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ABSTRACT

Conditions are given for a functional perturbation of a nonoscillatory lin-
ear second order differential equation to have solutions which behave asymp-
totically like given solutions of the unperturbed equation. The general results
require no specific assumptions on the form of the functional perturbation,
and the integrability conditions imposed on the functional permit conditional
convergence. An application to a nonlinear integro—differential equation is
included, along with an example.
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1. Introduction.

We consider the functional differential equation

(p(t)y") +q(t)y = F(t;y) (1)

as a perturbation of the linear differential equation

(p()z")" + q(t)z = 0. (2)

We give conditions on the functional F' which imply that (1) has a solution 7 on an
interval [a,00) that behaves in some sense (made precise below) as t — oo like a given
solution T of (2). In Section 2 we obtain general results without imposing specific
assumptions on the form of F; thus, (1) may be an ordinary differential equation, it may
involve one or more deviating arguments, or it may be an integro—differential equation,
to name a few possibilities. In Section 3 we apply the general results to a specific kind

of nonlinear integro—differential equation. We give an example in Section 4.
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It is known [2, p. 355] that if (2) is nonoscillatory at oo then it has solutions z;

and x9 such that if a is sufficiently large then

t
x1(t),z2(t) > 0(t > a) and lim z2(t) = 00. (3)
t—00 xl(t)
For convenience we assume that
r(zizy — hze) = 1. (4)

We will seek conditions on F' which imply that (1) has a solution such that

y(t) —7(t)

o) o(1)

— K

with i = 1 or 2. (We use “O” and “0” in the usual way to indicate asymptotic behavior

as t — 00.) In this case our conditions will also imply that
(?(t) —f(t))/ _ (P’(t))
)~ ’
z;(t) p(t)

p=m2/T1,t > a. ()

where

From (3) and (4), p’ = 1/rz? > 0 and limy_. p(t) = co.
1

We demonstrate the existence of the desired solution as a fixed point of the trans-

formation

(Tay)(t) = T(t) + /too [z1(t)a2(s) — 21 (s)z2()] F(s;y) ds (6)

if i =1, or of

(Toy)(t) = (t) — 2 (1) / §(r) / i (s)F(syy) dsdr (7)

a

if ¢ = 2. If the appropriate improper integral converges then

(pM)(Tiy)) + )Ty = F(t;y); (8)

hence, 7 satisfies (1) if 7;7 = 7.



2. General Results

To obtain our results we impose integrability conditions on F' and apply the fol-
lowing adaptation of the Schauder—Tychonoff theorem. The proof of this lemma is like
that of a similar lemma of Coppel [1, p. 9].

LEMMA 1. If {y;} is a sequence of functions in Cl[a,00), we will say that y; — y

if

Jfim, e ly; (8) = y(®)] + ly;(t) —y' ()] =0
whenever a < T < oco. With this definition of convergence, let S be a closed convex
subset of Ctla,00) and suppose that T : S — S is continuous and the families of
functions T(S) and {(Ty)' :y € S} are uniformly bounded and equicontinuous on [a,T)]
for all T > a. Then Ty =17 for somey € S.

The problems that we study and the use of the Schauder—Tychonoff theorem in
this way are not new; however, our results are new in that we consider a larger class
of functional perturbations F' and the integrability conditions that we impose on them
allow conditional convergence. For related results on other kinds of functional equations,

see [3-5] and their references.

Throughout the rest of the paper it is to be understood that all equations and
inequalities involving functions of ¢ are valid for t > a. We make the following standing

assumption.

ASSUMPTION A. Let p and q be real-valued and continuous and p > 0 on [a,c0).

Suppose that (2) is nonoscillatory at oo, and that x1 and x4 are solutions of (2) which

satisfy (3) and (4).

THEOREM 1. Let T be a given solution of (2), ¢ be positive, continuous, and
nonincreasing on |a,00), and i = 1 and j = 2 ori = 2 and j = 1. Suppose that

Assumption A holds and let S be the set of functions y in Clla,o0) such that

(")

‘y(t) —z(t)

2(0) ‘ < ¢(t) and

Suppose that



(i) F(;y) € Cla,00) ify € S;

(ii) the family {F(;y)|y € S} is uniformly bounded on each finite subinterval of

la, 00);

(111) If {y;} is a sequence in S such that y; — vy, then

lim F(t;y;) = F(t;y) (pointwise), t > a.
j—00

Suppose also that faoo xj(s)F(s;y)ds converges for everyy in S, and there is a contin-

uous, nonincreasing function o defined on |a,00) such that

| sieFs s <ot v e s, (10)
tll)rgo o(t) =0, (11)
and
o(t) < o(t), ifi=1, (12)
IR L
max (U(t), o0 /a p(T)o(T) dT) < o(t) ifi = 2. (13)

<2012 Y, (14)

Notice that S is a closed convex subset of C'[a,c0). We will prove Theorem 1 by
using Lemma 1 to show that there is a function 7 in S which is left fixed by one of the

transformations 77 or 73 defined by (6) and (7).

For the case where i = 1 we need the following lemma, which was proved in [3].
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LEMMA 2. Suppose that u € Cla,00) and [~ za(s)u(s)ds converges, and let

[ waloputs)as|

v(t) = sup
T>t

Then [ z1(s)u(s)ds also converges, and

PROOF OF THEOREM 1. Suppose that i =1, j =2 and y € S. From (6),

(Tuy)(t) —z(t)
xl(t)

= /too [z2(s) — x1(s)p(t)] F(s;y)ds

and

((le)(t) —f(t))/

a:l(t)

Therefore, (10) and Lemma 2 with v = F(-;y) and v = ¢ imply that

‘ (Thy)(t) — =()

e ‘ < o(t) and

Now (12) and (17) imply that 71y € S; i.e., 71(S) C S.

(15)

(16)

(17)

Now suppose that {yx} is a sequence in S such that y, — y. If € > 0 choose T' > a
such that o(t) < ¢/4 if t > T. (This is possible because of (11).) Then (10) implies that

/t T aa(s) [Flsim) — Fsi)] ds| < ¢/2, ¢ > T,

for all k. With T now fixed, choose kg so that

T
/ 2a(s) | F(ssy0) — Fssy)] ds < e/2, k > ko,

5
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which is possible because of assumptions (ii) and (iii) and the bounded convergence
theorem. Now (18) and (19) imply that

/too x2(s) [F(s;yx) — F(s;y)] ds| <€, k > ko. (20)

Therefore, (15), (16), and Lemma 2 with v = F(-;y;) — F(-;y) and v = € imply that

\my’“)“)‘my)“)\ =| [ o) — (00 (i)~ Flsiv) | < 2 o
xl(t) +
and
(T — (GO | [~ | 2/ (1)
’( LY )| [ (s = P as] < 220 k>

From this an elementary argument shows that 77y, — 77y; hence, 77 is continuous.

Now suppose that i =2, j =1 and y € S. From (5) and (7),

(Ty)(t) ~7(t) _ 1 Gy " 1) Plsiy) ds dr,

72(0) o0
and
((sz)g)(t— f(t))’ _ tt p °°x1 (5:9) ds dr
f () F(s:y) ds, £ > a.
Therefore, (10) implies that
Y| ' (ro(r)dr (21)



and

<

' ((:@yxt) — a(t) )

o (t)

p(t) 1 t "(No(T)dr + o
"0 [ e o] @)

Now (13), (21), and (22) imply that Zoy € S; that is, 72(S) C S.

Now suppose that {y;} is a sequence in S such that y, — vy, and let € > 0. The

argument used to obtain (20) shows that there is an integer kg such that

<€, k> ko,

/ " a1(9) [P(s:30) — Fs,y)] ds

and therefore, from (7),

} (Toyr)(t) — (T2y) (1)

21(1) } = /at p(7) /TOO 21(s) [91(s;9k) — g1(s39)] dsdr

<e(p(t) —pla)), k > ko,

and

0 = p'(t) /too z1(s) [g1(s:yx) — g1(s39)] ds < €p(t), k > ko.

‘ ((:rzyk)(w — (Ty)(®) )

From this an elementary argument shows that Zoyr — 7Zoy; hence, 75 is continuous.

Now let 7' > a. Since 7;(S) C S, the definition of S implies that the families 7;(S)
and {(Z;y)' : y € S} are uniformly bounded on [a,T]. The uniform boundedness of
the second family on [a, 7] implies the equicontinuity of the first on [a,T]. From (8),
assumption (ii), and the boundedness of 7;(S) on [a, T], the family {p(Z;y) : y € S} is
equicontinuous on [a,T]. Since p is bounded away from zero on [a, T], this implies that

the family {(Z;y)' : y € S} is equicontinuous on [a, T'].

We have now verified that 7; satisfies the hypotheses of the Lemma 1 on S. There-
fore T,y = y for some y € S. To verify (14) we set y =y in (17) if ¢ =1 or in (21) and
(22) if i = 2. This completes the proof.



3. An Application to an Integro—Differential Equation.
We now consider the integro—differential equation

t

PO + a(tly = (o))~ g1(0) / (y(r)) ga(r) dr, ¢ > a. (23)

a

THEOREM 2. Suppose that Assumption A holds, v (# 0,1) is real, and g1 and g2

are continuous and real-valued on [a,00). Let the functions

Gi(t) = / 21 (u)gn (u) du, (24)
Galt) = / (21 () g2(u) du, (25)

and .
Ga(t) = / (21 () G (w)ga(u) du (26)

be bounded on [a,00) and ¢ be a given positive constant. Suppose also that one of the

following hypotheses holds:
(Hl)i=r=1and A\=a—1>0.
(H2) i=1,r =2 and A\ = o —max{y + 1,1} > 0.
(H3) i=r=2and 1 > A = a — max{v,0} > 0.

Then (23) has a solution y on [a,00) such that

y(t) — ca,(t)
Z; (t)

p(t) — o, (1)) _

— O((p(t))~) and ( —

provided that ¢Y~1 is sufficiently small.

PROOF. In (23) the functional F' is

t

F(t:y) = (p(t) g1 (t) / (y(1))" ga(r) dr. (27)

a
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Let 6 be a given constant in (0,1), and define S to be the subset of C''[a, 00) consisting

of functions y such that

‘y(t)-cxr(ﬂ

— ) < getpta o) 25)

and

which implies assumptions (i) and (ii) of Theorem 1. Moreover, the bounded conver-

gence theorem implies assumption (iii) of Theorem 1.

Now let j =1ifi=2or j=2if i =1, as in Theorem 1. We must now verify (10)

for a suitable o. First we consider

1) = / () (s 2y) ds = / (o) (s) / (o) G () dr. (30)

We will show that
I(t) = O((p(t)) ). (31)

For convenience, define
t
h(t) = / (p(r) "G () dr. (32)

From the boundedness of Gy and integration by parts (if r = 2)

h“%:{OKMOﬂ“”U if >0, (33)

O(1) if v < 0.
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Integrating (30) by parts yields

I@)=:—(P@)V_a_1h@ﬂ?1@)—'U'—0*—1)j{“}PQQV_Q_QPKSVKSX?NS)dS
- [ ey @G o) ds.
Now it is important to note that under all three hypotheses (H1), (H2), and (H3),

)\_{a—j-}—l—(r—l)’y if v >0,
B a—j+1 if v <0.

From (33) and the boundedness of Gi, the first two terms on the right of (34) are
O((p(t))~). From (24), (25), (26), and (32), the second integral on the right of (34)

can be written as

ot as.

Integrating by parts and invoking the boundedness of G3 shows that this integral is
O((p(t))i=*=1+=17) " We have now verified (31) under all three hypotheses (H1),
(H2), (H3).

We now consider [, x;(s)F(s;y)ds for arbitrary y in S. Because of (24), (27),

and (30), this can be written as

/ P s =T + [ 6 [ ) - e () () dr

(35)
If we introduce the new variable
z=y/x; (36)
and recall (25), then (35) can be rewritten as
| ) Flssyds = 1) + Wt 2), (37)
t
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where

Witz - | (o) G ()w(s: 2) ds, (38)

with
wltiz) = [ [0 = o) (o) Gy (r) (39)

From (28) and (36),

|2(t) — c(p(£))" "] < Oc(p(a) " (p(t) (40)

If z is any number between z(t) and ¢(p(t))"=?, then (29) and the monotonicity of p
imply that
0 < (1=0)c(p(t)" <[z < (1+0)e(p(t) Y,

and therefore, if k£ is any real number,
[2[F < (1 £ 0)FF(p(t) ", (41)

where the “+” is “+” if £ > 0, or “—" if k < 0. Applying the mean value theorem to
A(z) = 27 and invoking (40) and (41) shows that

[(2(8))7 = (p() "] < K1 (p(t) V07D 7A (42)

for some constant K which does not depend upon ¢ or z. (Similar constants introduced
in the rest of this proof are also independent of ¢ and z, but we will refrain from stating

this each time, to avoid repetition.) Also, (29) and (36) imply that

|2/ ()] < 20c(p(a))* (p() P/ (t) if i =, (43)
and
[2'(t) = cp'(t)] < 20c(p(a)) T (p(t) 1 (1) if i =1, r = 2. (44)
From (41) and (43),
|(2(0)71 2 ()] < Ko7 (p(t) /(1) it i =, (45)

for some constant K. Applying the mean value theorem to B(z,2’) = 27712’ and
invoking (40), (41), and (44) shows that

(2071 = T (p) T ()] < Fac (p()) AP (1) ifi=1,r =2 (46)
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We now consider the hypotheses (H1), (H2), and (H3) separately. In each case we
will show that
(W (t;2)] < Je"(p(t), (47)

for some constant J. Once (47) is established then (31) and (37) will imply that

| wsortsas| < #1 o)

for some constant H. Then we can apply Theorem 1 with
o(t) = Oc(p(a) > (p(t)) (48)

(compare (9) with (28) and (29)), and
o(t) = HS (p(t) . (49)

If i = 1 then (48) and (49) imply (12) if ¢?~1 is sufficiently small. If i = 2 then (48),
(49), and our assumption that A < 1 imply (13) if ¢¥~! is sufficiently small. Thus, our

proof will be complete when we have established (47).

CASE 1. Let i =7 =1 (and therefore j = 2). Integrating (39) by parts yields

t

w(t; z) = [(2(7))" = ] Ga(T)| — 7/ (2(7)~ 12 (7)Ga(T) dr,

a

and therefore (42), (45), and the boundedness of G2 imply that
w(t; 2)] < K¢ (50)

for some constant K. Integrating (38) by parts and recalling that A = a — 1 yields

W (t; z) = Li(t; 2) + L2(t; 2) + I3(8; 2), (51)
with

Li(t;2) = —(p(t) T Gi(t)w(t; 2),
B(t:2) =X [ (o) )G (i) ds,
t
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and
B(ti2) == [ (p(s) ™ [((6))7 = ) Gyl s
From (50) and the boundedness of G,
[Tk(t:2)] < Tk (p() ™ (k = 1,2) (52)

for some constants J; and Jy. Integrating I3(¢; z) by parts shows that

h@w%ﬂMOVWQ@W—JW%@—AAWWGW“*A®K4@W—ﬂﬂ%®d8
+v[mw@rwaaw*z@aaaw;

hence, (42), (45), and the boundedness of G5 imply that
|I3(t; 2)| < Jac (p(t) A (53)
Now (51), (52), and (53) imply (47).

CASE 2. Let i =1 and r = 2 (so that j = 2). Integrating (39) by parts yields

t

w(t;2) = [(2(7))7 = (p(7))"] G2 () —7/ [(2(r))7 =2/ (1) = (7))~ 1/ (7)] Ga(7) dr,

a

and therefore (42) and (46) imply that

K (p(t) A1 ify > A +1,

t;2)| < 54
it ) < { oo oy (54

for some constant K. Integrating (38) by parts yields (51) with

Li(t; 2) = —(p(t)) " w(t; 2)Ga (1),

Ir(t;2) = =(1 - a) /tOO(P(S))_“P'(S)W(S;Z)Gl(S) ds,
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and

I3(t;2) = — /:O(P(S))_O‘Jrl [(2(5))" = " (p(s))] Gi(s) ds.
From (54) and the boundedness of G,

JicY (p) == ify > A4 1,

I (t; 2)| <
6 < G wn2asn

(k =1,2). (55)

Integrating I3(t; z) by parts shows that

Is(t; 2) = (p(8)) """ [(2(1)7 — 7 (p(1))"] Gs(t)

+(1-a) /too(p(S))‘“p’(S) [(2(5))" = " (p(s))7] G3(s) ds
+ ’Y/too(p(S))_o‘+1 [(2(5))7 12/ () = ™ (p(5)) ™19/ (5)] Gs(s) ds;

hence, (42), (46), and the boundedness of G3 imply that
|I3(t; 2)| < J3¢7(p(t)7 27 (56)

for some constant J3. Recalling that A = @ — max{y + 1,1} > 0, we can now infer (47)
from (51), (55), and (56).

CASE 3. Let i =7 =2 (so that j = 1). Integrating (39) by parts yields

t

w(t; z) = [(2(7))" = "] (p(7))" Ga(7) —7/ (2(T) ™1 (1) (p(7)) Ga(7) dr

a

—v/[@w»V—aMMﬂw*dehwww

and therefore (42) and (45) imply that

Kc(p)=* if vy > A,

: (57)
Kc7 if v < A,

(e 2) < §
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for some constant K. Integrating (38) by parts yields (51) with

L(t;2) = = (p(1)) " G1(H)w(t; 2),

Btz =a | () ()G () (s: 2) ds,

and

B(ti2) = = [ (p(s) 7 (a1 )Gyl .
t
From (57) and the boundedness of G,

Trc(p())7 ™A iy >,

T (p(t)) =@ iy <, P12 (58)

I(t:2)] < {

for some constants J; and Jy. Integrating I3(¢; z) by parts shows that

Is(t;2) = (p(t)) " [(2(1))" — "] Gs(t) +7 /too(p(S))_o‘”(2(8))7_12’(8)03(8) ds

hence, (42), (43), and the boundedness of G5 imply that
|I3(t; 2)| < T3¢ (p(t)) A7, (59)

Recalling that A = o« — max{~,0} > 0, we can now infer (47) from (51), (58), and (59).
This completes the proof of Theorem 2.

4. An Example.

Consider the equation

t
(=2 + 2ty =¢t—7t sint/ 777 (y(7))" sinT d7 (a > 0). (60)

a
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The solutions of the unperturbed equation
(t22') 42tz =0
are r1 =t and xo = t?; hence p(t) = t, and (60) is of the form (23), with
sint

g1(t) = — and go(t) =t~ 7 sint.

Therefore,
G1(t) = Go(t) = cosa — cost

and

1
G3(t) = cosa(cosa — cost) + Z(Cos 2t — cos 2a)

are all bounded, and Theorem 2 implies the following results if ¢?~! is sufficiently small.

(i) If @ > 1 then (60) has a solution ¥ on [a, c0) such that

_t /
G(t) = ct + O(t=*2) and (97)) —O(t™).
(ii) If A = a — max{y + 1,1} > 0 then (60) has a solution ¥ on [a, c0) such that

y(t) = ct* + Ot ") and (W)ti)/ =0t ).

(iii) If 1 > A = o — max{v,0} > 0 then (60) has a solution 7 on [a, c0) such that
y(t)\'
y(t) = ct® + O(t*?) and (%—2) — O,
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