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Spectral Distribution of Hermitian Toeplitz Matrices
Formally Generated by Rational Functions

William F. Trench

ABSTRACT. We consider the asymptotic spectral distribution of Hermitian
Toeplitz matrices {17} ; formally generated by a rational function h(z) =
(f(2)f*(1/2))/(g9(2)g*(1/z)), where the numerator and denominator have no
common zeros, deg(f) < deg(g), and the zeros of g are in the open punc-
tured disk 0 < |z| < 1. From Szegd’s theorem, the eigenvalues of {T,} are
distributed like the values of h(e®) as n — oo if T, = (tr—s)y s—1, where
{te}32 _ ., are the coefficients in the Laurent series for h that converges in an
annulus containing the unit circle. We show that if {t,}7° _ are the coeffi-
cients in certain other formal Laurent series for h, then there is an integer p
such that all but the p smallest and p largest eigenvalues of T5, are distributed
like the values of h(e®?) as n — co.

1. Introduction

If P(2) = ap + a1z + - -+ + ax2®, then P*(2) = @y + a1z + - -+ + arz®. We
consider the spectral distribution of families of Hermitian Toeplitz matrices T;, =
{tr—s}is=1, n > 1, where {t;}3__ are the coefficients in a formal Laurent expan-
sion of a rational function

ney - 1R W/2)

- g(2)g7(1/2)

where
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g(z) = ][z =¥,
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C1y- -+, Gk are distinet, 0 < |¢:| <1 (1 <r < k), dy, ..., d are positive integers, f
is a polynomial of degree less than dq+- - - +dg, and f(¢;)f*(1/¢(;) #0 (1 <r < k).
Then A has a unique convergent Laurent expansion

_ T A . : .
1) M= 3 Esh a6l < 1s < i, 1161

If « and 3 are respectively the minimum and maximum of w(f) = h(e?), then
Szegd’s distribution theorem [1, pp. 64-5] implies that eigenvalues of the matrices
T, = (?T,S)Zszl, n > 1, are all in [a, 8], and are distributed like the values of w as
n — oo; that is,

(2) nlln;O%iF()\i(fn)) ! /ﬂ F(w(0)do if FeCla,f).
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We are interested in the asymptotic spectral distribution of 2¥ —1 other families
of Hermitian Toeplitz matrices formally generated by h, to which Szegd’s theorem
does not apply. To be specific, a partial fraction expansion yields h = hy + - - -+ hy,
with

dj—1
) . < Qmj (—1)mbmJ<;n+1
(3) hi(z) =) <(1_ij)m+l oy ) :

m=0

where {a,;} and {b,,;} are constants and
(4) ad;—1,5 #0, bag;—1;#0, 1<j<k.

Using the expansions

= (m+/
(5) m Z( - )szg, |2 < 1/1¢1,
=

and
—1)m¢mtt L Ima\ 2t
(©) %— > ("5 el
J l{=—o00 J

for 0 < m < d; — 1 produces a Laurent series that converges to h;(z) for |(;| <
|z] < 1/|¢;|. We will call this the convergent ezpansion of h;. However, using the
expansions

1 m+ £\ ¢
™) L > ("5 el 1/,

l=—00

—1)ym¢rtt = (m+ 0\ 2
0 = (M5 <l
J £=0 J

for 0 < m < d; —1 produces a formal Laurent series for h; that converges nowhere.
We will call this the formal expansion of h;.

Henceforth eigenvalues are numbered in nondecreasing order. We will prove
the following theorem.

THEOREM 1. Let {Sy, 81} be a partition of {1,...,k}, with S # 0. For 1 <
J<k,let > 2 tgj)ze be the convergent expansion of h; if j € So, or the formal
expansion of hj if j € Si. Let T), = (ty—s)}s—1, where t; = Zf 1 t(J), and let
(9) p=_ dj

JES1
Then
{Ai(Tn)}?;pp+l C [O[, 6]5 n> 2pa

and

(10)  lim — i FOu(Ty)) = i/ﬂ F(w(®)do if FeCla,fl.

i=p+1 -
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In fact,

) m S S FMG) - FOE) =0 i FeClod),

1=p+1

We proved a similar theorem in [2], concerning the asymptotic spectral distri-
bution of Hermitian Toeplitz matrices of the form

T, = Z ¢; Kn(¢j; P;) (finite sum)
J
where c1,..., ¢, are real, (3, ..., (i are distinct and nonzero, Py, ..., P are monic
polynomials with real coefficients, and

(G P) = (P(r = s|)pl—olei=¢)"

r,s=1

2. Proof of Theorem 1
We need the following lemmas from [2].

LEMMA 1. Let
v =" Fj()]
j=1

where z1, 22, ..., Zm are distinct nonzero complexr numbers and Fy, Fy, ..., F,
are polynomials with complex coefficients. Define

Z 1+ deg(F

Let Ty = (Yr—s )y s=1- Then rank(T’ n) =pifn>p.

LEMMA 2. Let

Y= P(r)¢" + P*(=r)C ',
where P is a polynomial of degee d and |¢| # 0, 1. Then the Hermitian matriz
Ly = (Yr—s)y o=y has inertia [d+1,n —2d — 2,d+ 1] if n > 2d + 2.

(In [2] we considered only the case where P has real coefficients; however the
same argument yields the more general result stated here.)

LEMMA 3. Suppose that H,, is Hermitian and
—o<a<NHy)<fB<oo, 1<i<n, n>1

Let k be a positive integer and let p and q be nonnegative integers such that p+q = k.
Forn >k letT, = Hy, + By, where B, is Hermitian and of rank k, with p positive
and q negative eigenvalues. Then

{)\ ( )}l q+1 C [aaﬁ]a n> ka
and
n—p
Jim S FOT) - FO(H) =0 i F e Cla, g
1=q+1
Moreover,
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and
(13) Mucts(Ta) = Auopis(Ba) = O(1), 1<) <p,
as n — oo.

In Lemma 3, {H,} and {B,} need not be Toeplitz matrices. Our proof of
Lemma 3 was motivated in part by an observation of Tyrtyshnikov [3], who, to our
knowledge, was the first to apply the idea of low rank perturbations to spectral
distribution problems.

Let
m+ z m+z
(14) uj(z) = Z amj< o ) and v;(z) = Z bmj< o )
m=0 m=0

From (4), deg(u;) = deg(v;) = d;j — 1. We first show that
(15) vi(—2) = u;(z), 1<j<k.

The proof is by contradiction. Suppose that (15) is false. Let T'y, = (vr—s)7 =1,
where

k

(16) Yo=Y (v(=0) — ul ()¢}

j=1
From Lemma 1, there is a positive integer v such that
(17) rank(Ty,) =v, n>w.
From (3), (5), (6), and (14), the convergent expansion of h; is
—¢
Zu; 2+ Z v (OG21Gl <12l < 1/1¢
{=—o00

Therefore, the coefficients {t¢} in (1) are given by

CJ’ 620’

(18) 7
<.

i
s

Since t_y = ty, this and (16) imply that v, = 0 if £ > 0. From this and (17), there
is a largest nonpositive integer ¢y such that 74, # 0. But then rank(T',,) = n — |{o]
if n > |¢y| + 1, which contradicts (17). Therefore, (15) is true.

We can now rewrite (18) as

Zuj C]a ézoa
Jj=1

k
> ui(=0¢t, <.
j=1

(19) te =
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From (3), (7), (8), and (14), the formal expansion of h;(z) is

—1 —1
—ZvJ lon f—; Zu 0¢; f—; (O35

Therefore,

S w08 - Y w0t =0,

t,) = 7€So JEST ’
S w0 = > u(0¢;, <.
J€So JES1

(Note that t_y = tz.) From this and (19),
~ — _
ti—f=—% (uj(e)gj + (=0 f) . —oo< (< oo

JES1
Now let B, =T, — Ty, and S; = {ju, ..., jr}. Then Lemma 1 with m = 2k,
{21,22,...,22k}:{Zjl,l/cl,...,ij,l/Cjk},

and

{F1(€>51F2k(€)} {ujl( ) ( é)aaujk(€>au;k(_€)}a _OO<€<OOa
implies that rank(B,,) = 2p if n > 2p. (Recall (9) and that deg(u;) =d; —1.)
1Y) = (%EJ)S) with

. o . B
W = (O3 + uj(=0G
then Lemma 2 implies that FS ) has d; positive and d; negative eigenvalues if

n > 2d;. Therefore, the quadratic form associated with F%J ) can be written as a
sum of squares with d; positive and d; negative coefficients if n > 2d;. It follows
that B,, can be written as a sum of squares with p positive and p negative coefficients
if n > 2p. Therefore, Sylvester’s law of inertia implies that B,, has p positive and
p negative eigenvalues if n > 2p. Now Lemma 3 with ¢ = p implies (11). Since (2)
and (11) imply (10), this completes the proof of Theorem 1. 0

From (12) with ¢ = p and (13), the asymptotic behavior of the A;(T,) for
1<i<pandn—p+1 <17 < nis completely determined by the asymptotic
behavior of the 2p nonzero eigenvalues of B,,. We believe that the latter all tend
to £o00 as n — oo, but we have not been able to prove this.
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