theorem 3.2 we know that
there exists a point b € f(1,17_1) such that by > z1, by > x5, and b3 < x3. Step

x + 2e3 LI +e3 ¢ J. Then by Axiom 1.4 there exists a second step from

x + e3 to b. Since x + e3 L ¢ J by our hypothesis, it must be the case that
either x +e; +e3 € J or x + ex + ez € J. Whichever occurs, we will show that
r+es+es€J.

Assume that z+e;+e3 € J and consider the step z+e; +e3 LN xte & J.
Then there must be a second step from x+e; to x+2e1, x+e;+eq, or x+e1—ez,
although Theorem 3.1 dictates that « 4+ e; —e3 ¢ J.

Assume that x4+ e + e3 ¢ J, implying that x + 2e; € J. We will show that

this results in a contradiction, and = + e L +e1+ey€J.

Then by Theorem 3.2 we know that there is a point ¢ € f(_1,;,_1) such that
c1 < x1, o > x9, and c3 < x3. Consider the step = + 2e3 =z 4 eg ¢ J. By
Axiom 1.4, there is a second step z+e3 — = — €1 + €3 or x+e3 — x + €9 + €3,
because x is ineligible due to our hypothesis.

Ifx—eyj+es € J, then z—e;+eg TG e1 ¢ J,and x ¢ J by hypothesis.
The only other possible step from z —e; to x + 2e7 is x — e GRELUpS ¢ J, which
violates Axiom 1.4, so we cannot have x — e; + eg € J.

Ifx+ex+e3 € J, then x+es+eg rrzen ., + eo ¢ J. There are two possible
second steps from z 4 ey to = + 2e;, namely x and x + e; + e;. However,
x ¢ J by hypothesis, so we must have z + e; + es € J, contradicting our earlier
assumption. Therefore x + e1 +eq € J.

Through a symmetric argument we conclude that z —e; —ea € J. Then

Treiter e1 ¢ J, it must be the case that x —e; + ey € J,
:1:+e_14;62

taking  —e; — eo
because we disregard x by our hypothesis. Also, by taking z — e; — es
x —eg & J, it must be the case that z +e; — ey € J.

Consider the step = + e1 + es wt2es x+e ¢ J. Then since x ¢ J, we
must have x + e; + e € J, because our hypothesis disallows € J. Similarly,

T+e;+ e 2es x +eg ¢ J. Then because = ¢ J, we arrive at  +e3 +e3 € J.

Analogously, we can step £ — e; — e TH2s e ¢ Jand x — e — e wt2es
x—eg ¢ J, forcing x — ey +e3 € J and x — es + e3 € J, respectively. O
Definition 3.4. Let J be a jump system. Then the reduction J' of J, written
a/s J' = Jer,. szt x15) Means that for all v = (1,..., \S|)/ e J,

T = (.Z‘l, R TR B i a7 T T I ) S T 17 T, (A ,$|S|) e J'.

Theorem 3.5. [Ponomarenko] The reduction operation preserves the jump sys-
tem property.



Definition 3.6. Let J C Z° be a jump system and i € S. Then a projection
J' of J, written as J' = Sy wiv,wipr,... s Means that for all
r=(r1,...,29) €J, 2" = (21,...,Ti—1,Tix1,...,25)) € J".

Theorem 3.7. The projection operation preserves the jump system property.
Example 3.8. example of reduction

Definition 3.9. Let J be a jump system. Then the strong reduction J' of J,
written as J' = ... witam;,... x5 Where a € {-1,0,1}, means that for all
veJ o' = (x1,... L1, T F Xy, Tig1, . X1, Ty, 2g)) €T

Corollary 3.10. The strong reduction operation preserves the jump system
property.

Proof. Case 1: a=1or a= -1
This case is exactly the reduction operation (with reflection having been

used for a = —1), so by Theorem 3.5, we know that J' is a jump system.
Case 2: a = 0. This case is exactly the projection operations Thus by Theorem
3.7, we know that J’ is a jump system. O

Theorem 3.11. If J is a collection of points and there exists a v € {—1,0,1}°
such that vI'z is a constant for all x € J then J is a jump system if and only if
every strong reduction is also a jump system.

Proof. By Theorem 77, we immmediately get one direction of the proof. For the
other direction, we will show that if J is not a jump system, then there exists a
strong-reduction that is also not a jump system. Since J is not a jump system,

there exist points a,b € J and s ¢ J such that after taking a step a LN s, there
are no steps from s to b. By reflection, translation, and coordinate swapping,
we can assume the following:

v =(1,...,1,0,... 0). v contains n elements with the first m of them being
ones and the rest zeroes.

2)a = (0,0,...,0).

3)vTx =0 for all z € J, that is >, @, = 0 (Direct consequence of above)
)b = (by,bay ... ,by).

There are two cases that we have to consider. The first one is when s is such
that s; = b; for some i < m and zero everywhere else. The second case is when
s; = b; for some i > m and zero everywhere else. For the first case, without loss
of generality, we will assume that ¢ = 1 and for the second case, we will assume
that ¢ = m + 1.

Case I s = (b1,0,...,0).

We may assume that by = —by and m > 2. (since there must exist a b;
with a sign opposite b; in order for v'b = 0 and we just let i = 2). We
will break up this case into the following four subcases:
1)(2by,2bs,0,...,0) € J.

2)(b1,2b2,0,... b, ...,0) € J where by = b; and i < m.

3)(b1,b2,0,... ,b;,...,0) € J where i > m.

4)Subcases 1-3 are false.



Subcase 1: (2b1,2b2,0,...,0) € J.
Let J" = Jy—25.25,... ,)- We know that o’ = (0,...,0) and V' =
(4b1,0...,0) are in J'. To prove J' is not a jump system, we
will first prove that e = (by,0,...,0) ¢ J' and then prove that

2e = (2b1,0,...,0) ¢ J'. Thus, after o’ LN e, the only next valid
step towards b’, mainly 2e, is not in J’, which is a violation of the
2-step axiom.

Assume (by,0,...,0) € J'. Then for some x € J, we have 21—z = b;
and x3 = --- =z, = 0. Also, we know that 1 +zo +--- + x,, = 0.
So we have the following two equations: 21 —x9 = by and 21 +z9 = 0.
Therefore z1 = by /2, which is absurd, and so we have a contradiction
and hence (b1,0,...,0) ¢ J'.

Assume (2b1,0,...,0) € J’. Then for some z € .J, we have 21 — x5 =
2b; and x5 = -+ = x, = 0. Also, we know that x1+zo+---+xz,, = 0.
So we have the following two equations: z1—xs = 2b; and z1+z2 = 0.
Therefore z; = by and o = —b; = by. But this would mean that

(b1,b2,0,...,0) € J and that would be a step from s to b which
contradicts our initial assumption, that (a,b,s) violates the 2-step
axiom. Thus, J’ is not a jump system and subcase 1 is proved.

Subcase 2: (by,2b,0,...,b;,...,0) € J where b; = b; and i < m.
Let J" = Jio) 2i—as2s,... ,zn)- We know that o’ = (0,...,0) and
b = (b1,3b1,0...,0) are in J'. To prove that J’ is not a jump sys-
tem, we will first prove that e = (b1,0,...,0) ¢ J’ and then prove

that f = (b1,01,0,...,0) ¢ J'. Thus after o’ LN e, the only next
valid step toward ', mainly f, is not in J’, which is a violation of
the 2-step axiom.

Assume (by,0,...,0) € J'. Then, for some = € J, we have 7, =
bi,zi —xo = 0 and z3 = --- = z, = 0. Also, we know that
xry+x2+ - +x;+ -+ xm = 0. So we have the following two
equations: x; —xy =0 and x; + x5 = —by. That implies z; = —51/2,
which is absurd, and we have a contradiction.

Assume (by,b1,0,...,0) € J'. Then, for some z € J, 1 = by, z; —
xo =bi;xs, ... ,xn =0. Also, we know that z1 +zo+---+z; +-- -+
Ty = 0. So, we have the following two equations: z; — xo = b, and
x; + 9 = —b;. That implies x; = 0,25 = —by = by. But, this would
mean that x = (b1, bs,0,...,0) € J and that would be a step from s
to b, which contradicts our initial assumtion that (a, b, s) violates the
2-step axiom. Thus J’ is not a jump system, and subcase 2 is proved.

Subcase 3: (by,b2,0,...,b;,...,0) € J where i > m.
Let J" = J) —2s,5,... @,)- We know that o’ = (0,...,0) and V' =
(2b1,0...,b;,...,0) arein J'. To prove that J' is not a jump system,
we will first prove that e = (b1,0,...,0) ¢ J’ and then prove that
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both 2e = (2b4,0,...,0) and f = (b1,0,...,b;,...,0) are not in J'.

Thus, after o’ LN e, the only next valid steps toward ¢, mainly 2e
and f, are not in J’, which is a violation of the 2-step axiom.
Assume (by,0,...,0) € J'. Then for some x € J, we have x1—x3 = by
and 3 = --- = x,, = 0. Also, we know that 1 + 25 4+ --- + x,,, = 0.
So we have the following two equations: 21 —xo = by and 21 +25 = 0.
Therefore 2, = by /2, which is absurd, and so we have a contradiction
and hence (b1,0,...,0) ¢ J'.

Assume (2b;,0,...,0) € J'. Then for some x € J, we have z1 — x5 =
2b; and z3 = - -+ = x,, = 0. Also, we know that z14+zo+-- - +2m = 0.
So we have the following two equations: z1—xo = 2b; and z1+25 = 0.
Therefore 1 = by and o = —b; = by. But this would mean that

(b1,b2,0,...,0) € J and that would be a step from s to b which
contradicts our initial assumption.

Assume (by,0,...,b;,...,0) € J'. Then for some x € J, we have
1 — 2o = by and zg = --- = x,, = 0. Also, we know that z; + o +
-+« 4z, = 0. So we have the following two equations: =1 — x3 = by
and x1 + 29 = 0. Therefore z; = 51/2, which is absurd, and so we
have a contradiction. Thus J' is not a jump system because (a’, V', €)
violates the 2-step axiom, and subcase 3 is proved.

Subcase 4: Subcases 1-3 are false.
Let J" = Ju, ws,04,... .zn)- We know that o’ = (0,...,0) and b’ =
(b1,b3,bq,... ,by) arein J'. Let s’ = (b1,0,...,0) be a step from a’ to
b'. We see that the only way s’ can be in J', is if (b1, b2, 0, ... ,0) were
in J. But, if that were the case, then the latter would be a step from
s to b, which would contradict our initial assumption. Now, we will
show what happens if there exists a step in J’ from s’ to ¥’. Assume

(17)1,077... ;biy ... ,0) where i < m and by = —b; is in J’. Then we see
that (b1,0,0,...,b;,...,0) must have been in .J, which is a step from
s to b, and thus a contradiction. Now, assume (2b1,0,...,0) € J'.

Then we see that (201, 2b,0, ... ,0) must have been in .J. But that is
subcase 1, which is false by assumption, and thus we have a contra-
diction. Now, assume (51,0, b ,0) where ¢ < m and b =b;
isin .J’. Then we see that (b1, 2bs,0,... ,b;,...,0) must have been in
J. But that is subcase 2, which is false by assumption, and thus we
have a contradiction. Now assume (b1,0,... ,b;,...,0) where i > m
is in J'. Then we see that (b1, bo,0,...,b;,...,0) must have been in
J. But that is subcase 3, which is false by asumption, and thus we
have a contradiction. Thus J' is not a jump system because (a’,b’, )

violates the 2-step axiom. And so, subcase 4 and case I are proved.

Case IT: s = (0,...,0,b,41,0,...,0).
We shall break this case up into two subcases:
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1)(=b;,0,...,0,b;,0,...,0,bp41,0,...,0) € J.
2)Subcase 1 is false.

Subcase 1: (=b;,0,...,0,b;,0,...,0,b,41,0,...,0) € J.
Let J" = Ju,—2; 20,25, 0n)- We see that a’ = (0,...,0) and V' =
(—2b;,0,... ,byy1,...,0) are in J'. We will prove that J’ is not a

jump system by first proving e = (0,... ,bp41,0,...,0) ¢ J and

then proving that f = (=b;,0,... ,bm41,0,...,0) ¢ J'. Thus, after

o 2 e, the ony valid step from e to b, mainly f, is not in J’, which
is a violation of the 2-step axiom.

Assume (0,... ,bpn41,0,...,0) € J'. Then for some z € J, we have
ry—x;=0and xg = =21 = 0,241 = = Ty, = 0, Typp1 =

bm+1. Also, we know that 1 + -+ +x; + -+ + £, = 0. So we have
the following two equations: z; — x; = 0 and z; + ; = 0. Thus,

r1 = 2; = 0 and therefore (0,...,0,b,,51,0...,0) must have been
in J. But that is a contradiction.

Assume (—b;,0,... ,b,41,0,...,0) € J'. Then for some x € J, we
have 21 —2; = —b; and @9 = -+~ = ;1 = 0,T441 = -+ = Tpy =
0, Zpmi1 = bpy1. Also, we know that 2y +---+z; 4+ -+, = 0. So
we have the following two equations: x; — x; = —b; and 21 +z; = 0.
Thus, z1 = —b; /2, which is absurd and we have a contradiction. And

the subcase is proved.

Subcase 2: 1)(—b;,0,...,0,0;,0,...,0,bp41,0,...,0) ¢ J.
Let J' = Jxa,x3,...,2,). We see that o’ = (0,...,0) and V' =
(ba,b3,... ,by) are in J'. Let s’ = (0,... ,bm41,0,...,0). This is
a step from a’ to b’. We see that the only way s’ can be in J' is
if (0,0,...,b,41,0,...,0) were in J. But, by our assumption, we
know that that the latter is not in J. Now, we consider all steps
from s’ to b'. Assume (0,...,2b,,41,0,...,0) € J'). That would
imply that (0,0,...,2b,41,0,...,0) was in J. But that would be a
step from s toward b, which contradicts our initial assumption. Now,
assume (0,...,0ms1,0,...,0;,0,...,0) € J). That would imply
that (0,0,...,bpms1,0,...,0;,0,...,0) was in J. But that would
also be a step from s to b and thus a contradiction. Now, assume

(0,...,b:,0,... ,brpy1,0,...,0) € J'. But that would imply that
(=bi,0,...,b,0,... ,by11,0,...,0) € J. But this contradicts our
assumption. There are no other possible steps from s’ to b, and

thus, case II and the theorem are proved.
O

Lemma 3.12. Let v € V, a € Z° such that vIa = b, and § € Z° such that
v B > b. Then there exists i € S such that v;3; > v;0y.

Proof. Assume the lemma is not true. Then §; > a; = v; € {—1,0}, and
B < a; = v; € {0,1}. These facts imply that v;(5; — «;) < 0 for all
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i€ {l,...,|S]}. Hence, v78 —vTa =vT(8—a) =3, vi(B; — ;) <0, which
contradicts the hypothesis that v 8 > v”a. O

Lemma 3.13. Let v € V, a € Z° such that vTa = b, and § € Z° such that
vT'3 > b. Then there exists § € 7° such that 6 € St(a,3) and vT§ = b+ 1.

Proof. vTao = b and vT8 > b = vT3 —vTa > 0. This inequality implies that
v1(B1 — 1) + ... +v5(8s] — oqs)) > 0. By Lemma 3.12 there exists

1€ {1, cee |S|} with 02(51 — Oéi) > 0.
Take a step « 2, § such that § = a + e;. Then: d(a,0) =1,
d(6,8) =d(a,B) — 1, and vT§ = v (a+e;)) =vTa+1=0b+1. 0O

Definition 3.14. Let J C Z° be a jump system and v € V. Then a set of
points {x :vTx =b for b€ Z,x ¢ J}, denoted R(v,b), is called a rift. We say
that J admits R(v,b).

Theorem 3.15. Let J be a jump system in Z°, v € V, and o € J such that
vl =b—1. If J admits both R(v,b) and R(v,b+1), thenvl3 > b+1= 3 ¢ J.

Proof. Let J C Z° be a jump system, v € V, and 8 € .J such that v73 > b+ 1.
Let o € J such that vI'a = b—1 and d(«, 3) is minimized. Let J admit R(v,b)
and R(v,b+1). Apply Lemma 3.13. Thus there exists § such that d(«,d) = 1,
d(6,8) < d(a,3), and vT'§ = b. Take a step a Lss ¢ J by our hypothesis,
so there must be a step ¢ L, § such that & € J. Also, vT'§" # b — 1, or else
the minimal choice of a would be violated. Thus by Lemma 3.13 we take a step
5 25 ' such that d(3,8") = 1, d(&",8) < d(6,8), and vT8' = b+ 1 or b, both
of which imply that § ¢ J. Therefore the pair «, 3 violates Axiom 1.4, and
cannot exist. 0

Theorem 3.16. Let v € P;. Ifx +e; ¢ Py or x —e; ¢ Py for some

i€ {1,...,|S]}, then vz = w, for some v € V. Furthermore, if x € J, then
T € fy.
Proof. Let x € Py and = + ¢; ¢ Py for some ¢ € {1,...,]S|}. Then z €

P;=forallveV,vTe <w, x+e; ¢ Pj; = there exists v/ € V such that
o' (2 + e;) > wy. In particular we have that v; € {—1,1}, or else v/” (24 ¢;) =
V@1 + V(@ ) o U@ s = Vi@ F - VT .+ (g2 s), which
is a contradiction of our hypothesis.

Thus v'7 (x4 ¢;) > wy > v z and v (z+¢;) = v z+1. Sov' 2z +1 >
wy > vz, and since w! € Z, we have that v Tr = w,. O

4 Prime Jump Systems

Definition 4.1. A jump system J € Z° is called a prime jump system iff
1. |J] >2
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2. There does not exist jump systems J, and Jy such that both |J,| > 2,
|Jb| >2,and J,+ Jpy = J.

Theorem 4.2. Given a jump system J C Z° where |J| = 3, we have that
J = {a,b,c}. Then there exists J, C Z°,J, C Z° such that |J,| = 2, |J,| = 2
and J,+J, = J where c is the point of J obtainable by two different combinations
of points in Jy, Jy iff

1. ¢, = (%) for all coordinates,
2. ap, = by = ¢y, fails for at most two coordinates, and
3. Y ieslai —bi| =0,2 or 4.

Proof. (=) Let J C Z° be a jump system such that |J| = 3 and J = J, + J,
where |Jz| = 2, |Jy| = 2. Thus J = {a,b,c}, J, = {(z,2’)}, and J, = {(v, ¥},
and we can assume that c is the point obtained through summation in two
different ways. With this assumption we have

rit+yi=a; vi+y;=b xi+y;=c; x;+y;=c; foralli,

which implies 2¢; = a; + b; = ¢; = (%£%). This statement proves the first
condition of the theorem.

Suppose a; = b; = ¢; fails and assume without loss of generality that b; > a;.
Thus b; = a; + k; for some k; € Z. If k; is odd, then ¢; = 2“171% ¢ 7, s0k;
must be even. Furthermore, if k; > 6, then ¢; > a; + 3. Then a — a + ¢; ¢ J,
so there must be a second step from a + e; to ¢ that is in J. We know that
a+2e ¢ J, s0a+e e € J for some j # i. However, this is impossible,
because b; > ¢; > a;, and a, b, and ¢ are the only points in J. Therefore k; = 2
or 4. This conclusion proves that |a; — b;| = 2 or 4.

Suppose a; = b; = ¢; fails for all i € {1,...,k}where 3 < k < |S|. Through
reflection and translation we may assume that b; > a; for all i. Thus ¢; > a; +1
for all i € {1,...,k}, and d(a,c) > k > 3. Step a — a+e; ¢ J. Then there
must be a second step from a + e; to c. However, we have that d(a + e;,¢) >
k—1>2, s0anystep a+e; — a+e; + e; ¢ J, which is a contradiction. Thus
there can only be two coordinates ¢ for which a; = b; = ¢; fails.

If > icglai —bi] > 4, then we know from the first two arguments of the
proof that |a; — b;| = 4 for some j € S and |ax — bx| = 2 or 4 for some k # j,
k € S. Thus d(a,b) =6 or 8, d(a,c) = 3 or 4, and Axiom 1.4 is violated. Thus
Zi€S|ai—bi\:O7 2, or 4. O

Example 4.3. The jump system J = {(0,0);(1,1);(2,0)} is a prime jump sys-
tem by Theorem 4.2.

To develop an intuition for determining whether a particular jump system is
prime, the reader is encouraged to observe some simple examples of sums of jump
systems. Paying special attention to the way in which each of the summands
can "tile” the resulting jump system led to a few interesting examples.
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Due to the geometric intuition that can be developed in Z and Z2, it is rea-
sonable to believe that infinitely many prime jump systems may be constructed
using the following iterative methods, although we have not yet arrived at a
proof.

Example 4.4. Define the jump systems Jy,...,J, where J; C Z defined as
follows:

o Ji={1}
o J,+1=J,U {maxJ, +i+1}.
i=1

Example 4.5. Define jump system Jy, ..., Jx, where J; C 7Z, as follows:
e Jo={(0,0),(1,0),(=1,0),(0,1),(1,0)}
o Jont1 =Jon + (5], [3]) +(1,0)
o Jon =Jam—1 + (5], 15]) +(0,1)

The following example shows that if a jump system J can be expressed as
J = J, + Jp, then the pair J,, J, is not necessarily unique. Furthermore, the
example shows that the number of summands is not necessarily unique for a
particular jump system.

Example 4.6. Let J ={0,1,2,3}, J, ={0,1}, J, = {0,1,2}, and J. = {0,2}.
Then J,+Jp = J = J,+ J¢, but the pairs of summands are distinct. Also notice
that J, + J. = J = Jy + Jo + Jo, while J. # Jy + Jg.

5 Hyperplane Separating a Box and a Jump Sys-
tem

Theorem 5.1. [Lovdsz] Let J be a jump system in Z° and B be a box such
that (b; — a1) > 1for all i. Then there exists a vector v € {—1,0,1}* such that

d(J, B) = min vz — maz vTb.
zeJ beB
Corollary 5.2. [Lovdsz] Let J be a jump system and B a box with b; — a; >
1 for alli. Then JN B =0 if and only if there exists v € V and corresponding
w, such that
vl'e <w,for all z € J but vTb > w,for all b € B.

Separating Hyperplane Algorithm Given a box B in Z° such that
(b; — a;) > Ofor all i and a jump system J C Z°, the following algorithm
determines whether there exists a hyperplane that separates the box from the
jump system J.

1. Choose v € V.
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2. Find 8 € B with v78. For B = [[\%[a, ], take
B = (B1,...,B) such that 8; = a; if v; = =1, B; = b; if v; = 1, and (3 is
any integer in [a;, b;] if v; = 0. Calculate v?' 3 = wp.

3. Find point j € J such that —v”j is maximal over all z € J. Let wy =
max{—vTz: 2z € J}.

4. Compare wy with wp.

e If w; > wp, then the hyperplane defined by v does not separate.
o If w; < wp, then the hyperplane defined by v separates J and B.

5. Unless all 3151 — 1 possible choices for v have been made, choose another
v € V and go to step 2.

The worst-case running time for this algorithm is O(3!51) for the case where
J intersets B, because the algorithm checks all possible hyperplanes. Since the
hyperplanes are chosen naively, the average running time is O(#), with the

best case being where a separating hyperplane is the first to be tested.

6 Jump Systems and NP-completeness

Theorem 6.1. Let J; be jump systems such that J; C ZNi, where N; C S for
i€{1,...,n}. Let J be a jump system in Z° such that

J=hh+Ja+...+ Jn. (1)
Then deciding whether a point
a=(ar,a9,...,a15) €J (2)
is an NP-complete problem.

Proof. The membership problem is in NP, because given oo = 81 + G2+ -+ O
where 3; € J;, one can verify in polynomial time whether each ; is actually
in J; and also whether their sum equals to alpha. To show that it is NP-
hard, we will reduce the perfect matching problem to it. Let G = (V, E) be a
graph. Then the set of all degree sequences of all subgraphs H C G forms a
jump system. Express this jump system as a sum of |E| |V|-dimensional jump
systems, each containing two elements. Each of these jump systems corresponds
to a particular edge and consists of the (0,... ,0)-element and a (0, 1)-vector .
The point = (z1,... ,7)y|) where 2; = 1 for i corresponding to the vertices
adjacent to the relevant edge and x; = 0 for ¢ corresponding to vertices not
adjacent to the edge.

Example 6.2.

J1 = {(0703050)7 (13 13070)} Ja = {(0707070)’ (0717 130)}

16



Js ={(0,0,0,0);(0,1,0,1)} Js ={(0,0,0,0);(0,0,1,1)}

If (1,...,1) € J, then the graph G has a perfect matching. If (1,...,1) ¢ J,
then J has no perfect matching.

Therefore the perfect matching problem has been reduced to the member-
ship problem, showing that the a-inclusion problem is NP-complete for a jump

system J such that J is a sum of jump systems.
O

7 Convex Hulls

Definition 7.1. Let J be a jump system in Z°. Then the convex hull of J,
denoted Co(J), is the set

Co(J)= | J {z:z et}

veERS
A point z € J is said to be on the convex hull of J if z € Co(J).

Definition 7.2. Let J be a jump system in Z° and the set V be as in definition

1.11. Then the orthogonal convex hull of J, denoted OCo(J), is the set | fo.
veV
A point z € J is said to be on the orthogonal convex hull of J if z € OCo(J).

Definition 7.3. A point z € J is an interior point of J if z ¢ Co(J).
Theorem 7.4. Let J be a jump system in Z°. Then OCo(J) = Co(J).

Proof. Let 2 € OCo(J). Then x € f, € Co(J) because v € V. C RY. Thus we
have OCo(J) C Co(J).

To prove that Co(J) C OCo(J), we will show that if x € Co(J), then x € f,
for some v € V, and therefore x € OCo(J).

Let x € f,, for some w € R®. It will be shown that = € §,, where v; = |:—‘| for
all &. Through reflection and coordinate-swapping we may assume that w; >0
for all i and that wy > wy > ... > w)g). Define the set M = {i such that v; = 1},
where |M| = m. Therefore v = (1,...,1,0,...,0) where the first m coordinates
are 1, and the remaing |S| — m coordinates are 0.

Assume z ¢ f,. Then choose y € f, such that d(x,y) is minimal. Since
vy > vTx, and wTz > wTy, there must exist i« € M for which 3; > z; and
j € M for which x; > y;. If no such i existed, then we would have vTe > 0Ty,
contradicting the assumption that = ¢ f,. Since i exists, if no such j existed,
then we would have w?y > w”z, contradicting x € f,,.

Consider the step y — y + e;. Because vT(y + e;) > vTy, we know that
y+e; ¢ J. Therefore Axiom 1.4 states that there exists a second step y+e; —
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y+e te; €J. If j & M, then v'(y+e; £e;) =vT(y+e;) > 0Ty, and then
y+e;te; ¢ J. For j € M we must consider y+e; +¢; and y+e; —e; separately,
although both will lead to contradictions.

The point y+e€; +e¢; & J, because vT (y+e; +¢;) > v (y+e;) > vly. Also,
v (y+e; —e;) =vly, soy+e; —e; € f,. However, d(y +e; —e;,2) < d(y, ),
violating the minimal choice of y.

Therefore z € f,, and Co(J) C OCo(J), completing the equality. O

Corollary 7.5. Let J be a jump system with J C Z*. Then all faces f, € Co(J)
are contained in lines with slope m € {—1,0,1, c0}.

Proof. This corollary is an immediate consequence of Theorem 7.4 O

Theorem 7.6. The following algorithm determines the orthogonal convexr hull
(and hence the conver hull) of a jump system J C Z?. The worst-case running
time is O(n), while the best-case running time is approzimately O(y/n). Here
n=|J.

Proof. The algorithm is merely an iterative search with each query determined
exactly by Axiom 1.4. The worst-case running time is seen when all points of
the jump system are contained in the convex hull. The best-case running time
is achieved when the values |a; — b1 | and |ca —ds| for a, b, ¢,d € J are maximized
with respect to |J| = n.

O

1. Determine x; = max{y; : y € J}. Select a point zo = (z1,22) € J. Let
Tr = Zg-

2. Check if ' = (z1,22 + 1) € J.

e ' € J= Set x =a'. Repeat Step 2

o ' ¢ J= Checkif 2" = (21,22 +2) € J.
— 2" e€J = Setx=21". Repeat Step 2.
— 2" ¢ J= Go to Step 3.

3. Check if 2" = (z1 — L,z0+ 1) € J.

e v/ € J= Set x=2x"". Repeat Step 3.
e 2/ ¢ J= Go to Step 4.

4. Check if &’ = (x1 — 1,29) € J.

e ' € J= Set z=2a'. Repeat Step 4

o ' ¢ J= Checkif 2" = (x1 —2,22) € J.
— 12" €J= Setxz=2a". Repeat Step 4.
-z ¢ J= Go to Step 5.

5. Check if 2" = (x1 — 1,20 — 1) € J.
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10.

e 2" € J= Set x =12"". Repeat Step 5.
e 2" ¢ J= Go to Step 6.
Check if 2/ = (z1,29 — 1) € J.
e ' € J= Set xz=2a'. Repeat Step 6
o o' ¢ J= Checkif 2’ = (21,22 —2) € J.
— 2" e€J= Setxz=uzx". Repeat Step 6.
— 2" ¢ J= Go to Step 7.
Check if 2" = (x1 + 1,20 — 1) € J.

e v/ € J= Set x=2x"". Repeat Step 7.
e 2/ ¢ J= Go to Step 8.

Check if o’ = (z1 + 1,22) € J.

e 7' € J= Setx=2z". Repeat Step 8

e 2/ ¢ J= Checkif 2" = (z1+2,22) € J.
— 1z e J= Setx=uzx". Repeat Step 2.
— 2" ¢ J= Go to Step 9.

Check if 2" = (21 + 1,20 + 1) € J.

e 2" € J= Set x=1"". Repeat Step 9.

o 2" ¢ J = Check if z = xg.
— = = x¢ = Exit: Algorithm completed.
— x # 19 = Set x = 2’. Go to Step 10.

Check if o’ = (z1,20+ 1) € J.

e v/ € J= Checkif 2’ = x,.
— 1/ = x¢9 = Exit: Algorithm completed.
— 1’ # 19 = Set x = z’. Repeat Step 10.
o ' ¢ J= Checkif 2’ = (z1,20+2) € J.
— 2" = xg = Exit: Algorithm completed.
— 1" # 19 = Set x = z’. Repeat Step 10.
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